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Tax xax J060# COPTHPYIOIWIHA aJITOPUTM, VIOPALOYHBAIOUIHH C
NOMOILBIO CpaBHeHHH, 3aTpauHBaer 110 Heo6XOAMMOCTH # log n cpaB-
HeHHH AJ1s YNOpsAOYeHHS XOTd Obl ONHOH I0C/IeA0BATENBHOCTH AJHHEL
n, €CTECTBEHHO CIIPOCHTb, CYLIECTBYIOT JIH COPTHUDYIOUIHE AJTOPHTMEL,
3arpaunBaroniie He GoJsee O(n log n) cpaBHeHHH Ais yNOpsiAOYEHHS

MARNAT MTACTIANADATATLITACTI MAUWELY 2 [ INUD mawnll aaraniimas warT uwa
JIDNAJILUIXL ].].UWIL,AUDCI. F W diLIAAINI § I) AUI FLLLAL T ¥ \JA[I’J- L CLENAX) CAJll UP rLAilvl IviDl ymc

BHJEJH — 3TO COPTHPOBKA CIHSAHHEM U3 pas3l. 2.7. I pyro# anroputv —
Copraeperom. IloMuMO Toro, 4TO 3TO MNOJE3HHH AJTOPHTM YIOPALO-
YeHHUs1, B HEM HCIOJIb3YeTCsl HHTepecHas CTPYKTypa JAaHHBIX, KOTOpas
HaXOAUT ¥ APYTHe NPHJIOKEHHS.

CopTaepeBoM Jiyyile BCEro MOHATh B TEPMHHAX ABOHYHOTO JepeBa
BpoJie H300PaXeHHOIO Ha pPHC. 3.D, Y KOTOPOro KaxAbIH JHCT HMEeT
riyOunHy d uau d—1. Y3Jabl gepeBa noMeqalorcs sjeMeHTaMH MocJaef0Ba-
TeJbHOCTH, KOTOPYIO XOTAT ynopsipouutb. 3ateM CoptaepeBoM MeHseT
pa3MellleHHe 3THX 3JIEMEHTOB Ha JepeBe JO TeX INOop, NOKa 3JIEMEHT,
COOTBETCTBYIOUHH NPOH3BOJLHOMY Y3Jy, CTaHET He MeHbllie JIeMEHTOB,
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HasbiBaTb COPMUPYIOWUM.

Mpumep 3.3. Ha puc. 3.5 usobpaxeHo coptupyoulee aepeso. 3a-
MeTHM, 4TO MNOCJEIOBATEJIbHOCTH 3JIEMEHTOR, JeXallux Ha nyTH H3
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.moﬁoro JIUCTA B KOPe€Hb, JIHHEHHO yropsjoyeHa H Hanﬁo.nbmnu ane-
MEHT B MoJjepeBe BCerja COOTBETCTBYET ero KopHio. [

Ha cnepyomem mare anroputMa CopTaepeBoM H3 COPTHPYIOLIETO
liepeBa yJaJAeTCss HaHOOJBIUHH 3JIEMEHT — OH COOTBETCTBYET KOPHIO
JepeBa. MeTKa HEKOTOPOIO JIHCTa NEPEHOCUTCH B KOPeHb, a CaM JIHCT yAa-
Jsietcsi. 3aTeM INOJYyYEHHOE JepeBO MepelebiBaercsl B COPTHPYIOLIEE,

¥ ONTTRAATY AN T AWVLIY O AT T M ITTATTMATIOMA TTT IT AT O TTALIATTMATY AT

H llPUU,CLL uUDlupncu,n LLUbdlCAUDalWIDnULID JJICIVICHIUD, yAdJlt:rlﬂDlx
U3 COPTHPYIOULETO JepeBa, yMOpsAJ0oueHa [O HeBO3PaCTaHHIO.

