I'JIABA 3
HepeBbsa

IlepeBbA IIpeACTABNAIOT CoGol MepapXHUeCKYIO CTPYKTYPY HeKolf COBOKYIHOCTM 3JIeMeHTOB.
3HAKOMEIMK BaM IIPUMEPAMH AepeBheB MOTYT CIYXHTh IeHeaJlorMyecKUe M OpraHU3AIlMOH-
Hble AuarpaMMel. JlepeBbA MCOOJNB3YIOTCA NpM aHANW3e NMEeKTPUYECKMX Iemnell, IIpH mpef-
CTABJIEHHM CTPYKTYP MATeMATHYeCKHX ¢opMys. OHUM TaK)Ke eCTeCTBEHHEIM IIyTeM BO3HHUKA-
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ragu3aiuy MHQOPMAIUM B CHCTEMAX YIIPABJIeHHMA 6a3zaMH LAHHBIX M IJA OPEeNCTABIEHHA
CHHTAKCHYEeCKHX CTPYKTYP B KOMIMIAATOPAX NMporpaMM. B riase 5 onmcaHoO IIpUMeHeHUe [e-
peBLeB AJIA NPeACTABIEHUA HAaHHBIX. B 3TOM KHUTe BRI BCTPeTHUTECh CO MHOI'MMU IpUMepPaMu
IepeBbeB. B aToll riaBe MBI BBefeM OCHOBHEIE olpefelleHUA (TepMMHOJOTHMIO) M IPEeACTABAM
OCHOBHBIE OHepaTophl, BRINIOJHAeMBbIe Hall AepeBbAMI. 3aTeM onuilleM HeKOTOpbie Haubolee

YACTO HCHOJNb3YeMble CTPYKTYDPHI KaHHBIX, NPEICTABNAIOIMMX AepeBbA, M IOKa)keM, Kak
Haufioee athdexTHBHO DeaNUAOBATE ONEDATOPRI AepeRben.

3.1. OcHoBHasi TepMUHOAOTUS

Jdepeso — 3TO COBOKYIIHOCTH 3JIEMEHTOB, HA3RIBAEMBIX Y3aaMu (OZUH U3 KOTOPBIX OI-
peielieH KaK KkKopenb), ¥ OTHoweHMH (“poauTenbckux”), o0pa3ylomUx HepapXUdecKylo
CTDYKTYDV V3J0B. ¥371hI, TAK 2Ke, KAK UM 3JIEMEHTEI CIIMCKOB, MOI'YT GBITH 3JIeMEHTAMH JIIO-
6oro Tuna. MeI uacro 6yxeM M300paKaTh Y3Nhl OyKBaMM, CTPOKAMH MM uuciaamu. Pop-
MaJILHO depes0 MOMKHO PEeKYPPEHTHO OIIPeelIUThH CIeRYIOUM ofpa3omM.

1. Ognus y3en sBnfeTca ZepeBoM. JTOT *Ke Y3el TaKXe SABNAeTCA KOPDHEM 3TOTr0 LepeBa.

2. Tlycrs n — aro y3en, a Ty, Ty, ..., Ty — AepeBbA C KOPDHAMH N3, Ng, ..., N COOTBETCT-
BeHHO. M0XXHO IIOCTPOMTEL HOBOe ZePeBO, CAeJAB N POLUTENEM Y3JIOB N, Mg, ..., Nz. B
3TOM HepeBe n Gyzer KopHeM, a Ty, T3, ..., Ty — nodfdepesvamit 3TOT0 KOPHA. Y3JBI
ny, ng, ..., N; HA3BIBAIOTCA CLLIHOGbAMU Y3JA 7.

YacTo B 3TO olpefeNleHde BKIIOUAIOT NOHATHe HYy.ne60z0 depesd, T.e. “nepesa” Ges ya-
JI0B, TaKOe ZepeBo MEI OyxeM o0o3HaYATL CUMBOJIOM A.

IIpumep 3.1. PaccMoTpuM ornaBieHMe KHMIHM, CXeMATHYeCKM IIpDeJCTaBJIeHHOe Ha
puc. 3.1, a. 3To ornaBlIeHMWe SABISETCA AepeBOM, KOTopoe B apyro#i gopme moxassHo Ha

puc. 3.1, 6. OTHoIleHMe POZUTENL-CHIH OTOGpaskaeTcs B BuAe NUHUM. llepeBsss OOBIYHO pH-
CVIOTCA CBepXY BHU3, KaK HA pUC. 3. 1, ﬁ TaK, YTO POAUTENH PACIONATAIOTCA BRI n'n-rnﬁ”
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KopreM 3TOro fepesa ABndeTcs y3ed Huuza, KoToprili MMeeT TpHM IoAZepeBa COOTBET-
CTBeHHO ¢ KOpHAMU I'a.l, I'n.2 u I'n.3. OTH OTHOIEeHUA NOKA3AHBI NTUHUAMM, HAYINUMU U3
KopHA Knuza ¥ yanam I'a.l, I'n.2 m I'n.3. V3en Knuza asnaerca poxuTeneMm ysnos I'a.l,
I'a2ula3, aary TpH y37a — CBIHOBLAMM y3Ja HHuza.

TpetTse noXRepeso, ¢ KopHeM [i.d, COCTOMT M3 OXHOTO Y374, OCTAAbLHBIE fBa HOALepeBa
MMeIOT HeTPUBHAMBHYIO CTPYKTYPY. Hanpumep, noanepeso ¢ KopHeM I'2.2 B cBOIO ouepenhb
UMeeT TPU IOAXEpPeBa, KOTOphble COOTBETCTBYIOT pasferaM KHHru P.2.1, P.2.2 u P.2.3; no-
ClefHWEe ABAa NOJAJepeBa MMEIOT IO OJHOMY Y3Jy, B TO BPeMA KaK IlepBoe MMeeT ABa IIOZ-
JepeBa, COOTBETCTBYIOLUe NToApa3enamM KRuru P.2.1.1 u P.2.1.2. O

IIpumep 3.1 moOKa3RIBAeT TUNWUYHLIE KaHHbIE, ONA KOTOPHIX HAMJIYYINUM IIpeACTaBIIe-
HueM OYAYT AepeBbs. B 23TOM IpuMepe POOHUTENILCKHME OTHOLIEHMUA YCTAHABIHMBAIOT IIOLYH-
HEHHOCTH [JIaB M pasfeiiob: poAWTedbcKHH Y3esl CBA3AH ¢ y3IaMu chiHOBeld (M yKasbiBaeT
HAa HHUX), Kax ysen Hruza nogumusaer cebe yansl I'n.l, I'n.2 u I'a.3. B aToif KHUTe BRI
BCTPETHTE MHOIO PA3JIMYHBIX OTHOWIEHUI, KOTOPhle MOXKHO IIPeACTABHUTH C [TOMOIIBIO PO-
IUTeNbCKUX OTHOLIeHUH M NONYUHEHHOCTH B BUAe AepeBhes.

ITymem u3 y3ra n, 6 y3en n, HA3bBIBAeTCA IIOCIEROBATENBHOCTHL Y3JIOB 7y, Mg, ..., My,
roe Ana Bcex i, 1 <i <k, ysen n; ABNAeTCA POAUTENEM Y3JIa N;i. JauHoil nymu Ha3biBa-
eTcsa 4uclo, HA eAMHMULY MeHblIllee YMCJA Y3JI0B, COCTABIAIOIUX 3TOT NYTh. TakuMm obpa-
30M, IIyTeM HYJeBoil ZNUHEI OYAeT NIYTh M3 JMI000r0 y3na K caMoMy cebe. Ha puc. 3.1 my-
TeM AJMUHE 2 OyaeT, HanpuMmep, OyTh oT yana ['a.2 k yany P.2.1.2.

Ecnu cymecrByer nyThs U3 y3ja @ B b, To B 3TOM ciydae y3eJ @ HA3BIBAeTCA NpedKom
vana b, a vzen b — nomomrxom vana a. Hanpumep, Ha pue. 3.1 npenkamu vana P.2.1 6y-
EVT cleRyioliiue y3Jbl: CAM Y3en P.2.1 U Y33Bl I‘Jz.2 u R‘uuea, TOTAA KaK MNOTOMKAMM 3TOrO
yana ABNAKTCA ONATH caM y3ex P.2.1 u yanel P.2.1.1 u P.2.1.2. OrMeTHM, 4uTO nNw0boi yaen
OLHOBPEMEHHO ABJIAETCA M NIPEAKOM, U IIOTOMKOM caMoro ceGs.

IIpenox MM NIOTOMOK y371a, He ABIAKINUACA TAKOBHIM caMoro cefs, HA3BIBAETCA UC-
MUHHBLM NPeOKOM UIH UCMUHHLLM NOMOMKOM COOTBETCTBEeHHO. B AepeBe TOJNLKO KODEHb

He IMeeT MCTHHHOI'O IIDeAKA. YSE.TI He MMeWIIXM HCTHHHBIX MOTOMKOB, HAJKIBAETCH JUC-

mo Tn\nnn't. rrnrrnnnnnn KarKorn- Tl"ﬂ'ﬁﬂ TTA“A‘RQ MO TN nﬂhnnnrrﬂ‘mt_ rar vaan {EkoneaHL (83108
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ZepeBa) BMeCTe CO BCEMH ero NOTOMKAMH.

Buvicomoli ysana pepeBa Ha3bIBaeTCA AJIUHA CAMOTO NIMUHHOIO IIYTH U3 3TOI0 y3JIa A0
Kagoro-nu6o nucra. Ha puc.3.1 Biicora y3na ['a.l pasHa 1, yana I'n.2 — 2, ayana I'a.3 —
0. Buicoma Odepeaa cosnanaeT ¢ BricoTolt KopHA. Iaybuna y3aa onpefelnAeTcA KaKk LIUHA
IyTH (OH eXUHCTBEHHEBIN) OT KOPHSA ZO 3TOTO y3Ja.

CriHOBBA Y3Na 00BIYHO YIIOPAZOUNBAIOTCA cleBa Hanpaso. IloaTomMy nBa Aepesa Ha puc.
3.2 pasnUYHEI, TAK K&K NOPAAOK ChiHOBeil yana a pasnmueH. Eciu mopAnox chiHOBeH Mr-
HOPHPYeTCA, TO TaKoe AepeBo HA3bIBAETCHA HeYynopadoueHHuiM, B IIPOTHBHOM ciydae ZepeBo
HA3BIBAETCSH YNOPAJOLEHHbLM.

®& OO

Puc. 3.2. [lea pas3aunvix ynopadoueHHbLx
depeeaa

%

YnopagouusaHHe CleBa HANPAaBo cbiioadeil (“poAHBIX AeTell” OXHOTO y3Ja) MOKHO HC-
NONBL30OBATE ANA COHOCTABNEHUSA Y3JI0B, KOTOPHle He CBA3AHBI OTHOLIEHHAMU IIpegKM-~
noroMku. COOTBeTCTBYIOIiee NPABMIIO 3BYYMT CIEAYIOIIMM 06pa3oM: ecnu y3nunl @ U b aAB-
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JIAIOTCA CBHIHOBBAMM OZHOTO POAMTEJNA U y3eJ G JeXXHT cjeBa OT yana b, To BCe MOTOMKH
yana @ 6YAYT HAXOZUTHCA cleBa OT NIOGBIX NOTOMKOB yana b.

IIpunmep 3.2. PaccMoTpuM AepeBo Ha puc. 3.3. Vaen 8 pacmosyoseH cnpasa OT yana 2,
cieBa oT y3noB 9, 6, 10, 4 1 7, ¥4 He MMeeT OTHOWEeHUHM cnpaBa-cieBa OTHOCUTENLHO IIpek-
xkonl. 3 u 5.

1
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CyljecTByeT IIpoCcTOEe IPAaBUNO, IO3BONAWILee ONpPefeNNuTh, KaKHe Y3Jbl PACHOJOMKEHBI
cleBa OT AAHHOTO yana n, a Kakue — crapasa. JIna aToro Hafo IpPOYepPTHTEH NYTH OT KOPHA
nepesa xo yana n. Torxga Bce y3nbl ¥ uX IIOTOMKH, PACIIONIOXKEHHBIE CJIeBA OT 3TOro IYTH,
6YAYT HAXOLHUTBLCA CJeBa OT y3jna 7, ¥, AHAJOTNMYHO, BCE Y3Jbl M UX MNOTOMKHM, Paclojo-
»KeHHBIe cIIpaBa OT 3TOT0 NyTH, 6YAYT HaXOAUTHCA cIpaBa oT y3na n. O

Mpamoii, 06paTHBIA U CUMMETPHUHBIA 0OX0ABI AepeBa

CyinecTByeT HECKOJNBKO CIIOCO00B 06xXoma (IPOXOKIEHHSA) BCeX Y3JOB nepeBa'. Tpu
HauboJee YaCTO MCIIONB3VEMBIX CIiocofa 06Xoza fepeBa Ha3BIBAIOTCA 00x00 6 NPAMOM No-
padre, 06x0d 6 o6pamnom nopadrxe u 06xod 60 ehympenHem nopadxe (mocnexHuit Bux 06-

XO0Za TaK)Ke YACTO HA3BIBAIOT cCUMMempuUyHbiM 00x0dom, MBI OyKeM HMCIONB30BATE 00a 3THX
HAazRauuad KAk nﬂ'unuuut.ﬂ R{‘ﬁ 'I‘nﬂ crocoba nﬁwnm’a np:cvnountzn MOXKHO QITIDATLTUTRE CITO-

vvvvvvvvvvvvv RS [T SAACASSy STRWNSAYEASY WeEspTAaTTaAss s ss wEyew
AyomuM o6pasoM.

¢ Ecnu pepeBo T ABIAETCA HYJNEBBIM HepPeBOM, TO B CIMCOK 00X0Za 3aHOCHUTCA IYCTAA
3anHCch.
¢ Ecnu aepeso T COCTOMT M3 OJHOI'O y3na, TO B CIMCOK 06X0[4a 3aNMCBIBAETCA 3TOT y3el.

¢ [Manee, nycts T — OepeBo ¢ KOpHeM n M noxmepespamu T4, Ty, ..., T, KaK IIOKA3aHO
Ha puc. 3.4. Torga ANA pasnHUYHBIX crocofoB 0OXORA HMeeM CleXYIOLlee.

