4. BEPEBbS

Jlypak BHIHT He TO CaMoe LepeBo,
YTO BHAUT YMHBIA.

Bunsam Dbaeiix!)

Bce Mbl 3HAKOMBI C TIOHATHEM TE€HEAJIOTHYECKOI'o IepeBa;
06OGLIEHHE 3TOro MNOHSATHSI H3y4YaeTcs B HAacTosIeH riaase. 31ech
TaKyKe 3aTPOHYTHI BOIIPOCHI, OTHOCSIIIIHECSI K OCTOBHEIM JepPEBb-
iM B CBA3HBIX rpadax U 3aMeyaTeqbHOMY pesyasTtary Kaau
(8 § 10) o nepeuncseHHH NOMEYEHHHIX AepeBbeB. B mocaennem
naparpade paccCMOTPEHBLI HEKOTOpPbIE MPHJIOKEHHSI TEOPHH rpa-

(pOB.

§ 9. 3JIEMEHTAPHbBIE CBONCTBA N EPEBLEB

Jlecom HasbIBaeTcsi rpad, He COAEPKAIHHA IHKJIOB; CBA3HBIHA
Jec HasbiBaercsa aepesom. Hampumep, Ha puc. 9.1 usobpaxen
JIEC, COCTOSIIIMH M3 4YeTbipeX KOMIIOHEHT, Ka)KAasi H3 KOTOPHIX

A

Puc. 9.1.

ABJIsIeTCSl AepeBoM?). 3aMeTHM, UTO MO ONpeAeeHHIO AePeBbs H
Jieca ABJSAIOTCA INPOCTBIMH rpadaMH.

I'To MHOrMM nokasaresnsiM aepeBo TNpeacTaBJsieT co6oit npoc-
TeHLINA HETPHBHA/BHLIN TUN rpada. Kak 6yaeT noka3aHo B Teo-

1) U3 «[Tocnosuy ana», nepeson C. SI. Mapmaka. Buabam Baefik

(1757—1827) — anramiickufi 03T M XYIAOXKHHK. — [Tpum. nepeas.

2) Ilocaennee nepepo, n3obpakeHHoe Ha puc. 9.1, oco6eHHO XOpo-
W0 H3BeCTHO CBOHM JaeM.
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peme 9A, oHO 06/1a71a€T HEKOTOPEIMH «IPHATHLIMH® CBOHCTBaMH;
HanpuMep, JioOble JBe €ro BepllHHbl COeIUHEHh €IHHCTBEHHOH
npocroil nenelo. IlbiTasgch JoKa3aTh Kakoi-HUGYAb OOGLIHHA pe-
3yJIbTaT HJH IPOBEPHTh FHIIOTE3Y AJis rpadoB, yAoO6HO GLiBaeT
Ha4yaTb C JepeBbeB, XOTSH H CYLIECTBYET HECKOJbKO THIIOTE3,
KOTOpEIE ellleé He AOKAa3aHbl AJs1 IPOH3BOJMBHEIX TpadoB, He-
CMOTPA HA TO, YTO OHH BEPHHI JJIs1 JE€PEBLEB.

B chepymoolueii TeopeMe nepeyUCsIeHB! HEKOTOpHIE MPOCThHIE
CBOHCTBa JepEeBbEB.

TeorEma 9A. ITycmo epagp T umeem n eepuwurn. Toz0a
caredyroujue ymeepxcoerusn sxeusarenmuot: (i) T asanemcs Oepe-
gom; (ii) T wne codepacum yuxroe u umeem n — 1 pebep; (iii)
T ceaszen u umeem n — 1 pebep; (iv) T ceasen u xascdoe e2o
pebpo asasemcs mocmom; (V) aroboe 0ge sepuiunst epagha T coe-
Ourerst posHo o0nol npocmoti yenoro, (vi) T He codepacum yuk-
208, HO, 0obasann K Hemy at000e HOB0e pebpo, MbL NoAYyHaem pos-
HO OOUH YUKA.

Hoxazameascmeo. Ecnn n = 1, yTBepakKIeHHE OUEBUIHO.
Ilpeanonoxum nostomy, uto n > 2.

(i) = (ii). I'lo onpenenenuio 7 He COAEPIKHT LIHKJOB; TOT-
Ja, KaK cJeNyeT U3 yIp. Sc¢,ypajsenue joboro pe6pa pasbuBaer
T Ha nBa rpada, Kax/Jblii U3 KOTOPLIX siBJsieTcs jAepeBoM. [lo
HHAYKTHBHOMY MNPEANOJIOKEHUIO YHCI0 pebep B KaXKIOM U3 3THX
JlepeBbEB Ha eIMHHIly MeHbIIe 9HcJ1a BepiuH. OTCloa BRIBOAUM,
4TO IOJHOE YHCJO pebep rpada T paBHo n — 1.

(i) = (iii). Ecuau rpad T HecBsi3eH, TO KaxJasi €ro KOM-
MOHEHTAa MpeAcTaB/sieT cOO0H cBA3HBIH rpad O6e3 wuukaos. M3
npeabIAylLIed YacTH JAOKasaTeJbCTBAa CJEAYET, YTO YHCJIO Bep-
IUMH B KaxKIOH H3 KOMIIOHEHT OoJjibllle 4ucJaa ee pebep Ha
eIMHULY. 3HAaYHUT, [OJHOEe YHc/JA0 BepuwimH rpada 7 Gousbiie
NOJIHOTO YHCJa ero pebep 1o KpaHHedl Mepe Ha 2, a 3TO Mpo-
THBOpEYHT TOMY, yro T uMeer n — 1 pebep.

(iii) = (iv). ¥Ypanenue jgioboro pebpa NpHBOAHT K rpady ¢
7 BepIIHHAaMH H n — 2 pe6paMH, KOTOPEIH HEe MOXeT OLITh CBf13-
HbIM 10 TeopeMme 5B.