Yno6Ho# cTpyKTYpoH RaHHBIX /1Sl CODPTHPYIOLIETO JAEpeBa CAYXKHT
takoit maccuB A, uto A[l] — snement B xopue, a A[2i] u A[2i+1] —
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Puc. 3.5. CopTHpy!ouee aepeso.
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3.4. COPTAEPEBOM

3JIEMEHTHL B JIEBOM M TIPABOM CBIHOBbSIX (eCJIH OHM CYUIECTBYIOT) TOrO
ys.na, B KU’IUPOM ){deHlLH fllll
Hanpumep, coptupyolllee aepeBO Ha pHC. 3.5 MOXKHO NPeNCTABUTH

MaCCHBOM

w119 J|10|s5|6(811]12]4

3aMeTuM, YTO y3J/kl HaHMeHbled IJIyOHHBI CTOAT B 3TOM MacCHBe
NepBbIMH, 4 y3J/bl paBHOM r/yOHHBI CTOSIT B MOPSAAKE CJeBa Hampaso.
He xaxpaoe coptupymolee AepeBO MOXKHO NPEACTaBHTb TAKHM CIO-
coboM. Ha g3bike npeacraBieHusi JepeBbeB MOXHO CKa3aTh, YTO A
o0pa3oBaHHsl TAKOro MaccuBa Tpedyercs, YTOOBl JIMCThSI CAMOTO HH3-
KOro YPOBHS CTOSIJIH KaK MOXKHO JieBee (Kak, HanpHMep, Ha pHc. 3.D).
Ecan coprupyrolllee AepeBo NpeicTaB/isercs ONHCAHHBIM MaCCHBOM,

™ HAW OTHANLIS ATTANAITHE 2 aTTMONLITRAIAO (‘nh’r‘nnnannl\n MAaTrwm RLITIN T[“TJT'T'L
LV OUHVIVEDIC VUL P AL 19 Quil VP Lmd WU G ACECIRUGL il Y Daiiioving

Hanpuwmep, corsacHo ajJroputMmy, Hy>KHO yJaJIMTb JIEMEHT M3 KOpHs,
rje-T0 3allOMHUTh ero, nepeaenaTth OCTaBlileecsi XEPEBO B COpPTHpYlOIee
M YAaJUTb HeNOMeYeHHbIH JIMCT. MOXHO YAa/JHTb HAHOOMLIIHH 3Je-
MEHT M3 COPTHPYIOLEro AepeBa U 3allOMHHTb €ro, MNOMEHSIB MECTaMH
Aill u Alnl, u 3areMm ne cyurath Gonee sYEHKY n Hallero MaccHBa
4acTbl0 COPTHpYyIOLEro JepeBa. flueHKa f paccMaTPHBAETCsl KaK JIMCT,
yZAaJeHHbIH U3 sToro JepeBa. /s toro 4ytolsl nepejenaTh AepeBO, Xpa-
Hslleecs B fuelikax 1,2, . . ., n—1, B copTupytouee, HaO B3ATb HOBHIH
snemeHT A[l]l u npopectn ero BaOMb MOAXOASLLErO NMyTH B JiepeBe.

3aTeM MOXHO NMOBTOPHTD NPOLECC, MEHsAs MECTaMH Alll u Aln—I1] n
cyyTad, UTO iepeBo 3aHuUMaer guebiku 1, 2, .. ., n—2 u T. 4.
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pumep 3.4. PaccMoTpuM Ha npumepe COPTHPYIOUIETO Jepepa
pHuc. 3.5, UTO NPOUCXOQUT, KOI'ZAa Mbl MOMEHSIeM MeCTaMM MePBbIH U Mo-
o o
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COOTBETCTBYET [OMEUCHHOMY JIEPEBY Ha PHC. 3. 6 a. JjemeHT 16 Hc-
KJio4uaercs H3 JafbHelllero paccmorpeHusa. Yt1obpl npeBpaTHTb noay-
YeHHOE JepeBO B COPTHDPYHOLIEe, HAJAO IOMEHSATh MECTaM{ 3JeMeHT 4 ¢
GONMBUIUM H3 €ro CHIHOBE#, T. €. ¢ 3JieMeHToM 11,

B cBoeM HOBOM MOJIOKEeHHH 3JeMeHT 4 objagaer cuiHOBbAMHU 10 H 5.
Tak Kak onu OGosbiie 4, To 4 nepecraBjsgerca ¢ 10, GOJBIIUM CBIHOM.
Tlocsne 3Toro coiHOBLSIMH 3JieMeHTa 4 B HOBOM NOJIOXKEHHH CTAHOBSITCS
1 u 2. [lockonbky 4 npeBOCXOAHT HX 00OUX, AaNbHEHLIYE NepeCTaHOBKH

HE¢ HYXHBI.