(n)

Puc. 3.4. Jepeso T

1 06x0x y3)10B fiepesa paBHO3HAYEH YNODPAJAOYHBAHHIO Do KAKOMY-1nGo npasmily sTux yanxos. ITo-
aTOMY B RaHHOM pasjelle Mbl OymeM HCIONL3OBATEH ciloBa “00xoR yalos” M “ynopAmOYuBaHHe y3)I0B”
KaK CHHOHHMBLI. — JTpum. ped.
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1. Ilpm npoxoxcdenuu 8 npamom nopadxe (T.e. IPH NPAMOM YNOPpAGOHUBAHUL) Y3NOB Re-
pesa T cHa4dana nocelnaercA KOpeHb N, 3aTeM Y3labl NoAazepesa T, Kajlee BCe YaNbI
noaaepesa Tz, u T.A. ITocnegEuMu noceuiaoTca yansl nogzepesa T).

2. IIpu cummempuxnom o6xode y3nos nepeBa T cHauasa IOCEI[EIOTCA B CHMMeTPUUYHOM
nopsifke BCe Y3Jhl nopxepesa 11, Aajlee KOPeHb 71, 3aTeM IIOCJIEZOBATENLHO B CHMMeT-
PUYHOM nNopAXKe Bece Y3nsl nopxepesnes T, ..., Th.

3. Bo Bpems ofxoda 8 ofpamHom nopadke CHadala IOCEI[AOTCA B ofpaTHOM HOpALKe
BCce yansl noanepesa T';, 3aTeM IOCIeZOBATENBHO IIOCEIAIOTCA BCe Yallbl NOAAEpPeBheB
T3 ..., T}, TaKKe B 06PaTHOM NOPAAKE, IOCHEAHUM NOCEIAeTCA KOPEHb Nn.

B anctunre 3.1,a noxasaH Habpocok nponeaypsl PREORDER (TIpamoe ynopAxouuBa-
HHe), COCTaBIAKIeHd CIIMCOK Y310B AepeBa NpM o6XoAe ero B NpAMoM HopaAnKe. Ytobul us
aTol MpoueAYyPHI CAENATh NPOUEeAYDPY, BHINOIHAOUIYIO 06X0N AepeBa B ofpaTHOM mopsaznke,
HaZl0 IPOCTO IOMEeHAT:H MecTaMHU CTPoKHU (1) u (2). B nuctunre 3.1,6 npexcrasieH HaGpo-
cox npouexypsl INORDER (BHyTpeHHee ynopsagouymsaHue). B aTUX Iponeaypax HpoM3BO-
JAHUTCA COOTBETCTBYIOIlee YIOPAXOYMBAHME JepeBheB I[IYTeM BbI30BA COOTBETCTBYIOINMX
NPOUEeAYP K KOPHIO AepeBa.

Auctur 3.1. Pekypcustbie npoueaypbl 06xopa AepeBbes
a. Mpoueaypa PREORDER

procadure PREORDER ( n: yzen );

begin
(1) 3aHECTM B ChNUCOokK ofxola yz3en n;
(2) for nns xaxnoro CHHa € y3Na n B NOPAIKe CleBa Hanparo do

PREORDER ()
end; { PREORDER }

6. NMpoueaypa INORDER

procedure INORDER ( n: y3en );
begin
if n — nucr then
3aHECTM B CIMCOK obxola y3ea nj
else begin
zaHeCcTM B Ccnucok ofxcopma y3en n;
for mnsa KaxmoTro CHHA ¢ y37a h, MCKIOHUASA CaMmeli JIeBHI,
INORDER (c)
end
end; { INORDER }

Hpumep 3.3. Crenaem o6xox KepeBa, MOKA3AHHOTO HA pHc. 3.3, B NPAMOM IOPAAKE.
CHauana sanuimeM (noceTuMm) y3en 1, 3aTteMm BrizoBeM npouenypy PREORDER gna o6-
X0Jla IepBOro IOAAepeBa ¢ KOpHeM 2. JTO IOAJepeBO COCTOMT M3 OZHOTO y3Ja, KOTOpoe
MBI ¥ 3anmuckiBaeM. [lanee oGXoJUM BTopoe HOZJEPEBO, BEIXOAAIlEe M3 KOpHA 1, 3To
NoAxepeBO MMeeT KOpeHbs 3. 3amuchiBaeM y3en 3 u BeI3eIBaeM npoleaypy PREORDER
AN o0X0okAa NMEepBOro NOogAepeBa, BEIXOAAIEro M3 y3na 3. B peaynpTare MOAYUUM CIINCOK
yaiaoB 5, 8 u 9 (uMeHHO B TakoM nopaxike). IIpogosxan sTOT Nponecc, B KOHIE MbI Ho-
JYYUM IONHBINA CHUCOK Y3JI0B, NOCEIaeMBIX IPH IIPOXOXKLEHUM B IPAMOM IOPALKEe MC-
XozHoro pepesa: 1, 2,3, 5,8, 9,6, 10,4 u 7.

ITogo6HEIM 06pa3oM, NpeXBapuUTeNnbHO Ipeofpasosas npouenypy PREORDER B mpole-
AYPY, BHIIIONHAIOIYIO 00X0X B 00pAaTHOM HNopAfKe (KAK YKA3aHO BBILE), MOKHO INOJYYUTH
ofpaTHOe YIIOpAZKOYMWBAHUE Y3J0B ZepeBa M3 puc. 3.3 B ciaepyioineM Buze: 2, 8, 9, 5, 10,
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6, 3, 7, 4 u 1. IIpumenan npoueaypy INORDER, noryyuM CHMCOK CUMMeTPHYHO YIODSA-

JOUYeHHBIX Y3JIOB ?TOrO Ke gepesa: 2,1, 8, 5, 9, 3, 10, 6, 7 n 4.
IIpu o6xone AepeBbeB MOXKHO IIPUMEHUTH clexyiouruit monesHelit npueMm. Hajgo Hapu-
COBATh HENPePBIBHBLIN KOHTYP BOKPYr AepeBa, HauWHas oT KOpHA [epeBa, PUCYA KOHTYP
eravavre v wes o Maovendh vormes

~th A .y o ey
LlyU THB H4acoBoun ulpc-unn u JI.UU"I.UPUAnU UUJLUAII BCe nuPymnmr: HacTH Acpcnu. 1 aK0OM KOH-

TYp BOKDYT JepeBa u3 puc. 3.3 nokasad Ha puc. 3.5.
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Puc. 3.5. Ronmyp aepeea

IIpu npamMoM ynopAXZOYMBAHMM Y3JIOB HALO IIPOCTO 3AIUCATH MX B COOTBETCTBHH C
HAPUCOBAHHBIM KOHTYpPoM. IIpu o6paTHOM ynopARXOYMBAHUM NOCJE 3aIIMCH BCeX CBHIHO-
Bell nepexofuM K MX poxuTenio. IIpy cuMMeTpPUYHOM (BHYTPEHHEM) YVIOPALOYUBAHHU
Hoclle 3alMCU CaAMOT0 IPAaBOro JUCTAE MBI NepPeXofHMM He IIo BeTBM B HaNpaBIeHUU K
KOPHIO JiepeBa, & K CHEAVIOLIEMY “BHYTPEeHHEMY” Y31y, KOTOPHI ellle He 3amicaH.
HanpnMep, ecnn Ha puc. 3.5 yanm 21l yKe aarmcanu, TO MBl KaK GBI nepecxaxn-
Baem “zamus” MeXAY V3IdaMu 2u3d3mun HepeXOoQ¥M K Y3Iy 8. OTMeTHM, 4TO opu awbom
VOOPAAOYHUBAHHUM JHUCTHA BCeraa 3allMCBIBAIOTCHA B MOPAAKe cJeBa HANpPAaBo, HNpU 3TOM
B ClIyYae CHMMETPHMYHOTO YIOPALOYMBAHNA MEXXAY CHIHOBBAMU MOXKeT GBITH JAIMCAH
ponurens. O

flomeueHHble AepeBbA U AepeBbs BbipaXeHuh

Yacto ObIBAET NOJIE3HBIM CONOCTABHUTh KAXKAOMY Y3y AepeBa memky (label) unu sHa-
YyeHMe, TOYHO TAK ’Ke, KAK MBI B IIpeAblAyielk rjape CONOCTABAANK 2JIeMEHTaM CIIHCKOB
onpefeNeHHBle 3HAaUeHUA. JlepeBo, y KOTOpPOro y3JIaM CONOCTABIEHH METKH, Haamnae'rca
NOMEYCLHHBIM Bpnpnnu MP'I‘I'{R V'ITIQ -— 3TO He UMSA V'!J'l'ﬁ a THaquHe Rn'rnnnn Ynﬂ“ﬂ"f‘f‘ﬂ
B yarne. B HeKOTOpPBHIX HOPUIOKEHMAX MEI AaKe nyem H3MeHATE 3HAUYeHWe MeTKHU, Io-
CKOJIBKY MMSA y3Jia COXpaHAETCA NOCTOAHHBIM. Ilojie3Ha cllexyioinas aHANOTHA: NepeBo—
CIMCOK, y3eJI—IO3UIHA, METKA—3JIEMEHT,

IIpumep 3.4. Ha puc. 3.6 noxasaHo zepeBo ¢ MeTKaMM, IIpelcTaBiagoiee apudMeruye-
CKkoOe BrIpaskeHUe (a + b) * (a + ¢), rae ny, ..., N7 — HMeHa y3JI0B (METKX HA PUCYHKe IIpo-
CTaBJIEHBI PAJOM C COOTBETCTBYIOINMMHU yajiamu). IIpaBHila COOTBETCTBHHE METOK AepeBheB

R TR

3JileMeHTaM BbIpaXeHHM caeayioinye.

1. Merka Ka)XJOro JHUCTA COOTBETCTBYET OIEPAHAY M COAEPIKHT ero 3HaUeHUe, HAIIPUMeEp
y3en n, NpeACTABIAET onepaHy ad.

2. MeTka KaXAOT0 BHYTPEeHHero (POAUTENBCKOro) yajla COOTBETCTBYeT oneparopy.. Ilpexn-
TOJIO)KHUM, YTO y3eJ n noMeudeH CHHAPDHBIM oNnepaTopoM 0 (Hampumep, + Hau *) K Je-
BBIN CHIH 3TOTO Y3JIa COOTBETCTBYET BHIpaskeHMI0 E;, a HOpaBelii — BhIpaxeHHIO E,.
Torana y3en n 4 ero ChIHOBBA NPEZCTABNAIOT BhIpaxeHue (K,) 0 (E;). MoxHO yAaraTs
poauTeNned, eCIU 3TO HEOOXOOUMO,
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Puc. 3.6. [Jepeso svipaxcernus ¢ Memrxamu

Hamnpumep, y3ell np HMeeT ollepatop +, a JieBblil M NpaBbIii CBIHOBLA IIPeACTABIAIT
BhIpa’keHUus (onepaHABI) @ ¥ b cooTBeTcTBeHHO. IloaToMy y3en ng npepacrtaBnser (a) + (b),
T.e. a+b. ¥sen n, npelcraBaseT BeIpaxkenme (a + b) * (a + ¢), IOCKOJNBKY onepaTtop *
aApnfeTcA MeTKoH yana ny, Beipaskenus @ + b ¥ g + ¢ NpeSCTABAAIOTCA Y8IaMU fig ¥ i3 CO-
OoTBeTCTBeHHO. []

Yacto npu obxojle ZepeBbeB COCTABAAETCA CIMCOK He UMeH Y3/d0B, a X MeToK. B ciay-
Yae JepeBa BeIpaKeHHH NpH NpaMoM YNOPAZOYHBAHKHK NOJYyUYaeM H3BeCTHYIO npedukxcHylo
¢opmy BEIpaxkeHH#, Tle ONlepaTop IpeXIIeCTRYeT K JIEBOMY, K IpaBoMy onepaHgam. Ilnsa
TOYHOTO ONKCAHNA NpeUKCHOM opMBI BEIpakeHUHM CHauaja IOJIOKHM, YTO IIpedUKCHBIM
BRIpaMeHHeM OJHHOYHOIO ollepaHia 4 ABJAETCA caM 3TOT onepash. Hanee, nmpedukcHas
dopma ans BeipakeHmns (E) 6 (E;), roe 6 — 6unapubIii onepartop, uMmeeT sug 6P P, 31ech
P, u P, — npeduikcunie dopMel gaa BeIpakeHH# E, u E;. OrmeTnM, YTo B NpetdHKCHBIX
¢dopMax HeT HeoOXOZMMOCTH OTIEJIATH KM BHLEENATH OTJAeNbHbIe NpedHKCHBIE BBIpasKe-
onpeAeJuTh €JUHCTBeHHEIM 06pa3oM P; Kak caMblil KopoTKHH Npedukc BeIpakenua P P,.

Hanpumep, pi IpAMOM YIOPAZOUMBAEKE Y3J0B (TOUHee, METOK) JepeBa, IIOKA3aRHOTO
Ha pHc. 3.6, noayuaeM npedrKcHoe BeIpaxkeHte *+ab+ac. CaMBIM KOPpOTKEM KOpPPEKTHBEIM
npedHKCOM AJA BhIpaskeHUda +ab+ac 6yget npedUKCHoe BhIpaskeHUe y3ia ni: +ab.

Ob6paTHoe ynopsajoYuBaHHe METOK JepeBa BBIpasKeHUM Jaer TAK HAA3LIBAEMOe Nocm-
guxcroe (UMK noxbCKOE) npedcmasaernie BhlpaskeHH#. Bripaxkenune 6P P; B MOCTHHKCHOIM.
tbopme mmMeeT Bug P P36, rge P; u Py; — mnocTduKkcHble $opMbl AAA BbipakeHuii E) u E;
cooTBeTCTBeHHO. IIpn mMcnonbp3oBaHuE NocThUKCHON (OpMEBI TaKKe HeT HeOOXOJAMMOCTH B
NpHMeHeHKH CKo0OK, MOCKOABKY A J06oro NocTdUKCHOro BeIpaskeHusa P, P; jerko mpo-
CAeOUTH caMbIffi KOpOoTKHM cydduKke Pz, 4To K 6yAeT KOPPEKTHBIM COCTABJIAKIMUM IIOCT-
bUKCHBIM BhIpakeHHeM. Hanpumep, noctduxcHas ¢opma BeIpaXkeHHs JJA JepeBa Ha
puc. 3.5 nmeer Bug ab+ac+*. Ecau 3anucaTth 3To BhipakeHHe Kak P, P,¥, To P, (T.e. BHI-
paxkeHne ac+) 6yIeT caMbIM KOPOTKHM cydhdukcom ana ab+ac+ #, clegosBaTesbHO, KOP-
PEKTHBIM COCTABJAKIUNM HOCTGHHKCHBIM BhIpaKeHHEM.