(iv) =(v). Tak xak T cBsizeH, TO KaxJas apa ero BeplLIHH
coe/HHeHa 10 KpalHeH Mepe OIHOH mpocToll uenbio. Ecan ke
JaHHasi Mapa BEpPILIHH COeJiHHEeHA JByMsl HPOCTHIMH UENSMH, TO
OHM 3aMBLIKAIOTCSl B LIMKJ, @ 3TO NPOTHUBOPEUYHUT TOMY, YTO KaxkK-
Joe pe6po B T saABJsieTcsi MOCTOM (COrJlacHO ymp. 5c).
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(v) = (vi). Ecaun T conepKkuT LHKJ, TO JIOGLIE IB€ BepIIIH-
HBI 3TOrC LIMKJIa COeIMHEHBI N0 KpalHeH Mepe ABYMs NPOCTHIMH
nenamu. Jlo6asuMm tenepb X rpady 7 Kakoe-To pe6po e; Torjaa
Mbl HOJYYHM IIHKJ, IOCKOJbKY HHIIHAEHTHBLIE pe6py € BepLIHHBI
yxKe coenuHeHbl B T npoctoi nenbio. ToO, 4TO NIPH 3TOM MBI IIO-
JIYYUM TOJIBKO OJMH LHKJ, cjenyer H3 ynp. bi.

(vi) = (i). IlpegnonoxkumM, uto 7 HecBsizeH; TOraa HoGaB-
JieHHe JIIoboro pe6pa, COeAUHSIOLULEro BEPIIHHY OAHOH KOMIIO-
HEHTEl C BEPIUHHOH APYrOH KOMIIOHEHTLI, HE NIPHBOJAUT K obpa-
30BaHHIO IHKJA.

Caeacreue 9B. Ilycme G — aec ¢ n sepwuramu u k Kom-
nornenmamu; moada G umeem n — k pebep.

Lokazameavcmeso. TlpuMeHHUM K KaXXA0H KoMIIOHeHTe rpada
G npepJsoxkenue (ii) TeopeMur 9A. //

3aMeTHM, 4TO IO JIEMME O PYKONOXKATHAX CyMMa CTeleHe#
BCEX # BepLUHH JepeBa paBHa YABOEHHOMY 4YHCJY ero pebep
(2n — 2); orcioaa caeayer, 4TO IPH 1 > 2 AepeBO, HMeloilee
n BepILHH, BCErja COAEPKUT He MeHee ABYX BHCSAYHUX BEPLIHH.

HssectHo (u3 ynp. 5c¢), uto B cBA3HOM rpade G ynajneHue
ofHOro pe6pa, INpHHALJENKAIIETO0 HEKOTOPOMY BHIOPAHHOMY
UHKJY, He HApYIaeT CBSI3HOCTH ocraBulerocs rpada. [Ipumenum
3Ty NpoUenypy K OJHOMY H3 OCTABLIMXCS IMKJOB, H TaK JO TeX
nop, NOKa He OCTAHeTCs HH OJHOTO LKKJaa. B pesyJbrarte noay-
YUM JEepeBO, CBSI3LIBalOlllee BCe BepluHHLI rpaga G; oHO Ha3bI-
BaeTCs OCTOBHBIM Aepesom’) rpada G. ITpumep rpada u ogHoro
H3 ero OCTOBHBIX AepPEeBBLEB JAaH Ha pHc. 9.2 u 9.3.

B obmeM cinyuyae o6o3HauuM yepe3d (U NPOHU3BOJIBHEIA rpad
C n BepliMHaMH, m pebpaMu U k& KommnoHeHTaMu. [Ipumensis
ONKHCAHHVIO BHILIE IPOUEAYPY K KaxAOH KoMnoHeHTe (, MoJy-
YHM B pe3yJibTare rpad, HasbiBaeMbIll OCTOBHbIM Jecom. Uucso
yA4aJIEHHBIX B 3TOH npoleaype pebep HasbIBAaeTCH IHKJIHYECKHM
paHrom (MJIH LHKJIOMATHYECKHM uncjoM) rpada G u o6o3Havaer-
ca uepe3d y(G). Jlerko Bugerb, uto Y(G) = m — n + k u
ABASIETCH HEOTpPHIlaTeNbHLIM IeJIBIM YHcsoM (o teopeMme 5B).
Takum o6pasoM, HMKJIHUECKHH paAHT AAaeT Mepy CBSI3HOCTH I'pa-
®a (cMbIcsT 2TOrO NOHATHA GyleT yTouHeH B ynp. 9K): nukanyec-
KHH paHr JepeBa paBeH HYJIIO, a IUKJUYECKHH paHr HKJHYeC-

1) au ocTroBOM, HJAH KapKacoM. — [Ipum. ped.
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Koro rpada paBeH eIuHHHIE. YROOHO TaKxkKe ONpelesiMTb KO-
UMKJHYeckHii panr (HJaHM padr paspesa) rpapa G Kak YHCJIO
peGep B €ro OCTOBHOM Jiece; KOUHKJIWYECKHIl paHr 0003HaYaercs
yepe3 x(G) U paBeH n — R.

Puc. 9.3.

[Tpexkae ueM nepedTH K caefyiolleMy pasjiesy, A0KaxkeM 1Ba
MPOCThIX pe3yJibTaTa, KacCaIOIUXCSH OCTOBHBIX JiecoB. B 3rtoi
TeopeMe AOoMOJHEeHHeM OCTOBHOIO Jeca T HeKotoporo (Heobsi-
3aTesbHO Tipoctoro) rpada G sasasercsa rpad, NOJTyYEHHBIH H3
G ynanenuem pebep T.