107



I'A. 3. COPTUPOBKA H NOPAAKOBBIE CTATHCTHKH
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Puc. 3.6. a — pesyabTarT nepecTaHoBKH 3JeMeHTOB 4 M 16 B COpTHpYyIOLieM JepeBe
puc. 3.5; 6 — pe3yabTaT nepecTPOHKH COPTHPYIOILETO epeBa H ypaJleHus 9eMeHTa 16.

ro JepeBa, OH BCe Xe NPHUCYTCTBYeT B KoHUe MaccuBa A. [

Tenepnr nepe#izeM X ¢opMaibHOMY onucanHio anaroputma Copr-
JIEpPEBOM.

[Tycrs ay, @z ..., Gp— NOCJAEAOBATENBHOCTb COPTHPYEMEIX 3JIe-
mMeHTOB. [IpeanoJioxkuM, 4YTO BHayajle OHH IOMEIAOTCS B MacchuB A
HMeHHO B 3ToM nopsaxe, T. e. Alil=a;, 1<li<(n. IlepBhiil ar cocTout
B IIOCTPOEHHH COPTHPYIOLIEro JepeBa, T. €. 3JeMeHTH B A nepepacnpe-

JeNSI0TCST TaK, 4ToOhl YIOBJETBOPSIJIOCH C80UCMBO copmupyrouieeo Oe-
pesa: A[;]}A[Qtl npu 1<i<n/2 u AliIZA[2{4+1] npu 1<i<<n/2.
D10 AenaloT, CTpod, HAUMHASA C JIUCTHEB, BCe GoJiblLINE H ‘Goabmme cop-
THpYIOUHe AepeBbsl. Besikoe nmopnepeso, cocrosliee H3 JIHCTa, yXKe fAB-
Jasietcsi coprupytomuM. Yrobsl caenath MOAAEPEBO BBICOTHI h coptupyio-
UMM, HaAO0 [I€PeCTaBATb 3JIEMCHT B KOPHE C ¢ HauGOJIbIIHM H3 JIEMEHTOB,
COOTBETCTBYIOLUIHX €r0 CBIHOBLSIM, €C/TH, KOHEUHO, OH MeHblle KaKoro-Tu
H3 HHX. Takoe AeACTBHE MOXET HCIIOPTHTb COPTHPYIOLLEE AePEBO BLICOTHI
h—1, 4 Torja ero Hajo CHOBa NEpPeCcTPOUTb B copTHpyoulee. [IpuBenem

TO4YHOE OIIHCaHHe 3TOro aJIropHTMa.

Ausroputm 3.3. MocTpoenne coprHpylomero aepera

Bxod. Maccus saemenroB Alil, 1<li<ln.

Bowxod. DaeMeHTnl MaccuBa A, opranHM3oBaHHBIE B BHIE COPTHPYIO-
utero aepeBa, T. e. AlIAIL n/2 |1 ana 1<<i<n.

Memo0. B ocHOBe ajropuTMa JI€XHT pPeKYPCHBHaf Npouecaypa
TIEPECBIITKA. Ee napametpul i ¥ j 3afatoT o6sacTb sueeK MaccuBa A,
06/1aJal0lLyI0 CBOHCTBOM COPTHPYIOLLEr0 JepeBa; KOpeHb CTPOALLerocs
JepeBa [OMelaercs B i.



procedure [TEPECDBITIKA (¢, jf):
I. if {—He JsMCcT M KakoH-TO €ro CHlH COAEPIKHUT 3JIEMEHT, IIpe-

BOCXOAAILMH saeMeHT B i then

begin
2. NycTh 2—TOT CHIH y3J1a i, B KOTOPOM XDaHHTCA
HaHOOJIBIIHE 3JIEMEHT;
3. nepecraButb A[i] u A[k];
4, TMEPECDBIIIKA (&, j)
end

[TapaMerp j wucnosb3yercs, 4yToObl ONpeNeIHTb, ABJAgETCA Ju
JIUCTOM H MMeeT OH OJHOro WJH JABYX chiHoBeHl. Ecau {(>>j/2, 1o i —
auct, H npoueaype [TEPECBIIIKA (i, /) Huuero He HYXKHO Aenathb,
nockosabky Ali] — yxe coprupyioiree aepeso.