Ilpu cummeTpruYHOM 00XojJe AepeBa BhIpasKeHHII NOJYYHM Tak HasbIBaeMYIO uHpukxc-
Hyt ¢opmy BEIDaXKEeHHA, KOTOpasa COBIIaZaeT ¢ NPHUBBIYHOH “cranmapTHoi” opmoit 3amu-
CH BeIpaXXKeHH#, Ho TaK)ke He MCNoOJb3yeT CKo6oK. Ina nepesa Ha puc. 3.6 uHbHKCHOE
BRIpAKeHHe 3anmuneTca Kak a + b ¥ a + ¢. Yurareno npegiaraerca paspaboTaTs aniro-
pHTM 06x0Za gepeBa BhIpa)keHHil, KOTOpHIl OBl BhIZaBan MHOHKCHYI (OPMY BbBIpaKeHH
€O BCeMH HeoOXOQMMBIMH IIapaMi CKOBOK.

BbluncaeHue ,,HaCAEACTBEHHbIX” AQHHbIX

O6xox gepeBa B MPAMOM WK o6paTHOM HOPAAKe IIO3BoJAeT NMOJYYUTH AaHHBIE 06 OT-
HOIIEHUAX IpeJoK—IIOTOMOK y3JoB fepeBa. IlycTe dbyHKOMA postorder(n) BeIYHCIAET Mo-
BHIHIO V3JIa n B CIIHCKe Y3J0B, YIOPAZOUeHHBIX B o6paTHOM nopsake. Hanpumep, a1 ys-

82 I'JIABA 3. IEPEBES



0B ng, N4 ¥ Ny JepeBa, NPeACTABJEHHOr0 Ha puc. 3.6, apadenud aroit dyukiuuy 6yazyTr 3,
1 1 2 coorBercTBeHHO. OmnpenenuM Tak:ke GYHKRUUIO desc(n), 3HadeHHe KoTopoll paBHO
YRCJIY UCTHHHBIX TOTOMKOB y3Ja n.

9tu byHKIUKR nossonmo'r BBIIIOJIHUTD DAL II0JE3HBIX BLIUHCIEHKH, Hanpnmep, BCe Y3JBI

TATTATIA AAITIIMATAME, TTAATITTIIL e 2 —_ HAaonfn)
ALUMCPCDCI. \J nUPnc*‘l ’p Uy“yl J-‘-WJ‘UAUD“LCJ‘D“U oanxllv‘aln ].‘.Uon“nx& Ul PUDPU’ wer \'b’ uco'—\f'”

o postorder(n) B CIIUCKe Y3JIOB, YHODAZOYEHHBIX B of0paTHoM nopagke. Hna Toro 4Tobbl
yaeJl x GBI IOTOMKOM Y3Ja Y, Hazo, YToOhl BHIIONHANNCH CAeAYIOIHe HepaBeHCTRA:

posiorder{y) — desc{y) < posiorder{x) < postorder{y).

Hopobuble YHKOKKY MOKHO ONpEeJeJUTh ¥ JAJf CIIHCKOB Y3JI0B, YNODANOYEHHBIX B
OPAMOM NOPRIKeE.

3.2. AbcTpakTHblit TN AaHHbIX TREE

B rnaBe 2 COMCKH, CTEKM, odepeJH M OTOOpaKeHHS NOMYUMIN TPAKTOBKY Kak abcr-
paktHble THOBI gaHHBIX (ATH). B atoit riaBe paccmorpum gepesba Kak ATl m kak
CTPYKTYpPHI KaHubIX. OQHO M3 Hanbosee Ba)KHBIX NpPHUMeHeHHI JepeBheB — 3T0O HCIIOAB3O-
BaHHEe NX NOpH pa3pafoTke peanmaanuil pasauusasix ATI]. Hanpumep, B riase 5 MBI IoKa-
JKEeM, KaK MOYKHO MCIIONb30BaTh “epeBo ABOKYHOTO NoMcKa” npu peanmaaniun ATH, ocHo-
BaHHBEIX Ha MATeMATHYeCKOM MOZeJH MHOKeCTB. B cleAyIOLINX IBYX IiaBax OyAyT npeg-
CTaBJeHbl MHOTOYHCJIeHHEE NIPUMephl NPEMeHeHRA JepeBbeB IIPH PealHl3allii pasJaMIHBIX
abCTpaKTHHIX THNOB JaHHBIX.

B arom paagene MBI NIPeICTABUM HeCKOAbKO IOJIE3HBIX OINEePATODOB, BHINOJIHAEMBIX Ha
AepeBBAMHE, K TOKa’KeM, KAK HCIOJb30BATH 3TH ONEPATOPHl B Pa3HYHBIX AJNTOpHTMAX.
Tak ’XKe, KaK H B CJIy4Yae CIIMCKOB, MOYKHO IIPeAJIOJKHTL GOJBIIOH Hadop ollepaTopos, BEI-
OOJIHSIEMBIX HaJ JIEPEBBAMH. 3/1eCh MBI PACCMOTPHEM CJAeAVIOI[Ue ONepaTophl,

1. PARENT(n, T). 9ta dysakuusa Boaspaluaet pogutensa (parent) yana n B gepese T. Ec-
JX n ABJIAETCA KOPHEM, KOTOPHIM He MMeeT POZHTEJ]A, TO B 3TOM CjJy4Yae BO3BpaliaeT-
ca A. 3zeck A obozHavaeT “HyseBoil y3en” KM yka3blBaeT HAa TO, YTO MBI BBIXOAUM 3a
npefesbl gepeBa.

2. LEFTMOST_CHILD(n, T). [JlaHsas ¢yHKIIA BO3BpAallaeT caMolo JIeBoTo ChIHA Y3Ja Il B
xepese T. Eciu n asiasercs JUcToM (H IO2TOMY He MMeeT ChIHA), TO BO3BpajaeTcsa A.

3. RIGHT SIBLING{(n, T). OTa ¢byHKLUA BO3BpaluaeT IIpaBoro 6pata yana n B gepese T'
U 3HaYeHMe A, eCJIH TAKOBOTO He CYwIeCTBYeT. IJIA 3TOT0 HAXOJHTCA POSUTENDL p yajla
n 1 BCe CBIHOBBA y3Ja p, 3aTeM CPeIH 3THX ChIHOBeH HaXoAHMTCA Y3es, PaCHOJIOXKeH-
HBIH HeNoOCPeACTBeHHO CNpaBa oOT Yyajaa n. Hanpnmep, Asa gepeBa Ha puc. 3.6
LEFTMOST CHILD(n;) = ng, RIGHT_SIBLING(n,) = n; u RIGHT_SIBLING(n;) = A

fody AvASais i &N LT FA ¥

4. LABEL(n, T). Bosspamaetr MeTKY y3ja n gepeBa T. Jna BeInoJAHeHMA 3TOH QYHKIIMK
TpebyeTtcs, 4ToObI Ha yajax Jepesa ObIIK oNpeleleHbl MeTKH.

= MDA MG P D P e wrrreirewe.

J wiviusys L DL\U, .l 1» .l Dy seay .l;) — 3ITO UUIJ.I.HPHUU bl‘.‘MI‘:ubl.BU bWM&Nu.{l’l)& tpynnx.w.u, ROTO-
pble pus kaxporo i =0, 1, 2, ... co37alOT HOBBIH KopeHb 7 ¢ MeTKolt v K Aajtee IJIA 3TOrO
KODHSA CO37iaeT i CHIHOBeHM, KOTOPhIe CTAHOBATCA KODHAMHM noxdepeBneB T3, Ty, ..., T,. OTH

¢dbyHKINME BO3BpAAIOT JepeBo ¢ KopHeM r. OrMeTHM, uTOo ecan i = (), TO Bo3BRpamaeTca
OJIUH Y3eJ r, KOTODPBIH OJHOBPEMEHHO ABJIAETCA B KODHEM, I JINCTOM.

6. ROOT(T) soaspamyaeT yaeJ, aBigl0mIKMca KopHeM gepesa T. Ecau T — nycroe jepe-
BO, TO BO3BpaIaeTca A.

7. MAKENULL(T). 31ot onmepaTtop jgenaet AepeBo T IYCTHIM gepeBOM.

Hpumep 3.5. Hamuiuem pexypcusayio PREORDER un sepexkypcuBryio NPREORDER
opoleavDE! 00x01a JepeBa B IIPAMOM MODAAKE M COCTABJIEHUA COOTBETCTBYIOIETO CIIMICKA
ero mMetok. Ilpeamoso:kum, YTO ANA Y3JI0B ompefeieH THI HaHHBIX node (y3ela), Tak e,
kdk u ana tuna gasasix TREE (Hepeso), npudem ATJ] TREE onpeznesen gy fepeBseB C
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MeTKaMHM, KOTOopble KMeIOT THII JaHHEIX labeltype (THn MeTku). B nucTunre 3.2 npusegeHa
PeKypCUBHAA NpoueAypa, KOTopad II0 3afaHHOMY Y3JY 7 CO3ZAeT CIIHCOK B IIPAMOM IIO-
pAnKe MeTOK NOAZepeBa, KOpHEM KOTOPOTo ABJseTca y3ed n. JJIa COCTAaBJeHKA CIUCKA
Bcex yaJsoB gepeBa T Hazo BeInoJAHuTH BEI3oB PREORDER(ROOT(T)).

Aucrunr 3.2, PexypcusHas npoueaypa o0xopa AepeBa B ripsiMOM Nopsake

procedure PRECRDER ( n: ncde );
var
¢: node;
begin
print (LABEL(n, T));:
¢:= LEFTMOST_CHILD(n, T);
while ¢ <> A do begin
PREORDER (c) ;
¢:= RIGHT SIBLING(c, T}
end
end; { PREORDER }

Temeps HaNHUIIEeM HEPeKYPCHBHYIO NIPOLEAYPY AJA NedyaTH Y3JIOB JepeBa B IIPAMOM IIO-
pagke. YTo6el coBepIUMTHL 06X0Z AepeBa, McIoJbayeM cTek S, ueil Tun gauusix STACK
y:ke o6BABNeH KaK ‘“CTeKk AJA yajaoB”. OcHoBHas Hiesd padpabaThiBaeMOrc aNropHTMa 3a-
KJI0YaeTCA B TOM, UTO, KOTZA MBI JOILLJIK JO Vajia n, CTeK XPaHUT NYTh OT KOPHA [0 3TOr0
yana, NpuyYeM KOpeHb HAXOAMTCA Ha “AHe” CTeka, a V3eJ I — B BeplinHe cTexa.!

OpuH 1.3 NOAX0A0B K peanusanui obxofa fepesa B IIpAMOM IOpsAKe NOKA3aH Ha IpU-
mepe nporpaMmmbl NPREORDER B suctuare 3.3. 3Ta mporpaMma BhITIOJHAET JABAa BUZA
omepanuii. T.e. MOKeT HAXOAUTHCA KaK ObI B OJHOM M3 IBYX peskuMos. Onepanuu mepsoro
BHZa (Nepablil pesXuM) OCYIUEeCTBAAIOT 06X0[ MO HAIpaBIeHHI0 K MOTOMKAM €aMor'c JIEBOTO
ene He IIPOBEPEHHOIO NYTH JepeBa JO TeX Top, NOKa He BCTPETHTCS JHCT, IIPH 3TOM BbI-
OJIHAETCA NeYaTh Y3JI0B 3TOTO IYTH K 3aHeCRHHEe HX B CTEK.

Bo BTOpOM peskuMe BBIMOJHEHHA IIPOTPAMMBI OCYUECTBAAETCA BO3IBpaT MO NpoiaeHHO-
My OYTH C nooqepenHmM nss.neqeanem Y3J0B K3 CTeKa IO TeX IIop, NIOKa He BCTPETHTCA
y3ed, rMeoiull elie “He onHCaHHOTS” IPaBoTo 5FJETE.. Torza nporpaMMa ONATH IIEPEXO-
AUT B IepBEIM pesKUM K HCCHeAyeT HOBBIHM IIYTH, HaUKHAasA ¢ 3Toro npasoro 6parta.