Teopema 9C. Ecau T — ocmosroul sec epagpa G, mo
(i) scaxuil paspes 8 G umeem obuee pebpo ¢ T; (ii) xancobul yuka
8 G umeemn obuwee pebpo ¢ donoanernuem T,

Hoxazamenscmso. (i) [lyctb C* — paspes rpada G, yanane-
HHE KOTOpOro pa3GHBaeT OfHy U3 KOMMOHeHT G Ha ABa noarpada
H n K. lTlockonbky T — OCTOBHHI Jiec, B HEM HOJIXKHO COJep-
¥KaThcs pebpo, COeANHsIOIee BepIUHHY H3 A ¢ BepuIMHOR U3 K
3TO U eCTb Tpebyemoe pebpo.

(ii) ITyere C — uukn B rpade G, He UMEOIWUA HH OQHOTO
ofwero pebpa ¢ gonoJsisenHem 7T; torga C comepKurca B T,
YTO HEBO3MOXKHO. //

C nonsiTueM octoBHoro Jseca T rpada G TeCHO CBf3aHO Mo-
HATHE (PYHAAMEHTAJIbHOH CHCTEMBl LHKJOB, aCCOUUHPOBAHHOH
c 7. OHo onpenensieTcs CJEAYIOUIHM 06pasoM: €CIH J00aBHThH
K T nofoe He copepxkalieecsi B HeM pe6po rpaga G, TO Mo
npeaioxeHuo (vi) TeopeMsl 9A MosyauM eXMHCTBEHHEIA LHKJI,
MHOXKECTBO BCEX IHKJIOB, [OJy4aeMHX TaKHM crioco6oM (T. e.
nyTeM Jo0aBJieHHs N0 OTAEJNbHOCTH KaxKiaoro pebpa us G, ne
conepxatierocs B 1), Ha3LiBaeTCs diyHAaMeHTaAbHONA CHCTEMO#M
LHUKAO0B, accouuuposaHHo## c 7. B TOM cayuae, Korja Hac He



§ 9. JEMEHTAPHBIE CBOFMICTBA [JEPEBLEB 61

HHTEpEeCYeT, KaKOH OCTOBHBIH JieC pacCMaTpHBaeTcCsi, MbI FOBO-
pMM O (yHIaMeHTaJbHOH cHcTeMe umkJos rpada G. flcHo,
YTO IMKJIbI JaHHOH PYHJAAMEHTAJbHOH CHCTEMbl AOJKHBI ObITh
pPasAHYHLIMH H UTO HX YHCJAO JOJKHO PABHATHCH ULMKJHUe-
CKoMy panry rpada G. Ha puc. 9.4 nokasana ¢pyHjaMeHTanb-
Has CHCTeMa LHKJOB rpada, H300paxKeHHOro Ha puc. 9.2,
aCCOLMHUPOBAHHAA € OCTOBHBIM JepeBOM, H300paxKEeHHBIM Ha

puc. 9.3.
14 U u w v w
£ 7 1 2 Zz ¥ z
Puc. 9.4.

B cBere 3ameuanuii, ciesiaHHLIX B KOHIE § 5, MOXKHO Haze-
SITbCSI, YTO YAACTCHA ONPeAeJIUTh (PYHIAMEHTANbHYIO CHCTEMY
pa3spe3oB rpada @, accolUHpPOBAHHYIO C JAHHBIM OCTOBHBIM
aecoM T. I'lokaxkeM, 4TO 3TO AeHCTBUTEJHbHO MOXKHO CHe/aThb.
[To nmpemnoxenuio (iv) Tteopembl 9A ynanenue moGoro peGpa
n3 T pasbuBaeT MHOXKECTBO BepIIMH JepeBa 1 Ha JBa Hemepe-
cekalumuxcs noagMHoxectea V,; u V,. MHoxKecTBO Bcex pebep
rpapa G, KaxkJaoe H3 KOTOpPHIX COeJHMHseT BepluuHYy u3 V) c
BepwnHo#l u3 V,, sABnsiercss paspe3oM rpada G. MHOXKecTBO
BCEX pa3pe30B, NOJIYYEHHBIX TaKHM CIOCOOOM (T. €. yAaJleHHeM
MO OTAEJBHOCTH Kaxjaoro pebpa u3 T'), HaselBaeTcsl hyHAaMeH-
TaJbHON CHCTEeMO# pa3pe3oB, accouuupoBaHHoit ¢ 7. flcHo,
YTO paspesnl JAaHHOH (yHIaMEHTAJbHOH CHCTEMbI JOJIXKHbEI OLITh
Pa3’HYHBEIMH H 9T0 UX YHCJIO AOJI)KHO PaBHSATHCH KOUHMKJIHYECKO-
My paunry rpagda G. PyHraMeHTaJbHOH CHCTEMOH pa3pesoB rpa-

ba, uzobpaxkeHHOro Ha puc. 9.2, accouUNPOBAHHOH C OCTOBHLIM
JepeBoM, H300paxKeHHBIM Ha pHuC. 9.3, ABAdeTcsl TaKasa cucTeMa:

{els 65}’ {621 €5, €7, eS}s {eBa €s» €7, 88} H {64’ eGi 88}'

YIIPAKHEHUA

(9a) [HoxkaxuTe, YTO CyuieCTBYeT POBHO [HECTb HER3OMODP(GHEIX JepeBLeB
¢ IeCTbI0 BEePUIHHAMH H OAHHHAAUaTh — € CEMbIO BepIIMHAMH.

(9b) JIokaxute, uTo Kakzoe JepeBO SBASETCR ABYAOJAbHLIM rpadoMm;
KaKHe [epeBbs HABJAIOTCH UOJHBIMH ABYAONbHLIMH CpadamMu?