AnropuT™, npeBpalllaloUIHN BeChb MaccHB A B copTHpylollee Aepeso,
BHITVISAUT IPOCTO:

procedure [IOCTPCOPTJIEPEBA.:
for { +—n!) step —1 until | do ITEPECDBITIKA({, n) O

[Tokaxem, uto asroput™ 3.3 npeo6pasdyer A B COpTHpyIOllee lepe-
BO 3a JIHHEHHOe BpeMsd.

Jemma 3.2. Ecau ysaw i-+-1, i+2, ..., n ssaswomeca KOpHAMU cop-
mupyrowux Oepesves, mo nocae eozosa npoyedypo. [IEPECDIITKA (i, n)
gce yaav £, (+1, . .., n 6yOym KopHamu copmupyroujux Oepesses.

JlokasatesnbcTBo. [oka3atenbCcTBO NPOBOAHTCS BO3BparT-
HOH HHAYKUHEHd 1o i.

Basuc, T. e. cayyalt i==n, TpuBHaJIeH, TaK Kak y3eJ 1 KOJIKeH OnTh
JIUCTOM H YCJIOBHE, npoBepsieMoe B cTpoke 1, rapanrupyert, urto I1E-
PECKEITIKA (n, n) HHuero He Jenaer.

Jlna mara HHAYKIHH 3aMeTHM, 9TO €cJH [ — JUCT WJIH Y Hero
HeT CblHa ¢ GONBIINM 3/IEMEHTOM, TO JOKa3hIBaTh Hedero (Kak H npH o6o-
cHoBanuu 6asuca). Ho ecaiu y ysna i ecTb ofiMH ChIH (T. €. €CJIH 2{=n)
u Alil<<A[2i], To crpoxa 3 nponeaypu I[IEPECBITIKA nepecrapaser
Alil u Al2i]. B crpoke 4 suisuisaercsi [IEPECDBITTKA (2i, n); nosto-
My M3 TIPEIIIOJIOKEHHs] HHAYKLHH BBITEKAeT, 4TO AepeBO C KOpHeM 2{
6vier nepeaesiaHo B coprupyiomee. Uro kacaerca y3nos i+1, i+2, ...

., 2i—1, T0 OHH M He mnepectaBaju ObITb KOPHAMH COPTHPYIOLIUX
nepeBbeB. Tak Kak mocjie 3ToH HOBOH NepecTaHOBKH B maccHBe A Bhl-
nosnsiercss nepaBenctBo AliI>A[2i], To nepeBo ¢ xopHeM { Takke
OKa3bIBaercsi COPTHPYIOIIMM,.

Anasnoruyiuo, eciu y3ea { HMeeT ABYX ChiHOBeH (T. e. eciH 2i--1<n)
u Hauboabwui u3 snementop B Al2{] u B A[2i+1] Gonbiue sneMenta

1) Ha npaktHke Mat Gbl Hauanu ¢ |_n/2 ],



. 3. COPTHPOBKA H TNOPAAKOBBIE CTATHCTHKH

B Alil, To, paccyxnas, Kak n BLILIE, MOXHO N0Ka3aTb, YTO NOCIE BbI30BA
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HAMH COPTHPYIOUUX JAepeBbeB. [

Teopema 3.5. Aacopumm 3.3 npeobpasyem A 8 copmupyrouee depe-
80 3a AUHeUHOe 8PeMAL.

JoxasareancTso. [Ipumenss aemmy 3.2, MoxXHO ¢ mno-
MOIIBIO NPOCTOH BO3BPATHOH HMHIAYKIHH [0 { NOKa3aTh, 470 y3ea {
CTaHOBHTCS KODHEM KakKoro-HUOYJb COPTHPYIOIIEro fepeBa JJs Bcex i,
1<li<n.