IIporpaMMa HauHHAETCHA B [IePBOM DeKIIMe ¢ HAXOXKAEHKA KOPDHA JepeBa K onpefeseHHA,
ABIAETCA JK CTEK IIyCTRIM. B nucTeHre 3.3 mokasay moaHelil Kog aToH nporpaMMel. [

Auncrunr 3.3. HepexypcusHas npoueaypa 06xoaa AepeBa B npamom nopsake

procedure NPREORDER ( T: TREE };:
var
m: node; { nepemeHHas IJIA BPEMEHHOI'O XPaHeHMUA Y3JIOB }
S: STACK; { cTex y=3JIOB, XPaHHUMNI IYTb OT KOPHA IO
poouTens TOP(S) mexywero yszna m }
begin { unmuuanmzaumus )
MAKENULL (S) ;

m{ oMy .
ROOT(T) ;

piiesy
while true do
if m <> A then begin
print(LABEL(m, T));:
PUSH(m, S);

1 anun 'ﬂﬂ““me!‘ﬂ ) nnnnnﬂv 9 6 I"T'ﬂ nﬁnvwnn Farl NaaTHAQITIg NORY nr-unr.n;rv "I’\l\"ﬂﬂ‘ln o N
aYaliaaAs SNy & o

SUvE AV pRASATwAY SR Y RVARAVIAU S pUnisisioia e PusaSioe LAy P ixis

b 4
MOIIBI0 CTeKa AKTHBANHOHHLIX 3annceﬁ. Hpﬂ PACCMOTPeHHH JUCTHHra 3.2 HeTPYAHO 3AMETHThL, UTO
AKTHBANHOHHYIO 3aIlch MOYKHO 38HOCHTB B cTek NpH KayKAoM Bbidose npouneaypsl PREORDER(n) =,
3TO rnaBHoe, cTeK OyFeT cofep KaTh AaKTHBANMOHHBIE 3ANMHCH JJIA BCeX MpefKOB yaJja 1.
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{ MccnenopaHMe CaMOrC JIeBOTG CHMAa y3na m }
m:= LEFTMOST CHILD(m, T)

end

else begin
{ maBepmena npoBepxa IyTH, COOEpXRallerccs B CTexKe }
if EMPTY (S) then

return;
{ uccrnenoBaHue npaporo BpaTa y3na,
HaxoOamerocs B BEpHMHe CTexa }
:= RIGHT_SIBLING{(TOP(S), T);
POP(S)

Pt e Te
SiG

end; { NPREORDER }

3.3. Peaan3auus AepeBbeB

B atom pas,uene MBIl IIPefCTABMM HECKOJBLKO OCHOBHBIX Deanusanuit JepeBbeB M 06CYy-
_ . _ jie [ 35 ]

P e gm e  ww e
-1

JMM MX BO3MOKHOCTH IJd NOAJEPKKK ONepaTopOB, BBeAeHHBIX B pasjgeie

C

HPEACTaBAEHME A€peBbeB C NOMOLLbIO MaCCBOB

Ilycte T — mepeBo ¢ y3namu 1, 2, ..., n. BosaMoM¥HO, CAMEIM IIPOCTHIM PEACTABACHNEM
Jepesa T, noggep:kuBatomuM oneparop PARENT (Pogurensn), 6yaeT auHeiiHBIH MacCHUB A,
rae Kamasli aseMeHT Ali] ABNdeTca YKa3aTejleM HMIK KypcOpoM Ha poAuTens yaia i. Kopessb
JepeBa T oTaM4aeTcsa OT APYTHX Y3J0B TeM, YTO MMeeT HyJeBOM yKa3aTesb WJHA YKasaTelb
Ha camoro cefsa Kax Ha poputeisa. B sswike Pascal ykasatenn Ha aneMeHTHI MacCHBA HeJo-
ITyCTHMBI, IO3TOMY MBI 6yJeM HCIIOJB30BATh CXeMy ¢ Kypcopamu, Torga A[i] = j, ecan yaena j

oAuTeNneM yana i, 1 Arﬂ = (), ecry VaeJ i SBIASTCS KOpPHeM.

™ r=y
FLAI A, P AEL AT *TL T &

VRN
VANVAN
AN

a. flepeso

—

3 4 5§ 6 7 8 9 10
11212151515} 3]3

6. Kypcopel Ha poauTenei

DPue. 3.7. Jepeso u xypcopwvi Ha podumeneil
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JaHHoe IpencTasiiediie KCNOJB3YET TO CBOMCTBO JepeBheB, UTO KAXKIBIH y3el, OTIUYHBIH
OT KODHA, UMeeT TOJbKO OZHOTO poauTtend. VIcIons3ysa 3To IpeAcTaBleHUe, POIUTENA JIH060-
ro yajza MoxKHO Halitu 3a PurcuposasHsHoe BpeMs. Ilpoxoxkgenne mo adwbomy IyTH, T.e. Ie-
peXonl II0 y3JIaM OT DOAUTENA K POJUTENI0, MOMKHO BBINOJHKTE 3a BpeM#A, IPONOPIHOHATBHOS

KONIUYeCTRY VaJIOR IIVTH MTra peanM3aIINE onenaTona T.ARET, sraszeern JIL30OBATE IDY rrntr
AVAAVAXLTAC W L : : DL AS J.I.: AXxkle Hl""‘- y‘l A LA KA XS UJLOH“J.UH“ Adi A PR idd LYINITINEINT K-L\JI.I.UJLDOVDLLI HH: A WEL

maccus L, B kotopoMm anemest L[i] 6yzeT xpaHuTes MeTKY yala i, Ju60 00bABATE 3JIeMeHTHI
MaccuBa A 3aMCAMHE, COCTOALIMMU U3 IeJbIX YHCes] (KYPCOPOB) K METOK.

Hpuamep 3.6. Ha puc. 3.7 noxasadbl JepeBo X MacCHB A KYPCODOB Ha POoAHTesel aTo-
ro gepesa. [

Hcnons3oBaHKe YKasaTelell HAM KYpPCOPOB Ha pogHTejleil He IOMOraeT B peajlH3a-
OUK OIlepaTopoB, TpeOywIUUX HHbOPMAOKIO O CHIHOBRAX. MCNONB3YA ONMUCcAHHOE NIpel-
cTaBJeHine, Kpaifige TAKeJ0 AJA JAHHOrO y3ja N HANTH ero chiHoBe# HAM ONpEeNeJUTH
ero BeICOTY. Kpome Toro, B 3TOM CJy4Yae HeBO3MOKHO ONpelelIUTh NOPANOK CHIHOBeH
y3na (T.e. KaKo¥ ChIH HaXOAWUTCA IIpaBee MJK JieBee Apyroro criga). IlosToMy Heasnssa
DeayK30BATE ollepaTopkl, Mogobaeie LEFTMOST CHILD u RIGHT_SIBLING. MoxHo
BBECTH ncxyccmesxmﬁ NopAJOK HYMepalKK Y3J0B, HAaIpKMep HyMepallHio CHIHOBEH B
Bo3pacTawiueM MNopALKe cjeBa HanpaBo. McMoabayda Takyl HyMepanHio, MOXKHO pea-
au3oBaTh omnepatop RIGHT_SIBLING, koa ansa atoro omnepatopa NpHBeJeH B JHC-
THHTe 3.4. Ona saganus THNOB JaHHEIX node (yvaen) u TREE (depeBo) ucnoansyercs
caeaywoigee o0'bABIeHNE:

type
node
TREE

i

integer;
array [l..maxnodes] of node:;

B aToii peannsannu MBI IIpegIiosiaraeM, UTo HyJIeBol yses A npencrtaBies 0.

Auctunr 3.4. Onepatop onpepeseHns npasoro 6para

procedure RIGHT SIBLING ( n: node; T: TREE ) : node;
var
i, parent: node;
begin
parent:= T[n]
for i:= n + 1 to maxnodes do
if T{i] = parent then
raeturn(i)
return(0) { npaBHﬁ SpaT He HalneH )}
end; { RIGHT SIBLING }

[peacraBAeHMe AepeBbeB C UCHOAb30BaHUEM CIINCKOB CbIHOBEN

BaskubI#t 1 nones3HEbIi cnocob NpeicTaBleHUsA AepeBbeB COCTOUT B ¢OPMHPOBAHMH AJIS
wnmnnrn uRmna f‘TI'T/Tf‘T{Q erTon r-:.'ru'nnn'vr Q’T‘T/T CTINCKIL MOXHO nnnnr"rﬁnn'rz. 'rnnﬁ'r.nur MQ’F(\"(\M

..... J = A¥ANSFEY

oNHCAHHBIM B IJaBe 2, HO, TAK KaK YMCJO CHIHOBeH y pasHbIX Y3JI0B MOKeT OBITH pasHoe,
Yalle BCETO AJIA 3THUX Iesiell NPUMEeHAIOTCA CBA3SAHHBIE CIIMCKH.

Ha puc. 3.8 nokasaHo, Kak TaKHM cIIocoboM IIpeACcTaBUTH ZepeBo, M3obpakeHHOe Ha
puc. 3.7, a. 3ech eCTH MAacCHB AYeeK 3alOJIOBKORB, HHAESKCHPOBAaHHEIN HoMepaMu (OHH e
uMeHa) yaaos. Kaxxaeril saronoBok (header) ykaspiBaeT HA CBA3AHHBIH CNMCOK, COCTOATUKH
K3 “31eMeHTOB”-y3J0B. DJIeMEeHThI clIUcKa header{i] aBnsawoTca CBIHOBRAMH yaja i, HallpH-

MeD VaIBI Q1D CLINOBLY VaJIa 2
J.VLCP : DVAIDL W KL AN AANT D LIFL :l)ll‘“ e

IIpexxe ueM paspabaThIBaTh HeobOXOZHMYI0O CTPYKTYDPY ZaHHBIX, HaM HaJo B TepMHHaX
abcTpaxkTHOro THNa AanupiX LIST (comcok y370B) clesaThk OTAeJBHYIO Peani3anyio CIH-
CKOB CBIHOBeil M IMOCMOTpeTh, Kak 3TN abCcTpakIMM corsacyroTcsa Mmexxay coboii. Iosguee
Mbl YBHAHM, KaKHe YIPOIUEHHS MOMKHO CAeJaTh B 3THX peanusanuax. Haumem co crue-
AVIOIGHX O0'BABIeHHE THIIOB:
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type
ncde = integer:
LIST { cooTeBeTrCcTByKIEE CNPENENIEHME IJIA CIIMCKa Y3I0B };
position = {cooTBeTCTRyLlEe ONpeleyieHUe [OSMIME B CIIICKAX};
TREE = record
header: arrayl(l..maxnodes] of LIST;
labels: array(l..maxnodes] of labeltype;
root: node

end;

1 — > 2 » 3 | e
2 ~— S5 T e
3 ~J

4 ° 9 » 10| o
5 T 6 7 —t—p 8 |
6 ®

7 ®

8 ®

9 ®

10 ®

header

Puc. 3.8. IIpedcmaasnenue depeaa ¢ noMowblo C8A3ARHLLX CNUCKO8

Mp1 mpeanojiaraeM, 4YT0 KOpeHb KajyKAOro JepeBa XPaHKUTCA OTHeJbHO B II0Je root
(xopessn). s oboanadeHrs HYJeBOro yajla Hcmojabayercs (.

B nuctunre 3.5 npeacrasned kox dyaxnun LEFTMOST CHILD. Yutarens B KayecTBe
yOpasKHeEHA MOMKeT HallHCcaTh KOABI ADYTHX ollepaTopoB.

Ancrunr 3.5, DyHKUMS HAXOXKACHNS CAMOT0O AGBOIO ChiHA
funetion LEFTMOST CHILD ( n: node; T: TREE ): node;
{ BOZBpPAllaeT CAMOPQ JIEBOT'Q CHHAa y3jJa n mgepesa T }
var
L: LIST; { CKOpOmMCEH LI CHMCKa CHHCBEN y37a n )
begin
L:= T.headerlnl;
if EMPTY (L) then { n ABIAETCA JMCTOM }

return (RETRIEVE (FIRST(L), L))
end; { LEFTMOST CHILD }

Teneps NpeACTABKM KOHKDETHYIO DealU3all{i0 CIHCKOB, rize Tunsl LIST u position
MMEIOT THN LeJBIX YMCeJ, NOoCHeJHHe HCIONB3VIOTCA KAK KYPCOpBI B MacCHBe 3amuceil
cellspace (06nacTs Aueek):

var
cellspace: array(l..maxnodes] of record
node: integer;
next: integer
end;
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Ona ynpomeHUA peanusalyil MOYKHO TOJIOKHTH, YTO CIIMCKHK ChHIHOBEeHM He MMeIOT Ade-
ex sarojoBkoB. Toudee, MBI momectuM T.header[n] HemocpeACTBeHHO B IEpPBYIO AdeMKy
clilicka, Kak IToKasaHo Ha pHc. 3.8. B aucrusre 3.6 npejcraBneHd mepenucaHHbId (c yde-
TOM 3Toro ynpowesus) xof ¢yaxnmuu LEFTMOST _CHILD, a Tak)Xe IMOKasaH KoJ (PVHK-

ey PAREBENT  wremramoaviamnrorty ma
O rAX Y KO

4 €Y ey ritra Arererrarrrrer
VALY Ay XiWIIUJEIDO nrli ada

HCOt IIpeacTaBiende CIHCKOB. 3ta PYBRLOHUA GoJee
TPYAHa IJIs DealWaalliil, Tak KaK olipejejieHHe CIIKCKA, B KOTOPOM HAXOAHUTCA 3aMaHHBIH
y3eJ1, TpebyeT IpocMOTPA BCeX CIIUCKOB CHIHOBEMH.

Ancrunr 3.6. (DYHKUMK, NCNOAB3YIOLIHE NPeACTaBACHHE ACPeBLEB NOCPEACTBOM CBS-
3aHMbIX CNIUCKOB

unction LEFTMOST CHILD ( n: node

.
= =22 il Al - Nedl i 2gl/ ERAT.S L]

{ BO3BpamaeT caMOTO NEBOT'C CHHAa y3Jia h mepeBa T }
var

T: TREE ): node;

L: integer; { xypCcop Ha Hayajlo CIMCKa CHHOBeX y371Ia n }
begin
+= T.header([n];
if L = 0 then { n sBIgeTCH IIUCTOM }
return{
else
return (cellspacellL] . node)
end; { LEFTMOST CHILD }

function PARENT ( n: neode; T: TREE ): ncde;
{ BO3BpamaeT pOIMTENs y3ya n mepesa T )
var
p: node; { npoferaeT BOSMOXHEX POIMTENEN y3la n }
i: position; { npofGeraer CIMCOK CHHOBEN p }
begin
for p:= 1 to maxnodes do begin
i:= T.header|[p];
while i <> 0 do { npoeBepka Ha HanuuMe CHHOEBE! yzmna p }
if cellspaceli] .node = n then
return (p)
else

e= rmallor
CeLis

7 e =P e
- [*

ace[l} CJieX
end;
return(0) { pomuTest He HalineH }

end; { PARENT )

[MpeAcTaBAeHue AeBbIX CbIHOBE U NpaBbIX OpaTbes

Cpenut npount T
¢ nomomkio onepatopoB CREATE cosgaBaTs GoJsblline gepeBbA K3 MANBIX. OTO ABJAETCA
cJeJCTBHeM ToTlO, YUTO BCe Jepesbs COBMECTHO HCHOJB3VIOT MAcCHB cellspace pna mipen-
CTABJIEHKsA CBA3AHHBIX CIIMCKOB CBHIHOBEHM; II0 CYTH, KaKJoe JepeBo HMeeT CcoGCTBeHHBIM
MAaCCHB 3arojIOBKOB JJA CBOHMX V3J0B. A IIpH pealmMsanuu, HalpHMep, oliepaTopa
CREATE2(v, T,, T;) Hano cronupoBath AepeBbs Ty u Ty B TpeTbe AepeBo U AOGABHTH HO-
BBIM y3eJI ¢ METKOHM U M IBYX ero chlHOBeH — KopHU ZepeBbeB T u T,.