62 4. 1EPEBLY

(9¢c) Hdokaxurte, uto rpacdsl, cooTBeTCTBYIOUIHE (B cMbIcae ynp. 1b) Ha-
chilleHHbIM yraesopopoRam (C,Hs,,.) u cnupram (C, Hs, ,;OH),
SIBJAIOTCA AepPeBbsIMU.

(9d) BroiuncanTe LNHKJIHYECKHE M KOUMKJAHYECKHE PaHTH CIAeAYIOLIHX
rpadoB: (i) Kp; (ii) Km,n; (iii) Np; (iv) W,; (v) DiIaToHOBHIX
rpagos; (vi) rpada ITerepcena; (vii) nwboro c¢Ba3Horo rpadacn
BepIIMHAMHU, SMBJSIOUIErocss peryJasspHbIM CTENeHH r.

(9e) Hafinute ocTOBHOE JlepeBO H aCCOLHUPOBAaHHHIE ¢ HHM dyHIRaMeH-
TaJbHble CHCTEMBI LHKJAOB H pa3pe30oB CJAEAYVIOMHX rpados:
(i) Ks; (ii) Ka,s; (iii) Ws; (iv) Ce; (v) nuaatroHoBumXx rpacdos;
(vi) rpada Ilerepcena.

(9f) Hokxaxurte, 94TO KaxA0€ NEPE€BO HMEET OXMH HJIH JABa LEHTpaA.

(9g) Ilycte Ty u T3 — oOCTOBHBIE iepeBbsi CBsA3HOTO rpada G. [Tokaxu-
Te, YTO AJs Jioboro pe6Gpa e u3 T cyinectByet pe6po f ua Ty, 06-
Jajnawomee TeM cBodAcTBOM, uTO (T7 —{e}) |} {f} (rpad, moayuen-

HBlf 13 Ty «3aMeHOH» e Ha [) Takxke SB/NAETCS OCTOBHBIM Jl€PEBOM.
[Toxaxure Takxe, 4To T; MOXHO «mepeBecTu» B Ty, «3aMeHsA»
KaxXAblH pa3 ofHo pebpo u3a 7T; pe6poM u3 T, Tak, UTO HAa KaxX/JAOM
miare MOJIy4aeTcsi OCTOBHOE JepeBo.

(9h) JHoxaxwurte, 4TOo eclH HeKoTopoe MHoxkecTBo C* pebep rpada G
obsafaeT TeM CBOHCTBOM, uTO J060% OCTOBHHI Jiec rpada G HMeer
¢ C* ob6uwee pebpo, To C* coxepkut paspes. Ilonyuure cooTBeTCT-
BYIOIIHH pe3yJabTaT AN IUHKJOB.

(*9i) [lycte A — MaTpuila MHUHAEHLUHHA JepeBa ¢ n BepmuHaMu. [Joka-
dKHTE, uUTO JIo6kie  — | cTON6UOB MAaTpHUM A JHHeHAHO HE3aBH-
CHMBI HAJl MoJieM [eJblX YHCea Io MOAyJI 2.

(*9j) Hoxaxure, uro ecniu H u K — mnoxrpagu rpada G w H () K,

HNK onpeneseHbl €CTeCTBEHHLIM 0O6pa3oM, TO KOUHUKJIHYECK HH
PaHT % YROBJETBOpseT ciIefyIomuM cooTHoweHHAM: (i) 0 < x(H) <
< m(H) (uucao peGep B H); (ii) ecin H — noarpa¢d rpada K, 10

*(H) <x(K); (iii) »(H U K)+ «(H 1K) <= (H) + ~«(K).

(*9k) Iycte V — BexkTOpHOE NpPOCTPAaHCTBO, COOTBETCTBYIOLEE NPOC-
TOMY CBSi3HOMY rpady G, u nycts T — ocTOBHOe JepeBo rpada G.
JokaxuTe, 4TO PyHAaMeHTaAbHAfA CHCTeMa UHKJIOB, acCCOLKHpO-
BaHHas ¢ T, o6pa3yer 6asHuc mOANpOCTpaHCTBA HHKA0oB W rpada
G. [Nonyunte COOTBETCTBYIOIIHE pe3yJabTaT AJsl NOANPOCTPAHCTBA

e

paspe3oB W. BriBegure, 4To pasMepHOCTH nognpoctpaHcts W n
W pasub coorBercTBeHHO Y (G) u %(G).

§ 10 NEPEYHCJEHHE OEPEBLEB

Teopus nepeuncsienus rpagoB 3aHUMAaeTCsa pa3spaboTKoi Me-
TOJOB TojcuYeTa 4xcaa HeusoMmopdpHbIX rpados, 06JafaoLIUX
TeM MJH HHBIM CBOHCTBOM. BeposiTHee Bcero, 3Ta TeOpHsi BO3-
HHKJIa B 70-X rofax AeBsITHAALATOrO CTOJIETUA H CBA3aHA C HMe-
HeM Kaau, KOTOpHIH NBITasCsl HAMTH YUCJIO HaCHIUEHHBIX yrJae-
Bogopoxaos C,H,,, ., conepxamux naHHOE YHCJ/IO aTOMOB yrJIe-
poaa. Kak oH 06Hapy»KHJ M KaK YATaTesb BHjJes B ynp. 9c, ara
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safiaya CBOJAMTCS K MOJACYETy YHC/Jia JepeBbeB, Y KOTOPLIX CTe-
MeHb KaxKJAOH BEPIIHHbI paBHa JHOO 4YeTbipeM, JHO0 €XHHHIIE,