[Tycrs T (h) — Bpems BuinonneHud mnpouenypsl IIEPECDBITTKA na
yaJe Bbicothl h. Toraa T (h)<CT (h—1)-+c ans HEKOTOPOH NMOCTOAHHOM C.
Orciona Buitekaer, uro T (h) ects O (h).

Asropurm 3.3 sosrBaer npouenypy [TEPECBITIKA, ecan He cun-
TaTh DPEKYPCUBHHLIX BBLI3OBOB, OJWH pa3 Ajs Kaxporo yajaa. [lostomy
Bpemsi, satpaunBaemoe Ha [IOCTPCOPTIEPEBA, umeer tot xe nops-

.
MATTRAR NN X*r; YA T—T AT ITMATET MYLTNAATTIY 4 TTN Kﬂ"' TTEA

AOK, 4TO H CyMMa BBICOT BCE€X y3J/i0B. O y3J/i0B BbICOTbI ¢ He LOJIbIIC,

yeM [ n/2f+17]. CaepoBarenbHo, obliee BpeMs, 3anaqHBaeM0e fnpoueay-
poit [IOCTPCOPTIEPEBA, umeer nopsiok z;m/2lr T. e, O(n). O

Tenepr MOXHO 3aBepllHTb JeranbHoe onncaHHe aiaropurtva COPT-
JEPEBOM. Konb ckopo ssneMeHTHl MaccuBa A 1peoGpa3oBaHEL B cOp-
THpYIOlllee epeBo, HEKOTOPHE 3JIEMEHTH yAaJSIOTCs: 3 KOpHst 10 Of-
HOMY 3a pa3. OT0 AgAaetCsa IEp ectanoBkofi A[1] u Alnl u NoCaenyio-
IuM npeo6pasoBannem Alll, A[2] ..., Aln—I1] B coptupyouiee
JiepeBo. 3aTeM NepecTaBlslorcs Alll u Aln—1], a Alll, Al2], ...

., Aln—2] npeobpasyercs B coptupyioiee aepeso. [Ipouecc nponos-
XKaeTca JO TeX mop, IOKa B COPTHPYIOLIEM JepeBe He OCTaHercsl OfHH
snement. Torma Alll, Al2], ..., Alal— ynopsnouennas nociaexnoBa-

TEJBbHOCTD.
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Asroputm 3.4. CoptiepeBom

Bxod. Maccus saementos Alil, 1<<i<n.
Botxod. Dnementsl MaccuBa A, pacnoJioKeHHble B NOpsiAKe HeyOhl-

" Memod. [Tpumensercs npoueaypa I[TOCTPCOPTIAEPEBA, T. e.
anropur™ 3.3. Hawl anroput™ BRITISAUT Takx:

begin
NoOoCTPCOPT AEPLEDBA;
fori+«—n step —1 until2 do
begin
nepectaButh A[l1] u A[i];
TIEPECBITIKA(L, i—1)
end
end O
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3.5. BbICTPCOPT

Teopema 3.6. Aazopumm 3.4 ynopsdouusaem nociedosamesbHoCmb
u3 n aremenmos 3a spems O (n log n).

JoxaszarennbcTBo KOppekTHOCTL aJropiTMa JoKasbiBaeT-
c HHAYKUHEH 10 YHUCAy BBHINOJNHEHHH OCHOBHOTO IHKJIA, KOTOPOE
o6o3Hauy¥M uepe3 m. [Ipeanosokenne HHAYKIHUH COCTOUT B TOM, YTO IO-
cile m urepauuit cnucok Aln—m-4-11, ..., Alnl comepxur m Hau-
60JIbIINX 2JIEMEHTOB, PacHoJOXeHHbIX B [OpsAJKe HeyObIBaHHUS, a CNH-
cox Alll,. .., Aln—m] o6pasyer coptupymwouee gepepo. Heraau no-
Ka3aTeJIbCTBa OCTaBJISIEM B KauecTBe yIpaKHEeHHs. BpeMsi BhIMOJIHEHHS
npoueaypel TTEPECDBITTKA(L, i) ectv O(log i). CaenoBaresnbHo, aJ-
roput™ 3.4 umeer ciaoxHoctb O(n logn)., O

Cnepcteue. Aazopumm CopmoOepesom umeem 8PeMEHHYIO CACHCHOCTD
Oc(n log n).