Eca#t MBI XOTHM TOCTPOUTH GOJIBIIIOE JEPEBO HA OCHOBE HECKOJBKHX MaJbIX, TO KeJja-
TeJIbHO, YTOOBI BCe Y3JIBI BCeX JepeBbeB pacnojaranuchk B ofHoil obmiett o6aactu. Jloruue-
CKHMM IIDOJOJIKeHHeM IIpeACTaBJIeHUs JepeBa, NoKa3aHHoro Ha puc. 3.8, 6yaer 3ameHa
MaccHBa 3aTOJIOBKOB Ha OTJAeJIbHBIN MaccHB nodespace (06J1acTh V3JI0B), colepakalnuii 3a-
NHCH € [POK3BOJBHBIM MeCTONOJOKEHHeM B 3TOoM MaccuBe. Cofepkumoe mnonas header
3THX 3alllceM COOTBETCTBYeT “HoMepy” yana, T.e. HOMepy BSanHCcCH B MaccHBe cellspace, B

or hgal oVl
X HefocC

Q
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cBOI0 oUepPeab NoJie node maccusa cellspace Tenmepb fABNAETCA KYPCOPOM AJA MaccuBa
nodespace, ykaspiBalomuM nosunuio yana. Tun TREE B avoif cutyanum mpocTo Kypcop B
MaccHBe nodespace, YKasbIBAIOMIKI MOZKIHIO KOPHA.

Ipumep 3.7. Ha puc. 3.9, a nokasaso gepeBo, a Ha puc. 3.9, 6 — CTPYKTYpa AAHHBIX,

Y3JLI 2TOTC JepeBa, NMoMeUYeHHEBIE Kak A B N aMeIleRbl B ADATTELITLIY TTN.
rﬂﬂ : L g HGD‘A, J-J.UJ.VJ.U‘LUI.‘AIA AVvErAiv LAy AFy x‘ Aty Haol“cu* D1 D “HUK‘ODUI"DB”‘A EXAS

sunuAx MaccuBa nodespace. B maccuse cellspace Tak:ke B IPoH3BOJBHOM IOpPAAKE Das-
MeLeHbl CIMCKH chIHoBeit. [

e
N
/\ |

L\)
\
O

15

B ¢
l o2 [ 3/
T3 e e
D “\
Mona /label header 511 e ¢/
Maccue  nodespace
a. Oepero T Mona node next

Maccus  cellspace

6. CTpyKTYpbl AaHHLIX

Pyc. 3.9. Cmpyrxmypa dannvix Oaa depesa, UCNOALIYIOUWAA CEASAHKBIE CNUCKY

CTpyKTYypa JaHHBIX, TOKasaHHadg Ha puc. 3.9, 6, yxe NoAXOZUT AJIA TOro, Yrobel opra-
HH30BaTh CAHAHUE JepeBbeB ¢ momowbio omepatopoB CREATEi. Ho m 2Ty CTPDYKTYpPY
MOXKHO 3HAYNUTENbHEO YIIPOCTUTL. A aTOr0 3aMeTHM, UTO HelOUYKA yKasaTeseill mona next
Maccusa cellspace NlepedrciaeT BceX NpaBRIX 6paThes.

Ucnonreysa 21H yxasaTeNn, MOXKHO HaliTH camoro JIEBOI"’" CEIHA CHSAYIoINHM ofpasoM.

IIpeamomnoskum, uto cellspacelil.node = n. (IloBTOopUM, uTO “UMA” y37a, B OTJHYHE OT €T0
MeTKH, ABJIAETCA HHIEKCOM B MacCHBe nodespace W aTOT HUHAEKC 3anucaH B noje cell-
spacefil.node.) Torna yrasartenb nodespace[n].header ykassiBaeT Ha f4eliKy caMoTro JIeBOTO
CbIHA Y3Ja n B MaccHBe cellspace, MOCKOABKY NoJjie node 3Toil fuelKK ABAAETCA HMeHeM
3TOTO Yajia B MacCHBe nodespace.

MosxHO YIIPOCTHTE CTPYKTYDY, €CaH HAeHTH(hHIHUPOBATE V3es He ¢ IOMOINbIO MHAeKcA

B MactHBe nodespace, a ¢ HOMOINBIO HEAeKca A4eliky B Maccape cellspace, xoTopuiit cooT-

BETCTBYeT JaHHOMY yaay Kak ceIiHY. Torza ykasatenp next (epeHMeHyeM 23TO IIojie B
right_sibling — npassiii 6paT) maccusa cellspace 6yzeT TOUHO YKA3BIBATH Ha IIpaBoro Gpa-
Ta, a HHGQOPMAIHIO, COAEPKAIYIOCA B MacCHBe nodespace, MOXKHO NepeHecTH B HOBOE IIO-
ne leftmost_child (camprit neBrIft cBIH) MaccuBa cellspace. 3gech Tun TREE aBinserca ne-
JIOUMCIeHHBEIM THIIOM M HCNOJIb3yeTcs Kak Kypcop B MaccuBe cellspace, yxassisaromquit Ha
KopeHb jlepeBa. MaccHB cellspace Mo HO oNicaTh KaK CIAeAYIOIIYIO CTPYKTYPY:

var
cellspace: array(l..maxnodes] of record
label: labeltype;
leftmost child: integer;
right_sibling: integer
end;
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Ipumep 3.8. HoBoe npefacTaBiesne A JepeBa, NIOKasaHHOTo Ha puc. 3.9, a, cxema-
THYecKH usobpaxxero Ha puc. 3.10. Vanml gepeBa paclosoKeHbl B TEX Ke sAyeMKax Mac-
cHBa, UyTo U Ha puc. 3.9, 6. [

Pl 2 ® D ®
/,-l- 5 ] B 1M1 -1~
T 4N A -
1" C ® 4/
leftmost label right
flons child sibling
Maccue cellspace

Puc. 3.10. IIpedcmaanrerue Gepesd nocpedcimeom neavix Cui-
Hogell U npasblx Gpambea

Hcnonsays omucaHHOe NpeACcTaBIeHUe, Bce oNepaTopsl, 3a HckJyeHmeM PARENT,
MOKHO Peall30BaTh IyTeM NpaAMbIx sBeruncaesnii. Qneparop PARENT TtpebyeT npocmoTpa
Bcero MaccuBa cellspace. Ecnn Heobxozumo abhexTHBHOe BhINOJIHeHHe olepaTopa
PARENT, To MmoxxHO 1oGaBUTEH 4eTBepTOe IOJIe B MacCUB celispace njia HeloCpeACTBeHHOTO
YKAa3aHug Ha poRuTeseil.

B kadecTBe mpuMepa oIepaTopoB, KCIOJB3YIOIHUX CTPYKTYPHI JaHHbIX puc. 3.10, Ha-
mumeM kon thyvaknun CREATE2, nokazadgwiit B auctuHaTe 3.7, 31eck MBI NDEANOJATAEM,
UYTO HEHUCNOJB3YeMBle AYeMKK MacCHBa cellspace csasaybl B oguH cBobogHBI# CIIHCOK, KO-
TOpBIH B JUCTHHTe Ha3BaH KakK avdgil, I Ad4efKK 3TOTO CIHCKA CBA3AHBI IIOCPEACTBOM IIOJA
right_sibling. Ha puc. 3.11 nokaasaHbl cTapble (CIUIOIIHEIE JIMHHK) X HOBBIe (IYHKTHpPHbIE
JIKHKK) YKa3zaTeJH B [Ipolecce CO3RAHKA HOBOTO JlepeBa.

Ancrunr 3.7. @yuxuun CREATE2

function CREATEZ ( v: labeltype; T1, T2: integer ): integer;
{ BO3BpallaeT HOBOE IEPEBC C KOPHEM V M nonmepesbsams T1 m 12 )
var
temp: integer; { xXxpaHUT MHIOEKC NepBOM CBOCOOHOM Suelky
IJiS KOPHA HOBOTO IepeBa )
begin
temp:= avail;
avail:= cellspacelavaill .right sibling;
cellspaceltemp] .leftmost _child:= T1;
cellspaceltempj. label:= v;
cellspaceltempl].right sibling:= 0;
cellspacelTl]).right _sibling:= T2;
cellspace[T2]).right sibling:= 0;{HeoGa3aTelbHEIN ONepaTop)
anomdess wnen f =)
return { temp)

end; { CREATEZ }
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Puc. 3.11. Hamenernue yrxazameneii npu 8binoAHEHUU GYHKUYLU
CREATE2

MoxkxH0 yMeHBIIKUTE 06J1acTh IaMATH, 3aHKMaeMVI0 yajlaMK ZepeBa (HO P 3TOM YBe-
JHYKTCA BPeMA BRINIOJIHEHHS ONEPATOPOB), eCJIX B mojie right sibling camoro npasoro cbl-
Ha BMeCTO HVIIeROT'0 VKAzaTelf MOMeCTHUTE VKA3ATe kR HA DOIUTENS. Ho B aTOoM cayuae,
uroOBl N36e:KaTh ABYCMEICJEHHOCTH, HEOGXOAHMO B KaXKAyI0 AYeHKY IIOMECTHTH ere ABO-
WYHYIO0 (JIOTHYEeCKYIO) NepeMeHHYI0, KOTopas O6yZeT HOKA3BIBATB, YTO COOEPIKUTCA B IoJe
right_sibling: yxasaTesb Ha IIpaBoro 6para MK yKas3aTeJb Ha POOHUTeNA.

IIpu Takoili peanmsanmuy MOKHO HANWTK AJIA 3aKAHHOTO Y3J4a ero POAHUTENH, CleAyd 3a
VKasaTeJdAMH IonaA right_sibling, noka He BCTpeTHTCA VKAas3aTeJb Ha poiuTeldsa, B atom
ciIydyae BpeMdA, Heo6XoZKMoe AJIA NMOKCKA POSUTEN, NPONMOPUKEOHANBHEO KOJIHYECTBY CBHIHO-
Bell Y pOgUTENA.

3.4. ABouuHbie pAepeBbst

HepeBrs, KOToOpble MBI ONPefeJIMJIK B pasfiese 3.1, HA3BIBAIOTCA YNOPAGOUEHHLLMU OPU-
EHMUPOBAKHBMU depesbAMU, NOCKOJBKY CHIHOBBA JIOGOTO y3na YHOpPAZOYEeHBI CJAeBa Ha-
opaBo, a NYTH Mo JepeBY OPHeHTHPOBAHBI OT HAYANBHOTO Yajla IYTH K ero IOTOMKAM.
Heouunoe (unu 6unaproe) Jepeso — COBepllIeHHO Apyroil BHA. J[BoMUYHOE gepeBO MOIKeT
6BITE KMJIM ITYCTRIM JAEPEBOM, HJIK NEePEBOM, ¥ KOTOPOTO JobGoll y3el HJIM He MMeeT CBIHO-

seft, unnr umeer aubo aegozo cwina, 1ubo npasgozo china, Tubo ofoux. Tot daxT, YTC Kamx-

IbIfi cBIH Jo6oro yaja olpefesleH KaK JIEBBIM MM Kak NpaBblil CHIH, CYIECTBEHHO OTJIH-
YaeT ZBOMYHOE JEePEBO OT YIIOPAZOYEHHOTO OPHMEeHTHPOBAHHOTO Jepesa.

Mpumep 3.9. Eciu MBI IpuMeM coryiameHMe, YTO Ha CXeMaX ABOMUYHEIX JePeBLER Jie-

Taadli (904 Ry =809, 9 ~p var

BRIM CHIH BCETJa COEJHHAETCA C DORUTeNeM :mx-meﬁ, HanpaBjleHHOM BJeBO M BHU3 OT PO-
IuTess, a MpaBhIil CBIH — JIMHHNEH, HallpaBJeHHOH BnpaBo M BHU3, TOTAa Ha puc. 3.12,a, 6
OpefCTaBJIeHBl JgBa pasJIMYHBIX JgepeBa, XoTdA OHH o06a noxokH Ha of6bNHOE
(ynopsajodyeHHOe OPHEHTHPOBAHHOE) epeBo, NOKasaHHoe Ha puc. 3.13. IlycTs Bac He cMy-
1maeT Tot (haKT, 4TO AepeBbs Ha pHc. 3.12,a, 6 pasaUUHEI ¥ He 3KBHBAJICHTHHI JlepeBy Ha
puc. 3.13. Jemo B TOM, 4YTO ABOMUHBIE JepeBbA Helb3fl HENOCPEACTBEHHO COMNOCTABUTH
obpryHOMY fAepeBy. Hampumep, Ha puc. 3.12,a yses 2 ABifercs JeBBIM CBIHOM yajia 1 u
yaes 1 He ¥MeeT IIpaBoro CHIHA, TorAa Kak Ha puc. 3.12,6 ysen 1 He mMeeT JIeBOTO CBIHA, a

uMeeT npasore (yaed 2). B Toxe BpeMa B 060MX ABOMYHEBIX JepeBbAX Vaena 3 ABIdeTcA Je-
BRIM CBIHOM V372 2, a Yael 4 — TIDAaBEIM CRIHOM TOro Ke vama 2. [

O6xon OIBOMYHEIX HepeBbeB B NIPAMOM M O6pATHOM IOpAZKEe B TOYHOCTH COOTBETCTBYET
TaKUM ke 06xomaM OOBIYUHBIX JgepeBheB, IIpn cuMMeTpuUYHOM 00XO0fe HBOMYHOIO ZepeBa C
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KOpHeM n JIeBhIM IoifepeBoM T; ¥ mpaBeIM HoaAepeBoM T, cHauvalla NMPOXOAUTCA IMOAAepe-
Bo T, 3aTeM KOpeHBL n U AanNee NoAfepeBo T',. Hanpumep, cMMMeTpHYHBIN 06X0f JepeBa
Ha puc. 3.12,a pacT nocaesoBaTesLHOCTR V3J0B 3, 5, 2, 4, 1.