Cefluac MHOTHeE 3aJayd ¢ MEPEeYHCJEHHIO rpadoB pelleHHl.
K npumepy, MOXKHO [NOACYUUTATH YUCJ0 IrpadoB, oprpacdoB, CBA3-
HBIX r'padoB, AepeBbeB U 3HJIEPOBHIX rpadoB, colepKalluX AaH-
HOE YMCJIO BEpLIHH H pebep; OJlHAKO COOTBETCTBYIOULIHE PE3YJib-
TaThl JJI NIJIJaHAPHBIX H TaMUJIBTOHOBBIX I'padoB.elle He NoJy-
yeHpl. BOMBIIYIO YACTh BC€X H3BECTHBIX pPe3yJbTaTOB MOMXKHO
MOJNIYdHTb, TPHMEHSII OCHOBHYIO IE€PEYHCTUTENBHYI0 TeOpeMy
[Tofia, xopoliee H3JIOKEHHE KOTOPOH MOXKHO HaHTH!) B KHHre
JIu [6]. K coxaJieHuIo, [MOYTH HH B OJHOM CJydyae HEBO3MOXKHO
BEIPA3HTb 3TH pe3yJbTaThl ¢ NOMOILbIO INPOCTLIX ¢opMmya. B
MPUJIOKEHUH 4HTaTe]b HalAeT TabmHIy HEKOTOPbIX H3BECTHEIX
pe3yJbTaTOB.

3toT naparpacd MOCBSALLEH AOKa3aTeNbCTBY 3HAMEHHTOH Teo-
peMbl, MpHOHCHIBaAéMOH OOBIYHO K3iaM, O uHcae MOMeYeHHBIX
IepeBbEB C NAHHBLIM 4YHCJOM BepUIMH. MBI y»Ke BCTpeuasuch C
noMeyeHHBIMH rpadaMH B KOHIUE § 2; noMeueHHHIH rpadp C n
BEpIIHHAMH — 3TO I'pad, Yy KOTOPOro Bce BEpHIHHEI «IIOMEUEHbI»
IreJqbIMH yucaaMH ot 1 1o n. boJsiee TouHO, onpezenuM pacnpe-
neJjeHHe MeTOK B rpade G ¢ n BeplIIMHAMHU KaK B3aUMHO OJHO-
3HAYHOE COOTBETCTBHE MEXJAY MHOXECTBOM BepIIMH G U MHO-
x)ectBoMm {1, ..., n}; Toraa momeuenHniM rpadgoM Ha3bIBaeTCs
napa {G, ¢}, rne G — rpad, a ¢ — pacnpejesieHHe METOK B
G. Yucaa 1, ..., n dacro 6yaeM Has3elBaTh MeTKamMH rpada G
H o60o3HayaTh BeplwuHbl G uepes vy, ..., U,. Jlanee, HazoBeM nBa
noMeuyeHHBIX rpada (G, ¢1) ¥ (Gz, ¢2) K30MOPPHBIMH, €CJIH CYy-
iecTByeT H3oMopdpu3M MexAy U; U G,, coxpaHsOWUH pachpe-
JeJIeHHe MeTOK B 3THX Trpadgax.

Ias toro utobnl pa3obpaThbCsi B 3THX ONpe/lesIeHUsIX, pac-
cMotpuM puc. 10.1, rae nmokasaHbl pasjiMuYHBIE pacrpefeseHHsT
METOK B JepeBe C UeThIpbMS BepuiHHAaMH. BHHMaTesbHOE H3Y-
yeHHEe PHCYHKa II03BOJISIET 3aMETHTb, 4TO BTOPOE INOMEYEeHHOe
JlepeBoO SIBJISIETCA NPOCTO NMEpPeBEPHYTHIM NEPBbIM, a OTCIOAA CJie-
AyeT, 4TO 3TH JABa NOMeYeHHHIX JepeBa H3oMopdHel. C apyro#
CTOPOHBI, HH OJHO H3 HUX He H30MOpP({HO TpeThbeMy IOMEUEeHHO-
My JepeBy (IOCTaTOYHO MOCMOTPETb Ha CTENE€Hb BEPUIHHBI U3).
ChnepoBaresibHO, OOlLllee YHCJO pa3/idYHbIX pacnpe/e/ieHHi MEeToK

1) Cm. Takxke kHury @. Xapapu u 3. [laamepa: Ilepeunciienue
rpadoB, «Mup», M., 1977. — [pum. ped.
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B JlaHHOM JiepeBe JOJIKHO PaBHATHCA Y/, (41) = 12, NOCKOJBKY
«TIepeBOPOT» JIIOOOro pacrpefesleHdst MEeTOK He IIPUBOJAHT K
HOBOMY OGBEKTY. AHaJIOrH4Ho, O6liee YHC/A0 pas3/IMUHBIX pac-
npejesJeHHH METOK BJiepeBe, H300paxeHHOM Ha puc. 10.2, nosx-
HO paBHATHCS YETHIPEM, TAK KaK €ro IleHTpaJbHasi BepUIHHAa MO-
JKeT ObIThb IOMEYE€Ha YETHIPbMA Pa3JUYHBIMH CHOCO0aMH, Kax-
Ablii U3 KOTOPBLIX OJHO3HAUHO ONpEAe/AET paclpele/ieHHe METOK.

o

Q
o Qo

os

Puc. 10.1. Puc. 10.2.

Orciona ciaenyer, 9T0 9HCJIO BceX (HEH30MOP(PHEBIX) MOMEYEHHBIX
JepeBLEB C YeTHIPbMSI BEPIIMHAMU paBHO mrectHaguath. Celyac
MEL JloKaxeM Teopemy Kaau, o60611aiomyro 3T10T pe3ysbTaT Ha
[IOMEeYeHHbIe JepeBbsl C 71 BEPIIHHAMH.

TeorEMA 10A (Kauu 1889). Cywyecrmeyem posro n"—2 pazauu-
HbLX NOMeYeHHbIX Oepesvbes ¢ N GepulUHAMU.

3ameqarue. IIpuBeneHHOe 31eCh KOKa3aTeNbCTBO NMPUHAAJE-
xkut Knapky; Apyrue jgokasaresbcTtBa cM. Yy Myna [7].