3.5. 6bICTPCOPT — YMNOPRKAOUYEHME 3A CPEAHEE
RDEAMA () (n log n}

myvusg A L lv& e

Jo cux nop MBl paccMaTpuBaJH YOBEAEHHE COPTUPYIOUIHX aJTOpHT-
MOB TOJIbKO B XyJueM ciayudae., JlJas MHOIMX NpHJoXKeHHH OoJsee pea-
JIUCTHYHOH MepoH BpeMEHHOH CJIOXKHOCTH SIBJAETCH YCpelHEHHOe Bpe-
Ms1 pabotel. B ciydyae COPTUPOBKH ¢ IIOMOLULIO J€PEBbEB PEUIEHHH MBI
BHAHUM, YTO HHKAKOH COPTHPYIOIHH aJrOPHUTM HE MOMKET MMeTb Cpejl-
HIOI0 BPEMEHHYIO CJIOXKHOCTb, CYLLECTBEHHO MeHbllyio 7 log n. Oanako

M3BECTHH! aJrOPUTMbLI COPTUPOBKH, KOTOphIe paBoTaror B XyAlleM Cay-
yae cn® BpeMeHH, IJe ¢ — HeKoTopas IOCTOsIHHAsi, HO CpejHee Bpems
paboTbl KOTOPLIX OTHOCHT MX K JIYYIIHM aJropuTMaM COPpTHPOBKH. [Ipu-
MepOM TaKOro aJropHTMa CJIyXKHUT aJrOpHTM BricTpcoprt, paccMaTpHBae-
MbIH B 3TOM pasjeJie.

YUrobbl MOKHO OBbLIO paccyXjaaTtb O CpelHEM BpeMeHH paboThl
aJIrOPHTMa, MBI JOJ2KHBI JOTOBOPHTBCS O BepPOSITHOCTHOM paciipepeJe-
HUH BXozoB. s COPTHPOBKH €CTECTBEHHO JONYCTUTh, YTO MBI H Clie-
JlaeM, uTo Jitobasi NepecraHOBKa yIopa/0uHBaeMOl 110CAE10BATEbHOCTH
pPaBHOBEpOsITHA B KauecTse BxoJa. [IpH TakoM AONyLIEHHH yXKe MOXHO
OLEHHTb CHH3Y CpEIHee UHCJIO CPaBHeHHUH, HeOOXOAUMBIX A5l YIOpsIo-
YeHHS MOCNEOBATENHHOCTH H3 £ 9JIEMEHTOB.

O6wuii MeToJ COCTOHT B TOM, UTOOBI NIOCTABHTh B COOTBETCTBHE KaK-
JOMY JIHCTY U JepeBa pelleHHH BepOsSITHOCTb ObITb JOCTUTHYTHIM OpPH
JAHHOM BXoje. 3Hasi pacrpejeseHde BepOSATHOCTEH HAa BXOZAX, MOXKHO
HalTH BEPOATHOCTH, INOCTABJI€HHbIE B COOTBETCTBHME JIHCThAM. 1aKHM
o06pa3oM, MOXHO OIpPEIeJNHTb CpejHee YHCJIO CpPaBHEHHH, INPOH3BOAM-
MBbIX JAHHBIM aJrOPUTMOM COPTHPOBKH, €CJH BEIYHCIHTL CyMMY 2‘ pid;,

B3ATYIO 110 BCEM JIHCTbSAM JepeBa pelleHHH JaHHOrO aJropuTMa, B KO-
TOPOH p;— BEPOSITHOCTb AOCTHXKEHHS (-I'0 JIHCTa, a d;— erorJy6GHHa.
D710 4HCIO Has3nlBaeTcst cpedHeli 2ayburol fepeBa pelleHui. Mrak, Mbl
DPUMLIH K cJejyioueMy ofo0LeHHI0 TeopeMbl 3.4.