“ “
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Puc. 3.12. Jea dsouvrvix depesa Puc. 3.13. “O6btunoe” depeao
npeACTaBAEHMe ABOUYHbLIX A€peBbeEB
Ecan mMeHaM# y3Ji0B ABOWYHOIO [epeBa ABAAIOTCA MX HoMmepa 1, 2, ..., n, To moixo-

Osufeil cTpyKTypo#l st NpeACTaBAeHUS 3TOI'C JepeBa MOXKET CAYKHTh MaccuB cellspace
sanvceit ¢ nmonamu leftchild (neBeiii cwiH) M rightchild (npaBeiit chIH), O6BABJIEHHEIH Cle-
IVIOINM ofpasoM:

var
cellspace: arrayl[l..maxnodes] of record
leftchild: integer;
rightchild: integer
end;

JfeTCcH JIeBBEIM CHIHOM y3Ja i, a

S Sl i Ldals ve o

B atoM mbencranjeHuuw ceolls Ten
B ofoMX HIOJHAX yKaskIBaerT Ha ToO,

cellspace[i).rightchild — npaBriM
YTO y3es i He MMeeT ChIHOBeill.

IIpumep 3.10. [IBoruHOe AepeBo Ha puc. 3.12,2 MoskHO IpeACTaBUTE B BUge taba. 3.1. O

acelil.leftchild
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TaGauua 3.1. MpeacTaBAeHNe ABOHMHOTO Aepesa
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Mpumep: xoab! Xapdmana

IIpnBeseM mpHMMep HpMMeHeHHMS ABOHMYHEIX AepeBLeB B KayecTBe c*rpywryp OaHHBIX.

BANATIIT? TAATTATIRIIET A ~ Voo nervws
HJln 3TOIG Pabbl'lulyﬂlvl Jajga=ly I\-Unbj.yynyunannn ILUUUO Auwwmunu- L‘.Pcﬂllu-’lumﬂl“, MbI

MMeeM cOOOIIeHMs, CocTodAIMe N3 MOoCHeJOBATeNLHOCTH CMMBOJIOB. B Ka oM coo6IeHHH
CUMBOJNLI He3aBHCHMBE! M IIOSBJISIOTCH ¢ U3BeCTHOINH BepOATHOCThIO, He 3aBucAINeld oT Ho-
3UIMH B coo0ixeHn. HanpmMep, Mer MMeeM COOGINeHMs, COCTOAIME M3 OATH CHMBOJIOB 4,
b, ¢, d, e, KOTOpBie NOABIAIOTCH B cooBNeHNAX ¢ BeposaTHocTaMmHu 0.12, 0.4, 0.15, 0.08 u
0.25 cooTBeTCcTBEeHHO.
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Mzl XOTMM 3aKOAMPOBATE KAaXABIA CHMBOJ IIOCHeJ0BATENLHOCTBIO U3 HyJell ¥ eqMHMIL
TaK, YTOOBI KOZA J0OGOro CHMBOJA ABJANCA NPeHKCOM KoAa CoobGieHMsA, COCTOAIIEro M3
NOCTeYION[MX CHMBOJIOB. JTO npepUkcHoe c60iicmaed MO3BONAET NeKOANPOBAThH CTPOKY M3
HyneM ¥ eAMHHMI[ IOCHeAOBaTeJbHRIM yAaleHWeM IpedHKcoB (T.e. KOJOB CHMBOJOB) U3

atoif cTpoKH.

Iipamep 3.11. B tabxn. 3.2 nokaszaHe! JBe BO3MOM(HEBIe KOAUPOBKH IS HAIUMX OATH
cumBoyioB. flcHo, uTo mepBhIil Kox obnafaeT NMpedMKCHBIM CBONMCTBOM, IIOCKONBKY JM06ast
Ioc/ieJOBATeLHOCTh M3 TpeX 6MToB 6yaer npedykcoMm Ajgs Apyroil mocjeloBare ILHOCTH M3
TpexX GWUTOB; APYrMMHM cjoBaMM, Jgobasg IpedHMKCHas NOCcAeZOBaTENbHOCTH OAHO3IHAYHO
HIeHTUPHIMPYETCHE CHMBOJIOM. AJNTOPUTM HEeKOAMPOBAHUSA AN 3TOro Koja OUeHBb IIPOCT:

Hajo nooyepegHo Gparhk mo Tpu 6MTa M npeolpasoBaTh KakAyIo Ipynny G6MTOB B cOOTBeT-

Faliad e 247 S R0 07 o8 TE R T—T TTIYE R TFE TTMAMLE nn1 n1 nn1 1 Fad mnnmnmu‘rnm TEM Y ’w
CTBYGIie CHMBOJBI. nalpiiMep, HOCAEHAOBATEABHOCTE UVLIVIVUL COOTBETCTBYET MCXOH-

HoMy coolmeHn o bed.

Tabauua 3.2. ABa ABOMYHBIX KOAQ

Camson BepoaTrrocTs Kom 1 Kon 2
a 0.12 000 000
b 0.40 001 11
c 0.15 010 01
d .08 011 01
e 0.25 100 10

T cwnims v e v A vaase rw vwr vtk o

J1B1' KU upuuepnlb, "I.iU DiUpUn J‘\.UA .Lcu.\.mr: UUJJEI.[.I.G.U.I. upcq)ni-\‘.bnmm anb.lDUm. LJ.PUU,U\.;U
AeKOAHPOBAHUA 37eck He OTAHYAETCH OT AHAJOTMYHOTO Ipollecca IJIA mepBoro kojga. ExwH-
CTBeHHAA CJOXXHOCTH JUIS BTOPOI'C KOZAa 3aKJIOYaeTCH B TOM, YTO HeNb3si Cpady BCIO ITOCJIeO-
BaTeJAbLHOCThL GHTOB pad6HUTh Ha OTAeJLHBIE CEI'MEHThI, COOTBETCTBYIOLIME CMMBOJAM, TAK KakK
CHMBOJIE MOTYT KOAMPOBATECA M ABYMA M TpeMdA Guramu. I[JIs NpyuMepa pacCMOTPHM JBOMY-
HYI0 nocnegoBaTenkHocThk 1101001, KoTopas onsithk npeicraBiaser cUMBOJLL bed. IlepBrre
JBa 6uTa 11 OKHO3HAYHO COOTBETCTBYIOT CHMBOJIY b, IIO3TOMY HMX MOMKHO YAaNWTh, TOrAa Io-
ayuutes 01001, Sxeck 01 Taxske 0LHO3HAYHO ONpefeaseT CHMBOI ¢ U T.4. [

3ajaya KOHCTPYMpPoBaHAs KoXoB XaddMaHa 3aKMoUaeTcs B CHeAyIOlUleM: MMes MHoO-
KEeCTBO CHMMBOJIOB M 3HAYeHUs BeposiTHocTeldl HX HMOSBIeHUA B CcOOOHIeHMAX, IIOCTPOMTH
TAaKoll Kof ¢ IpedHMKCHBIM CBOMCTBOM, UToOBLI CpeAHAA AJHMHA Kofa (B BepOSTHOCTHOM
CMEICJIe) MOCHeJoBaTeALHOCTH CHMBOJOB OhIIa MMHHMaNhHOW. MBI XOTMM MMHMMU3MPO-
BaTh CpeJHIO IJMHY KoZa ANJS Toro, 4rofbl yMeHBLIIMTH AJUHY BepOATHOTO COOOLIeHHSA
(T.e. uTobBl cxaTk coobmieHMe). Uem Kopode cpefHee 3HaUYeHHe ANMHEI KOoZa CHMBOJIOB,
TeM KOpodYe 3JaKoAMpoBaHHOe coo0imjeHHe. B YacTHOCTH, IepBhill KOJ H3 mpuMepa 3.11
HMeeT CpefHION NJHWHY KoZa 3. ITO YHMCJI0 MOJAYYAeTcs B Pe3yibraTe YMHOMKeHMS AJHHEI
Kojila Ka)KJoro CHMBOJA Ha BepOATHOCTb IIOABJEHUS 3Toro cumsojga. Bropoit kox MMeeT
cpeAHIOK AJHHY 2.2, fIOCKOJMBKY CHMBOJEI @ M d MMEIOT CYMMAapHYI0 BepOSTHOCTh ITOSBNE-
Husg 0.20 ¥ QaIMHa MX KoZa cocTaBiasdeT TpH 6MTa, TOrga Kak ApPyrue CMMBOJIBI HMMEIOT KOX
ol 2.

MoxHO I IpUAYMAaTk KO, KOTOPEIH 65l Obf gyuine Broporo xozaa? OTeer NOJOXHATENb-
HBIH: CYIEeCTBYeT KOA ¢ Hpe(HMKCHEIM CBOMCTBOM, CpefHAs AJiHa KoToporo paBHa 2.15. 510
HAaWIYYIIHH BOBMOKHBIM KOJ C TeMM Ke BepOATHOCTHEMH IIOSBIEHHA cHMBoyoB. Crocob
HaXOXKAeHHUs ONTHMAJbHOro mpedHKCHOro Koga HadwmiBaeTcA anazopummom Xadgpmana. B
3TOM AJIrOPUTMe HAXOAATCSH ABa CUMBOJA ¢ M b ¢ HAMMeHBIIMMH BePOATHOCTSMU OSBIe-
H¥A ¥ 3aMeHSI0TCA OHUM QUKTHBHEIM CHMBOJIOM, HAIIpiMep X, KOTOPBIH MMeeT BEepOAT-
HOCTh MOABJeHHNA, PaBHYI0 CYMMe BepOATHOCTEH ITOABJIEHHUSs cHUMBOJOB a M b. 3areM, Mc-
HONB3YS 3Ty IPOLeAYyPY PeKYpPCHBHO, HAXOAMM OITHMAIBHEIM IOpedMKCHBIN KOJ I1s

! Orcioga caegyer oyeBHAHEIN BEIBOJ, UTO CHMBOJEI ¢ GOJBHIIMME BEPOATHOCTSIME HOABIEHHA
JOJKHBL MMeTs CaMble KOPOTKHe KOgbl, — IIpum. ped.
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MeHBLIIEero MHOXKECTBA CHMBOJIOB (I'fle CHMBOJLI ¢ ¥ b 3aMeHeHBI OfHUM cuMBoJoM x). Kox
AJIA MCXOAHOro MHOXKECTBA CHMBOJIOBR NMOJYyYaeTcd M3 KOJOB 3aMeIaloiHX CUMBOJOB IIy-
TeM AobaBimeHus O 1 1 mepes KoJoM 3aMeIIANOI(ero CHMMBOJA, ¥ 3TH ABa HOBLIX KOAa IIPH-
HUMaloTcs Kak KoJbl 3aMeHSeMbiX cuMBoJoB. Hanpumep, KoJ cMMBoJa a 6yJeT COOTBeT-

A
CTBOBATEL E"nﬂ;}’ CHEMBOJIa X C L,'OﬁaBJIeHHHM HyJaeM nepe,.., STHM KOAOM, & AJA Koha CHMMBOJa

b mepen KozoMm cuMBosa x Oymer HobaBieHa e MHUIA.

MosxHo paccMaTpHBAThL IpedHKCHBIE KOABLI KaK MYTH HA ABOMYHOM JepeBe: IPOXOxKie-
HHe OT y3Ja K ero jleBoMy CHIHY cooTBeTcTByeT 0 B Koje, a K IIpaBoMy cklHYy — 1. Ecau
MBI TIOMETHM JIMCThA JepeBa KOAMPYyeMLIMU CHMBOJAMM, TO NMOJYYHMM IIpeACTaBIeHNe IIpe-
¢uKcHOro KoZla B BHAE ABOMYHOTro ZepeBa. lIpedMKcHoe CBOMCTBO rapaHTHpPYeT, YTO HeT
CHMBOJIOB, KOTOpEIe OBIJIM GBI MeTKaMH BHYTPeHHUX Y3JIOB AepeBa (He JHcTheB), ¥ Hao6o-
poT, MoMeYas KOoAMPYEeMbIMH CHMBOJAMH TOJBKO JHMCTLA AepeBa, Mbi ofeclleyliiBaeM Iipe-
tbuKCcHOe ¢BOHCTBO KOAa 3THX CHMBOJOB.

IIpumep 3.12. [IBowuHkle fepeBsa s Komos 1 u 2 u3 tabn. 3.2 moxasaHsr Ha puc. 3.14
(nepeBo cyeBa cOOTBETCTBYeT KoAy 1, a zepeBo cupaBa — koxy 2). O

0 1 0 1
0 1 0 0 1 0 1
\ / N\
c e b

AYAYARA

Puc. 3.14. Heouunwvie depeavs, npedcmasgaarujie Kot ¢ npepukcruvim ceolicmeonm

Ana peanusanuu a.nropm'ma Xaddmaza MB MCHOJL3IYEM JleC, T.e. COBOKYIHOCTE Je-
pEBbéB, YbH JHCThA uy;.l.yx moMededHbl CHMMBOJIaMHK, LJA KOTOPBIX pa3paua.1mua.t:1un KOoAau-
POBKa, 2 KOPHH TMOMeYeHLI CYMMOIN BeposTHoCTeM BCeX CHMBOJIOB, COOTBETCTBYIOIIHUX JIH-
cTbaAM JiepeBa. MbI 6yzeM Ha3bIBaTh 3TH CyMMapHBIe BepOATHOCTH 6ecoM JepeBa. BHauale
Ka»XaoMy CHMBOJIY COOTBETCTBYeT JepeBO, COCTOsAIIee U3 OAHOro y3ja, B KoHUe paborer aj-
ropHTMa MbI IIOAYYUM OAHO AepeBo, Bee JUCTHLA KOTOpOoro 6yAyT IMOMedeHb! KOAMPYeMBIMII
cuMBoaaMu. B aroMm fepeBe niyThk OT KOpHSA K JIOG0MY JHCTY MpPeACTABAsSeT KO AJS CHM-
BOJIA-METKH 3TOTrO Jmc'ra, COCTaBJeHHRIN IO cxeMe COTJIACHO KOTOpPOIf jIeBRIM CBIH y3Ja CO-
OTBeTCTBYeT 0, a upa.ubua —1 (kak Ha PHC. 3. J.‘*}.