Hoxasameavcmgo. O603HauuM uepe3 7T'(n, k) yucao nome-
YEeHHBIX AEPEBbLEB C 72 BEpIIMHAMH, B KOTOPHIX BhiGpaHHas Bep-
HIMHA (CKaXeM v) UMeeT creneHb k. ByneMm uckatbh BeIpaxKeHue
aas T(n, k), a 3ateM NoJyYnuM HYKHBIH pe3y/bTaT CyMMHpOBa-
HHUeM 1O k2 ot 1 o n — 1.

Ilycte A — mo6oe moMeueHHOe AEpeBo, B KOTOPOM p(v)=
= k — 1. Ynanenue moboro pebpa {w, z} us A, He HHUH-
AEHTHOTO v, TIDHBOJAHT K IBYM INOAJEPEBLSAM, OJHO M3 KOTOPHIX
COAEPKHUT U M OAHY M3 BEPLIHMH w MJU Z (JONYCTHM, 4YTO w), a
Apyroe CORepXKHuT 2. Ec/ii coelHHUTDL BepLUIHHBI U H 2, TO MOJy-
uuTCs AepeBo B, B Kotopom p(v) = k (puc. 10.3). Hasosem na-
pYy (A, B) nomeueHHbIX JiepeBbeB CBA3KOM, e B MoxkHO noay-
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yuThb M3 A onucaHHBIM Bhile nocrpoenneM. Haina 3agaya — noa-
CYHTaTh YHCJO BCeX BO3MOXKHBIX CBaA30K (A, B).

Tak kak A MOxXHO BbIOpaTh M00kM U3 T(n, k—1) crnoco6os,
a B oaHo3HauHO omnpenesisieTcsi pe6pom {w, 2}, KOTOPOE MOMXKET

£
\_/,

i)

\\'{:3_‘ ey
ObiTb BhOpaHo (n — 1) — (B — 1) = n — k cnoco6aMH,
TO 4HCJO Bcex cBsisoK (A, B) paBHo (n — K)T(n, £ — 1).
C npyroit croponnsl, nycrb B — nomeyeHHoe AepeBO, B KOTO-

poM po(v) = &k, n nycrb Ty, ..., T — noauepeBns, TIONyUeHHbIE
H3 B yJajleHHeM BEPIIHHBI U C KaXAbiIM H3 HHIMIEHTHBHIX €M
peGep. Toraa nomeyenHoe aepeBo A, y Kotoporo p(v)=k—1,
MOKeT ObITh NOJYUYEHO YAaJeHHeM H3 B oJHoro u3 stux petep
(ckaxem {v, w;}, rie w; JexXUT B T;) U COEAUHEHHEM W; C JIIO-
Goit BepIIMHOH 1, NpHHAJJIEKalLleH JI060My ApYroMy nojaaepe-
By T; (puc. 10.4). OuyeBHAHO, YTO COOTBETCTBYIOLLasl Mmapa
(A, B) nomeueHHBIX AepeBbeB 00pa3yeT CBA3KY M 4YTO BCE CBS3-
KH MOryT OBITh IOJIy4ye€HEI TaKUM cnocoboMm. Tak kak B MoxKHO
BuiOpaTte T'(n, k) crnocobamu, a uuciao peGep, COeAHHSAIOMHX W

3—679
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KOM JlHanasoHe objacreil, KaK 3JeKTPOTeXHHKa H JHHIBHCTHKA,
HCCJIelIoBaHUEe onepaluil U KpHCTaaJorpadusi, BeposATHOCTb H
reHeTHKa, COLlMOJIOrus, reorpadusa H YUCJAEHHBIH aHaJu3.

Koneuyno, KHHra TakHX pasMepoB He TFOJAUTCA AJA MOApoG-
HOro OOCYXJE€HHSI MHOIOYHCJIEHHBIX IPHJIOXKEHHH; M[03TOMY
Mbl OTCBIJIAEM YHTATE/Sl K IIPEKPACHOMY H3JIOXKEHHIO 3TOTO BOI-
poca B ri. 6 kHuru Bacakepa u Caartu [2]. 3aech MBI TO/IBKO
HallOMHHUM YHTATEJNI0 HEKOTOphle IPHJIOXKEHHSA, KOTOphie YXKe
BCTPEYAJIHCh B TEKCTE, KPATKO OMHIIIEM, YTO €llle HMEEeTCS B 3a-
nace, a 3aTeM JeTaJbHO OOCYJHM JBe YaCcTHBIE 3aJayH.

Mpr yXKe BHAENH, KaK MOXHO HCNOJIb30BaTh rpadsl H Op-
rpagnul 4Js ONHCAHUSA MHOTHX CHTYALIUH, BKJIOYas: PbIHOYHbLE
omrowerun (ynp. 3f) — 3aech HCIOAb30BAJHCh ABYIOJbLHBIE
rpagel, NPEACTAB/ASBIIHE pPAas3J/JHYHbIE MNPOMBILLVIEHHBIE Mpes-
NMPHATHA U DBIHKH, HA KOTOPhIE HOCTYNAaJIH HX TOBaPbI; uUePbl
(ynp. la (v)) — 3necs BepHIMHEI COOTBETCTBOBAJH pPa3HbLIM
CTajvsiM Hrpbl, a AYrd YyKasblBaJH Ha BO3MOMKHBIE XOAbI;
Opysceckue omuowerus (JieMMa o pyKonoxaruax u ynp. la (iii),
31, 3j u 7i); asrexmpuseckue yenu u kapmet dopoe (§ 1); xumuuec-
Kue coedurenun (§10 u yup. 1bu 9c¢); zor08040mKu (BTOPOIL aG-
3an U3 § 6 u ynp. 6d, 6g, 7d u 7i).

Huxe Mpl ynoMsHeM ellle Takue NPHJOXKEHHSI, KAK HCIOJb-
30BaHHe IVIaHAPHBIX rpadoB NpH U3yyeHHH neyarHoix cxeM (§13),
NpHMCHEHHEe XPOMATHYECKHX MHOIOY/IEHOB B 33fjayaX O COCTaB-
JeHHH pacnHcaHdid (§ 21) m Tteopun TpaHcBepcased — mnpu
MOCTPOEHHH JIATHHCKHMX KBaJApaToB H B TeopuHH rpyni (§ 27).
MbI 06CYyIMM  TaKKe [JOBOJIBHO MOAPOOHO HCMOJL30BAaHHE Op-
rpadoB npH H3y4eHHH uened MapkoBa (§ 24) u npu pelieHUH
Npob6JeMbl HAXOXAEHHUST MAKCUMAJAbHEIX MTOTOKOB B TPAHCHOPT-
Heix cetsix (§ 29).

Ocrapuascs yacts naparpada nocesineHa 6ojee AeTajbHOMY
H3yYEHHIO JBYX KOHKPETHBIX INPHJIOXEHHH, OZHO H3 KOTOpbIX
3ajlaya O COECAMHEHHH rOPOJOB, a BTOPOE — ropasio MeHee
cepbe3Has 3ajauva.

(i) IlpencraBum cebe, 4TO MBI XOTHM NMOCTPOHUTBL CETh JKeJse3-
HBIX JOpPOr', KOTOPHI€ COeAHHHUH Obl 11 JAHHBIX FOPOJIOB, NPHYEM
TakK, YTOOLI MaccaxHp MOr H3 KaKJOro ropojia npoexartb B JIO-
6ok xpyroi. Ecau NpH 3TOM H3 5KOHOMHYECKHX COOOpaKeHUiH
Tpebyercst, YTOObI KOJIHIECTBO 3aTPauYeHHbIX pesbCcoB ObLJIO MHU-
HHMAaJIbHBIM, TO SICHO, UTO rpad, BepIIHHLI KOTOPOrO COOTBETCT-
BYIOT ropojiaM, a pe6pa — COEAHHSIOLUMM HX XKeJIe3HBIM AOpPO-
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raMm, AO/KeH OhITh JepeBoM. 3ajada COCTOMT B HAaXOXAEHHH
aJTOPUTMa, ONpPEAEsiIONIEero, KaKkoe H3 BO3MOXKHBIX n*—2 Je-
PEBLEB, COEAHHSIIOUIHX 3TH ropoja, TpebyeT HauMeHbIIEro KO-
JIHYECTBA PEJILCOB, €CJIM H3BECTHBI PACCTOSIHHST MEXKAY KaxKAOH
napoi ropoxos (puc. 11.1).

Puc. 11.1.

MoxHOo cOpMyJIHpPOBaTh 3Ty 3alauyy B HECKOJBKO OoJjiee
ofieM BHAE Ha si3blKe TeopHH rpadoB. A HMeHHO, nycTth G—
CBA3HLIA rpagd, H NYCTE KaXKAOMY ero pe6py e NPHIHCAHO HEOT-
puLaTesibHOe JeHCTBHTENbHOE YHCIO p(e), Ha3nIBaeMoe ero
Mepoii; MbI XOTHM HalTH aJITOPHUTM NOCTPOEHUST OCTOBHOTO Jiepe-
Ba T, y kotoporo cymma mep M(T) = Zu(e) umeeT MUHHUMAJb-
Hoe BO3MOXHOE 3HaueHHe (CyMMa fGepercst no BceM pebGpaMm Jle-
peBa T). Dra 3anaya HOCHT Ha3BaHHe 3aJa4YH O COEAWHEHHH
ropojor (HJH 3aja4yHM O MHHHMaJbHOH cBsa3ke). IIpeabinyias
3ajaya MoOJIyyaercd Kak YaCTHBIA cJIyydil, €CJIH TMOJIOXHTh
G paBueM K,,, a B KauecTBe Mepnl pe6pa B3sTh pPacCTOsIHHE
MEXAY COOTBETCTBYIOLIEH NMapo# ropogos. MckoMmuil anropurtm,
M3BeCTHHIA 0] Ha3BaHHeM aaroputma Kpackana, gaer ciaeny-
I0lllasi Teopema.

Teorema 11A. Tycmey G — ceasHbul epagh ¢ n eepuiuHamu;
mozda credyowan npoyedypa npusodum K peuleHuro sadavu 0
coeduHerRuU eopoaos (i) evibepem pebpo ey, obaradarouee 8 G
Haumenobluel mepoi; (ii) onpedeaum no undyxyuu nocaedosa-
MmeabHOCb pebep es, €3, ..., €n_1, BLIOUPAR HA KAHCOOM waee
pebpo (omauuroe om npedoldyujux) ¢ Haumenbulel mepoii, obaa-
darouiee mem C80LICMBOM, YIMO OHO He obpasyem YUKA08 ¢ npedbi-
Oywumu pebpamu e;. Iloayuennoui nodepad T epagpa G, pebpa-
MU KOMOPO20 ABASIOMCA €4, «.., €,-1, U ECIMb mpedbyemoe 0CMosHoe
Oepeso.
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KOM Juana3oHe 06/1acTel, Kak 3/eKTPOTeXHHKA H JINHTBHCTHKa,
HCCJIelOBaHHe OMepaunid H KpucraJdaaorpadus, BepoOATHOCTL H
reHeTHKa, colHoJIorus, reorpadusa M YHCJAEHHBIH aHaJH3.