Ba)xHBIM 3TAlloM B paboTe alropuTMa ABJASeTCH BLIGOp M3 Jeca ABYX AepeBheB ¢ HaH-
MEeHBIIMMH BecaMH. OTH ABa AepeBa KOMOMHHUPYIOTCS B OZHO C BecOM, PaBHBIM CyMMe Bé-
COB COCTABIAKINUX AepeBseB. IIpH cIUAHUM AepeBLeB CO3AaeTcs HOBBIA ya3es, KoTopsii
CTAHOBHTCHA KOpHeM o6beZMHEHHOro JepeBa ¥ KOoTophI¥ HMeeT B KayecTBe JIeBOT'O M IIPaBo-
ro CHIHOBe¥ KOPHH CTaphiX JepeBbeB. OTOT IIpollecc IPOJOJKAETCA A0 TeX IOp, MOKa He
NONYYUTCH TONBKO OAHO AepeBo. JTO AepeBo COOTBeTCTBYeT KoY, KOTODPEIHA IIpH 3afaHHEIX
BEPOATHOCTAX HMEeT MHHHMAJILHO BOSMOXKHYIO CPeJHIO AJHNHY.

IIpumep 3.13. IlocrenoBaTesbHble LIATKM BEINOJHeHUA alroputma XaddMaHa AJA KO-
AHDYyeMBIX CHMBOJIOB M MX BeposTHOcTell, 3afaHHBRIX B Tabn. 3.2, mpeicTaBieHLI HA
puc. 3.15. 3zeckr BuAHO (puc. 3.15,K), YTO CUMBOJEL @&, b, ¢, d M ¢ MONYYUAN COOTBETCT-
1eHHO Kozst 1111, 0, 110, 1110 i 10. B aToM Ipumepe CYUIECTBYeT TOJXLKO OfHO HETDH-
BHAJBHOE JIEPEBO, COOTBETCTRBYIONIee ONTHMATLHOMY KOAY, HO B O0IIeM cIayyae MX MOIKeT
ObITh HecKoabKo. HanmpuMep, ecniy 661 cUMBOJILI b M ¢ MMeIM BepOSTHOCTH COOTBeTCTBeHHO
0.33 u 0.32, To mocye mara ajlropurMa, NMoKasaHHOro Ha puc. 3.15,B, MoxHO GhIno Obt
K wMOMHMpoOBaTh b U e, a2 He IPHCOEAUHAThL € K GoJbIIOMYy AepeBy, KaK 3To cAenaHO Ha
puc. 3.15,r. [
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a. VicxogHasa cutyauun 6. Cnuanune ac d
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/\ 0.40 0.25 0.40
f e *
¢ /\ T 1.00 / b

b e c

d a { /N

8. CnusHne g, dcc d a
! rr ChusHue a, c, dce
-/

c
d a
4. 3akoH4YyeHHOE Oepeso

Puc. 3.15. 3manwvt cozdanus depesa Xappmana

Tenepr onumeM Heo6XOAWMSbIe CTPYKTYDPhI AaHHBIX. Bo-NepBBIX, A NpeJCTaBIeHUS
IBOMYHLIX JepeBLeB Mb: OyAeM McIoan3oBarsk maccuB TREE (Hepeso), cocrosimuil U3 3a-
n¥cel cAeAYIOLIero THIA:

record
leftchild: integer;
rightchild: integer;
parent: integer

end

Vkaszatenu B mojie parent (poAMTEND) 006JIEr<AI0T MOUCK TIyTeil OT JMCTA K KOPHIQ IIPH 3a-
IIMCH Koxa cHMBoJOB. Bo-BTOphiX, MEl HcmoiabdyeM maccuB ALPHABET (Andasur), Tak-
JKe COCTOANIHI M3 3amuceil, KOTOpPEIe MMEIOT CJAeAVIOILIMI TH:

record
symbol: char;
probability: real;
leaf: integer { xypcop }
end

B arom MaccHuBe kKaxJoMy cHMBoJy (Hojie symbol), moamexkameMy KoAHpPOBAHWIO, CTABUT-
CH.B COOTBETCTBHE BepOATHOCTh ero NMosBJeHUA (moje probability) u amct, MeTKoM KOTOpO-
ro.oH sBasiercsa (moxe leaf). B-TpeTbHMX, ANA HpPe[CTaBJCHHS HEMOCPEACTBEHHO [JepeBheB
P L e s VR ¥ - P DT (Tl AN ey rm1 marmnnvewe Serrram as ooy ven marresmmdtl o ern e meve
HEQUAULAYLIM Mallixb CULILL/O4 (WITL). JUIUlL Mavlnb UY/ATLD Luvlunlb Mg dJallinvcya v luJnamn
weight (Bec) U root (KopeHL) CIASAVIOIIErO THIA:
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record
weight: real;
root: integer
end

HayanbpHele 3HAYeHNSA BCeX TPeX MacCHBOB, COOTBETCTBYIOIMMX HaHHEIM Ha puc. 3.15,a,
NMoKa3aHBI Ha puc. 3.16. Dcku3 nporpaMmsel (IceBAomporpaMma, T.e. IporpaMma Ha
IceBnoa3bIKe, KAK OMMCAHO B ryaBe 1) moctpoenus aepesBa XaddMaHa npefcTaBieH B

b Fali by &b oVa Q Q
JAniinnic o.0.

11012 1 1] a (0.12] 1 1 O 0 0
21040 2 21 b ]040]| 2 2] O 0 0
3]0.15] 3 3] ¢ 015} 3 31 O 0 0
41008 4 4| d |0.08] 4 4} O 0 ¥
51025 5 5] € |025] 5 5 O 0 0
fons weight root symboi proba- jeaf feft-  right- parent
bility child child
Maccusbl FOREST ALPHABET TREE
Puc. 3.16. HexodHoe cocmoanue Maccusos
Auctusr 3.8. Mporpamma noctpoenust Aepesa Xadpmana
(1) while cymecTByeT Gojlee OOHOTO jAepeBa B jAecy do
begin
(2) ii= MHUOeKC gepeBa B FOREST ¢ HaMMEHLBUMM BECOM;
(3) Jj:= mHpnekc gepeBa B FOREST co BTOPHM HaWMMEHBLIMM BECOM;
(4) Co3maHue HOBOTC y3Jja C JIEBEM ChHOM FOREST[i].root mu
npaeedM ceHOM FOREST{F].root;
(5) BameHa B FOREST nepeBa i JHepeBOM, YbMM KOPHEM ABIAETCA
HOBHIT y3eJl ¥ uUelil BeC paBed
FOREST[i) .weight + FORESTI[j].weight;
(6) YpajeHue JepeBa j u3 Maccusa FOREST
end;

Insa peamnsanyyt cTpoky (4) ameTuHra 3.8, rze VBelIWYHBAeTCH KOJMYECTBO MCIIONb-
3VeMBIX AdeeK MaccuBa TREE, u c'rporc (5) 1 (6), rae yMeHBINAeTCA KOJNHMYECTBO AYEek
MaccuBa FOREST, Me1 6yAeM HCNOAB30BaThk Kypcopkl lastiree (mocilefHee AepeBo) H
lastnode (nocrefHMI y3eJ), YKa3LIBAKIIHNE COOTBETCTBeHHO Ha Maccus FOREST u maccuB
TREE. TlpeamoaanaeTcs, YTO 3TH KYPCOPhEI PACIIONaraioTcs B MepBEIX AYeHKax COOTBeTCT-
BYIOIIMX MaccuBoB'. Mnl Takixe IIpefliozaraeM, UTO BCe MACCHBLI MMeEIOT OIIpejieJIeHHYIO
O06'bABIEHHYIO NJIMHY, HO 3Jeck MBI He OyaeM NpPOBOAMTE CPaBHeHHEe 3THX OI'paHHYMBAO-
LIMX JHAYeHUH co 3HayeHHSMI Kypcopos.

B JguctuHre 3.9 mnpuMBeseHBI KOABI ABYX MOJe3dHBIX mponeAyp. Ilepsas M3 HUX,

lightones, BERINONHSAeT peanusanuio crpok (2) u (3) aucruHra 3.8 nmo BrIfopy WHAEKCOR

IBYX HNepeBReB ¢ HANMeHBIIMTMN BecaMiH. Rmnnaq nponeaypa, QyHKIus create(ny, ny),

co3faeT Honmﬁ y3es U AexaeT 3afaHHLIe Y3JbI M, M Ny JEeBBIM M INPaBLIM CLIHOBBAMH
3TOrO y3J]Ia.

! Jnsa 3rana yTeHHMS JAHHLIX, KOTOPRIM MEI OmyckaeM, HeoOXOZUM Tak)ke Kypcop RAAfA MAaccHsa
ALPHABET, koTopeiil Ob “caenun” 3a 3alloNTHeHMEM RaHHBIMH 3TOr0 Maccusa.
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Ancrunr 3.9. Ape npoueAypbl

procedure lightones ( var least, second: integer );

{ npucBanBaeT nepemesHsM least u second MHEEKCH MAaCCHBA
FOREST, CoOTBETCTBYyKIME AepeBLAM C HAMMEHLIMMM BeCaMM.
IlpennonaraeTcsa, 4To lasttree 2 2. }

var
i: integer;

begin { mHuuMammsanua least u second,

pacCcMaATpVBAKTCA NEPBHE JBa gepeBa }
if FOREST{l].weight <= FOREST[2].weight then
bagin least:= 1; second:= 2 end
else
begin least:= 2; second:= 1 end
for i:= 3 to lasttree do
if FOREST[i).weight < FOREST[least].weight then
begin second:= least; least:= 1 end
else if EUREST{1] welight < FOREST{second].weight then

second: = i

end; { lightones }

function create ( lefttree, righttree: integer ): integer;
{ BOBBpamaeT HOBLHIX y3eJI, Y KOTOPOI'O JIEBRM M [IPABEM CHHOBLAMMA
cTaHOBATCA FOREST[lefttree].root w FOREST[righttree].rocot }
begin
lastnode:= lastnode + 1;

{ sueitka TREE[lastnodel pnnsa HOBOTO y3na }
TREE[lastnode] .leftchild:= FOREST{lefttree].rocot;
TREE[lastnode] . rightchild:= FOREST[righttreel.root;

{ Tenep: BBEmeM yKasaTenyu IJIS HOBOI'O y3Jjla M €ro CHHOBEH }
TREE[lastnodel .parent:= 0;
TREE[FOREST[lefttree] .root] .parent:= lastnode;
TREE[{FOREST{righttree].root].parent:= lastnode;
return (lastnode)

end; { create }

Teneps Bce HedopMalbHEIEe ONEpaTOpPel JHCTHMHra 3.8 MOXXHO olMcaTh IogpobHee. B
nuctuHre 3.10 mpuBeZeH Kox NpouneAypbl Huffman, koTropasi He ocyuiecTBIseT BBog M

BBIBOJI, 2 pa60TaeT CO CTPYKTYpaMH, ITOKa3aHHRIMM Ha puc. 3,16, koropkie o6BABJIEHRI
¥ax rnofankcHEre,

Auctur 3.10. Pearusauus aaroputma Xadpdpmana

HLU‘—‘Bdu&B Huffu arn,;
var
i, j:integer; {IBa nepeBa ¢ HaMMEeHLUMMM Becamu M3 FOREST)
newroot: integer;
begin
while lasttree > 1 dc begin
lightones(i, j):
newroot:= create(i, j);
{ manee nepeBo 1 3aMeHAETCA HNEPEBOM C KOPHEM newroot }
FOREST[1] .weight:=FOREST[1i] .weight + FOREST[J].weight;
FORESTI[il.root:= newroot;
{ nmanee pepeBc j samMmeHAeTCA HA uepeso lasttree,
Maccus FOREST yMeHLIA@TCS Ha OJHYy 3alMck: }
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FOREST[J]:= FOREST[lasttree];
lasttree:= lasttree - 1
end
end; { Huffman }

Ha puec. 3.17 nokasaHa CTPYKTypa AaHHBRIX H3 puc. 3.16 mocie Toro, Kak 3HadeHue
mepeMeHHoM lasttree yMeHbINIeHO fo 3, T.e. Jlec MMeeT BHA, HOKa3aHHLIN Ha puc. 3.15,B.

A

110.25 5 a |0.12 1 ~—p 1 0 6
2{040] 2 - b [o40] 21— 2l 0ol ol o
3lo3s5] 74 3| ¢ |015] 34— sl o o] 7
weight root 41 d 10081 4 —4—> 41 0 0 6
symbol proba- leaf 6| 4 1 7
bility 71 3 6 0

ALPHABET left-  right- parent

child child

TREE

Pue. 3.17. Cmpyxmypa darHbix nocae deyx umepayuil

Ilocsie 3aBepmeHnss paboThl aNropuTMa KOJ KaXAOro CHMBOJA MOJKHO OIPeJe]HTH CJle-
ayromum obpasom. Halimem B maccuse ALPHABET 3anuchk ¢ HYXHBIM CHMBOJ B TOJe
symbol. SateM Iio 3HaYeHHIO moJii ledf 3Toli ke 3amMCH oNpejeJiM MeCTOMOJIOKEHHe 3a-
nucu B maccuBe TREE, KoTopasi COOTBeTCTBYeT JHCTY, IOMEUEHHOMY pPACCMATPHBaeMbIM
cuMpoyioM. [Jamee mociefoBaTeJbHO HepexoyuM M0 YKa3aTeJ o parent oT TeKyIlel samucu,

poautento p. Ilo popsiTesnro p ompepensdeMm, B KakoM ero mojne, leftchild anu rightchild,
HaXoAuTcH yKal3aTeJb Ha y3el 71, T.e. ABJSeTCA JU y3ell 77 JeBhIM WJIH ITPABbLIM ChIHOM, U B
COOTBETCTBUM ¢ 3THM IedartaeM O (ana neBoro cwiHa) wim 1 (gns mpasoro chiHa). 3areMm
[epexofiiM K POAMTENIO y3Ja D M ONpefesigeM, ABIAETCA JU ero ChIH p IIPaBhIM HJIH Jie-
BEIM, I B COOTBETCTBMM C 3TH IeyaTaeM ciegyiomryi 1 wam 0, ¥ T. 4. A0 caMOro KOPHHA
mepeBa. Taxum obpasoM, KoA cumBoia Gyfer HalleyaTaH B BUje IIOCHeNOBATEILHOCTH Ou-
TOB, HO B 00paTHOM HopAAXe. HToObI pacnedaraTb 3TY NOCIHeAOBATeNbHOCTh B IIPAMOM IIO-
pAXKe, HAJO KajXXALIH oyepeZHOM GUT NMOMEIIATE: B CTEK, a 3aTeM pacleyaTaThb cofep XKuMoe
CcTeKa B oOBIYHOM IOpHAKe.

Pearnsauus ABOMUHBIX A€pPEBbEB C MOMOLLbIO YKa3aTeAei

Jdnsa yraszaHUs Ha IpaBbIX M JeBbLIX CHIHOBel (M popuTeseif, ecli Heo6XOAHMO) BMeCTO
KYpPCOPOB MOJXKHO KHCIOJB30BATh HACTOAII[ME VKAa3aTedX A3kIka Pascal. Hanpumep, MoikHO
cienaTh 00bABIEHUE

type
node = record
leftchild: T node;
rightchild: T node;

Mo ranfF . T nadasa
P T =] LI S 408 L)
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Hcnonbadys 3TOT THII JAHHBIX V3JIOB ABOMYHOTO JAepeBa, QYHKUOHIO create (MucTHHTr 3.9)
MOJKHO Nepenicars Tak, KaK IIOKa3aHo B cjaeAVIOIeM JHCTHHIE,

Auctunr 3.11. Koa ¢pyHxuum create npu peaansauumn ABOMYHOTO AepeBa C NOMOILbIO
yKa3aTeAen

function create ( lefttree, righttree: Tnode): Tnode;

var
root: Tnode;
begin
new(root) ;

mmom P T a7
LOUULI.LCLLCIILL

d Ir
rootT.rightchild:= righttree;
rootTﬁparent:= 0;

righttreel.parent:= root;
return(root)
end; { create }

a) KaKue Y3JIbI 3TOT'O JepeBa SABIAIOTCH JHCTRAMMN?

0) Kakoit y3esa gBaseTCcA KOpHeM AepeBa?

B) Kakoil yaes ABAAeTcHA poaHTeseM y3na C?

r) Ha3oBHTe chIHOBel yana C;

) Ha30BHUTe NpeAKoB yaaa E;

€) Ha30BUTe IIOTOMKOB y3jaa E;

’K) KaKWe y3JIbI SBIAIOTCH IpPaBLiMH GpaTbamy yaioB D u E?

avia sy & wIuia &

3) KaKMe VAR JIeKAT cJIeBa ¥ cpaBa or yvana (7
M) KakoBa rayouHa yaaa C?
K) KakoBa BeICOTa y3na C?

KOJTRKO T MMHEI 3 cVIIIeCTRVAT HA IeDeRe, IMOKAIAHHOM Ha nue. 3.187
KOJNBKO T THHEI 3 CYIIeCTBYeT Ha epeBe, IIOKA3aHHOM Ha DHC. 18%

®

w bo

HanumuTte IporpaMMel BEIYHCJIeHUs BLRICOTEHI AepeBa ¢ HCIOAL3OBAHMEM TpeX Ipef-
cTaBJeHNI JepeBheB, ONMNCAHHLIX B pasfene 3.3.
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3.4.

3.5.

3.6.

3.7.

*3.8.

3.9.

100

CocraBbTe CIIMCKHM Y3JIOB JlepeBa, IpejcTaBieHHoro Ha puc. 3.18, mpu ofxoze
3TOro fiepeBa

a) B IIpsMOM IMOPSAAKe;
6) B o6paTHOM mOpaAKe;
B) BO BHYTPeHHeM IIOpsAKe.

ITyeTes ABa pasauyHbIX y3ia M ¥ n IPUHAAJeXaT oAHOMY H TOMY e JepeBy. Ilo-
Ka)KUTe, YTO TOJBKO OJHO U3 CHSAYIOIINX YTBeP:KASHMI MOXKeT ObITh MCTUHHBIM!

a) y3eJ] m PacIoJIoKeH cJeBa oT yaJa n;

6) yses m pacnojyoxeH cIIpaBa OT y3jia n;

B) y3eJ m — WCTUHHBIN NpeAOK y3Jja ni;

r) ysen m — UCTHHHbIK NOTOMOK y3JIa n.

ITocTaBbTe raloyky B A4YeHKy Ha IepecedyeHHM CTPOKM i M cTonbua j, ecad OxHO-
BpeMeHHO BHINOJHSKTCA YCJOBHsS, NpefAcTaBJeHHbIe B 3aroJoBKaxX CTPOKH i u
cTroabna j.

¥Y3en n npeAnrecTBY- Y3en n NpeAlllecTBY- ¥ 3eJ N IPeAlUECTBY-

eT Y3ay m IpH eT y3Jy m npu eT y3ny m nopu
obxozie gepeBa obxone mepesa CHMMEeTPHYHOM
B [IpIMOM IOpAAKe B ofparHoM Hnopsake ofxoze AepeBa

V3es n pacmo-
JIoXKeH cJeBa oT
vana m

Vnar n nantrn.
UV UwYa Iy t’u\-‘“u

JIoJKeH cIpaBa
OT yaJa m

Va3enr n — ¥c-
THHHBLIN IpefoK
yaxa m

Y3en n — #e-
THHHBIA IIOTO-
MOK y3Ja m

Hanpumep, mocTaBhTe MaJIoYKy B AyeilKy Ha IepeceyeHue TpeTbell CTPOKHM M BTODO-
ro croabia, ecay yBepeHkl, YTO y3eJ N MOKeT ObIT: MCTHHHLIM NpPeAKOM y3jia m u
B TOXXe BpeMs IpeAIlleCTBOBAThL Y3Jy m mnpu o6xoje HepeBa B o0paTHOM MOpHAKe.

TIpeamonoxxum, uro ectsk MaccusBsl PREORDER([#], INORDER[n] 1 POSTORDER[#],
coZepaxaiie COUCKU y3J0B ZepeBa, NMoJydYeHHLIe P ero o6xole B NIPAMOM, BHYT-
peHHeM H 0O6paTHOM NOpfAKe COOTBeTCTBeHHOo. McHIonkays 3THM MaccHMBERI, OITMIIHTE
aNropuTM, KOTOPHIM s moboil mapk: y3J0B i B j onpefenseT, ABAAETCA JH y3en i
IpeAKOM y3ja j.

CyutecTByeT cnoco6 NMPOBepHTh, SBAAETCS JU OAMH y3€J HCTHHHBIM IIpeIKOM ADY-
roro yaja, KoTopsIif OCHOBaH Ha cJeAyIolleM IIpaBuje: y3eJ m SBAAeTCH UCTHHHBIM

TITMNATL AR V72TTO 1N ar T 'wan e hnn‘nrnnmn‘7nm XTI 7 OITMIT l\A Nnra rrnnnna ”n E TN
LT IVIINL YOVl Jky T UJAIL YULSR ifv 1Y Lyo .yu-u.y fe 1ijrxL UUAUH HC P I 4w AT

PslKe, HO CIeAyeT 34 Y3JIOM I IIpH oﬁxo;:e B Y nmopsanke, rae X # Y BeIOHpalorcsa H3
MHOJKeCTBa {npamoM, obpamuom, snympertem}. OnpesieIMTe Bce BO3ZMOXKHEIE [Iaph
X u Y, Korga 3To IpaBHUAO COpaBeJINBo.

Hamdmmurte mporpaMMel 00X0/ia ABOUYHEIX JepeBLeB
a) B MpsAMOM IOpPSAgKe;

ﬁ\ B nﬁngvgunu nonanra:

UL LU VA AT,y

B) BO BHYTpeHHeM IOpAAKe.
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3.10.

V)

3.12.

3.13.

[
[
[

3.15.

3.16.

3.17.

3.18.

*3.19.

3.20.

IIpu npoxosxaeHWN fepeBa 6 nopadke yposHeil B CIIMCOK Y3JI0B CHayajla 3aHOCHTCH
KOpeHb JlepeBa, 3aTeM Bce Y3Jbl I'Ty6MHBI 1, Aajee Bce y3Jel rayOuHEI 2 U T.4. Ya-
Jbl ofHOM rTyGMHEI 3aHOCATCA B CIIMCOK Y3JIOB B IIOpAJKe cJeBa HampaBo. Harm-
INMATe NporpaMMy o6Xoja AepeBheB B MOpsiiKe ypOBHeM.

IipeobpaayiiTe Brlpaxkenwe ((a +b) +c *(d+e) + ) * (g + h)

a) B npedKcHYIO dopMy;

6) B mocTdHMKCHYIO dopMy.

Hapucyiite gepeBo, cooTBeTCTByIoIee NpedKCHREIM BhIpaXeHIAM

a) *a + b¥*c + de;

8) *a + *b + cde.

IIyere T — HepeBo, B KOTOPOM KaXALIA y3ell, He ABAAOIHUHCH JMCTOM, MMeeT
POBHO ABYX ChIHOBel. HanmwmuTe nporpaMMet npeoGpa3oBaHus

al m Aman w nAvY
&) CIHCKa y3J0B Hcycna i, COCTaBJACHHOIC IIPH gCXohAe AepeBa B IPpAMONM

B CIINCOK, COCTABJAeHHBIN npy ofxoxe B o6paTHOM IlopsjKe;

6) cmoucka yajioB gepesa T, cocTasjeHHoro mpu ofxoze aepesBa B o6paTHOM NOPAA-
Ke. B r'rru'r'n}c r'nr"rannnnnmﬁ ITT]W nﬁxnnp B ITDHMDM ITDDHHRP'

£, B LIIMUCOR, COLIARJIEHEMIW 112V UOUALAE B 11DANMOUM 11U ASRE

B) CIMCKa y3J0B ZAepeBa T, cocTaBjieHHOro mpy ofxoZle fepeBa B IIPAMOM IOpSJKe,
B CIMCOK, COCTaBJeHHBIN P cHMMeTPHYHOM obXxoxe.

Hannmure nmporpaMMy BHIYMCACHMA apH(PMeTHYECKHX BEI

JepeBa
a) B IpAMOM NopAgKe;

OsouuyHoe AepeBo moskHO ompefenuTh Kak AT co cTpykTypoil ZBOMYHOrO AepeBa
u omeparopamu LEFTCHILD(n), RIGHTCHILD(n), PARENT(n) u NULL(n). Ilep-

Bele TpH ONepaTopa BO3BPAIIAOT COOTBETCTBEHHO JIEBOTO CHIHA, NpPaBOre CHIHA M

pPoIauTe s V3Jaa n (ecJ M TaKoBOro HeT, To Bo3dspainaercs A). IlocireaHuit omeparop
Bo3BpamaeT 3HAyeHWe true Toraa M TONBKO TOraa, Korfa JAepeBo ¢ KopHeM 71 4B-
AfeTcA HyJeBeIM. PeanuayiiTe 3TH oneparopk: Ajs IBoMUYHoro AepeBa, IIpelcTaB-
JeHHoro B Tabg. 3.1.

HamumyTe npouefypel AN CEMU oOlepaTOPOB AepeBbeB M3 paszena 3.2, MCIOAL3YA
ClleAVIONIHE peallil3alliil AepeBheB:

a) ykasaTea Ha poauTeeli;

6) CHMCOK ChIHOBeli;

B) YKaaaTeJH Ha caMoro JieBoro ckiHa M Ha IpaBoro Opara.

Cmenenbvro ys3na Ha3eIBaeTCs KOJMYecTBO ero chiHoBelf. IToka)xkuTe, UTO B IIpOH3-
BOJIBHOM JBOMYHOM JiepeBe KOJWYEeCTBO JHCTHEB Ha eAWHMILY GoJbllle YHCjaa y3JI0B
co cTelleHbIO 2.

Hoxaxute, yro B mo6oM ABOHYHOM JepeBe BbLICOTONM /i KOJHYeCTBO Y3JOB He IIpe-
Bermaer 27! — 1. IBowuHoe fépeBo BbICOTOHN A € MAKCHMATBLHO BO3MOMHBIM KOJM-

JecTBOM del(_).B Ha3bIBaeTCH NOJAHBIM ,U..BUM."!.HNM AEPEBUM.

Ilpeamono:xUM, YTO ZepeBo pealiayeTcid ¢ IMOMOILI0 YKa3aTejell Ha caMoro JieBoro
CchIHa, Ha mpaBhIX 6paTheB M Ha poxuTens. Paspaboralite amropuTMmsl ofxona Ae-

peBbEB B IIPAMOM, uupalnum H BHYTpEeHHEM INOpAAKe, He JMCIOJb3yA NpPH 3TOM CTe-

Ka, Kak cZeJaHo B JucTiHre 3.3.

ITyeTs cuMBoaBI @, b, ¢, d, e ¥ f MIMeIOT BepoATHOCTH IIOSBJEHHS COOTBETCTBEHHO

NN NN N19 N o9 N 99 N 97 1T
V.U, U.UD, U.ld, V.dd, V.40, V.ai. J..l.aﬁf-'l,HTc ONTHMAaIBHBIH KGA Xa\y\yrvia"a 1 Ha-

pHcyiiTe COOTBeTCTBYIOIIee eMy AepeBo. KakoBa cpeaHss AAWHA Koxa?
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*3.21. IIyets T — nepepo XadhdMaHa M OYCTh JHCT, TOMeUYeHHBIN CHMBOJOM d, MMeeT
Gonpivio IIy6HHY, uUeM JHCT, DoMedeHHEBIR cuMmBojoM b. HokasKkHTe, 4TO BeposT-
HOCTh CHMBoJIa b He MeHbIIle, YeM BeposSTHOCTh CHMBOJA @.

*3.22. HoxaKKTe, YTO B pe3yJjbTaTe BHINOJHeHHA ajroputma XaddMmMaHa niag 3agaH-
HBIX BeposTHotTel npojydaeTcd oNTHMaJbLHBIE koh. Cosem: HCHOAL3YUTe Y-
paxkHenHe 3.21.

bubAnorpaguueckue 3ameqaHus

B pa6orax [11] u [47] paccMaTpuBaloTCH MaTeMaTwdecKHe cBolcTBa nepeBbes. B [65] u {81]
IpHBefeHa NONOJHUTENILHAS HMHGOpPMAIHA O JepeBbAX ABOMUYHOro moMcka. MHorume pabo-
THI, IpUBeJeHHEIe B IJlaBe 6 M oOTHocAIIMecHd K rpadhaM H HNX NPHUMeHeHWIO, COmepixaT
TaKIKe MaTepHaNT o JepPeBbAX.

AJNTOPHUTM HOKMCKA OOTHMAJBHOTO KOJla, ONMCAHHLIN B pa3nese 3.4, B3AT u3 paborsl [54].

o o

D TODT momwra o reamansaserr s Tro o era e orems
D 02 ] A44dnU Luppemennuc nouiacavbannc ITOTO anrm UP](I. 1Md.
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