KoneuHo, KHHra TakHxX pasMepoB He TOAMTCA AAs NMOJpo6-
HOTO OOCYXK/JAEHHS] MHOTOUHMCJIEHHBIX NPHJIOXKEHHI; I[03TOMY
MBI OTCHIJIa€M YHTATeJsl K [peKpacHOMY H3JIOXKEHHIO 3TOrO BOIl-
poca B ri. 6 kHuru Bacakepa u Caatu [2). 3xech MBI TO/IBKO
HaMOMHHM YHTATeJI0 HEKOTOphble NPHJIOXKEHHS, KOTOpbIE YXKe
BCTPEYAJIHCh B TEKCTE, KPATKO OMHUIIIEM, YTO elile UMEeeTCs B 3a-
race, a 3aTeM JAETaJbHO OGCYAHM JABe YaCTHbIE 3ajauy.

MBI yXe BHIEJH, KAK MOXXHO HCIOJIb30BaTth rpadbl H Op-
rpagul JJIsA ONHCAHUA MHOTHX CHTYaUHH, BKJIIOYAS: PbIHOYHbIE
omrowerus (ynp. 3[) — 3pech HCIONB30BAJIHCh ABYIOJbHBIE
rpadnl, NOpeACTABAABIIHE pAa3/IMYHBIE NPOMBILVIEHHbLIE Mpel-
NPHATHSL H PBIHKH, HA KOTOpBbIE [IOCTYyMaJ/Ii HX TOBAphl; wU2pbl
(ynp. la (v))— 3aech BepilHHEI COOTBETCTBOBAJIH pPAa3HBIM
CTausIM HMIpEI, 4 AYTH YKasblBaJH Ha BO3MOXHEIE XOJbI;
dpyacecKue omruowenun (JieMMa o pyKonoxkaTtuax u ynp. la (iii),
3f, 3j u 7i); anexmpuseckue yenu u kapmet dopoe (§ 1); xumuuec-
Kue coeduneruna (§10u ynp. 1bu 9¢); eoa08020mxu (BTOpOIii aG-
sau M3 § 6 u ynp. 6d, 6g, 7d u 7i).

Huxe MBI ynomsiHeM ellle Takue NMPHJIOKEHHS, KaK HCIOJb-
30BaHHE MJIaHAPHLIX I'Ppa¢oB MpH H3ydeHHH neyaTtHux cxeM (§13),
NpHMEeHeHHe XpOMaTHYECKHX MHOIOYJIEHOB B 3aJa4yax O CocraB-
JIeHUH pacnucaHuét (§ 21) u Teopuu TpaHcBepcaned — IMpH
IIOCTPOEHHH JIATHHCKHX KBaJpaToB H B Teopuu rpynmo (§ 27).
Mpl 06CyiMM TakXke AOBOJIBHO NOAPOGHO MCHOJL30BaHHE Op-
rpadoB npH H3y4deHHH Lened MapkoBa (§ 24) v npu peLUeHUH
npo6JieMbl HaXOXKACHHSI MaAKCHMAJIbHBIX MOTOKOB B TPaHCHOPT-
HbIX cerax (§ 29).

OcraBiuasica yactb naparpada nocssieHa 6oJiee JeTajt HOMY
H3YYEHHIO JABYX KOHKPETHBIX IPHUJOXKEHHH, OAHO H3 KOTOPBIX
3ajlaya O COECAMHEHHH TOpPOJAOB, a BTOpOE€ — ropasjio MeHee
cepbe3Hasl 3ajava.

(i) ITpencraBum ceGe, UTO MBI XOTHM NMOCTPOHTh CETh ¥KeJe3-
HBIX JOPOr', KOTOPble COeJHHHJH Obl 71 JaHHBLIX TOPOJOB, NpUYEM
TakK, 4TOOBlI MacCcaxHp MOT M3 KaXKIOro ropofa rnpoexartb B JIO-
6oit apyroii. Ecau npu 3T0M H3 3KOHOMHYECKHX COOOpaKeHHH
Tpebyercs, UTOOBI KOJMHYECTBO 3aTPAay€HHBIX peJibCOB OblJIO MH-
HHUMAaJIBHBIM, TO ACHO, YTO rpad, BepLIHHBEI KOTOPOro COOTBETCT-
BYIOT TOpoAaM, a pebpa — COEIHHSIOIIHM HX JKeJIe3HBIM A0pO-
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ram, JAOJ/DKEH ObITb JAEpeBOM. 3ajaya COCTOMT B HaXOXKAEHUH
ajJropuTMa, OMNpelle/IAIOLEer0, KaKoe H3 BO3MOXKHBLIX n*—2 Je-
peBbEB, COCJHHSIOMUX 3TH Iopoia, Tpe6yeT HauMeHbINETO KO-
JIHYECTBA PEJILCOB, €CJIH U3BECTHHI PACCTOSAHHS MEXKAY KaxkKIoH
napoit ropozoB (puc. 11.1).

Puc. 11.1.

MoxuHo chopMyNHpOBaTE 3Ty 3ajlady B HECKOJBKO 6oJjiee
oflleM BHJE Ha s3bIKe TEOpHH IpadoB. A HMeHHO, NycTb G—
CBA3HLIA rpag, H NycTb KaxAOMy ero peGpy e NpHUNIUCAHO HEOT-
pHIIaTeJIbHOE JEHCTBHTENILHOE YHCJIO u(e), Ha3bplBAEMOE €ro
Mepoii; MBI XOTHM HAHTH aJITOPHTM IOCTPOEHHS OCTOBHOI'O Aepe-
Ba T, y Koroporo cymma Mep M(7T) = XZpu(e) umMeetr MHHHMAJb-
HOe BO3MOXKHOe 3HaueHHe (CyMMa 6epercst no Bcem pebpam Je-
peBa T). Dra 3ajaya HOCHT HasBaHHUe 3aJa4YH O COEAMHEHHH
ropogoB (HJH 3aja4H O MMHMMAJbHOH cBA3Ke). [Ipeaniayiian
3aflaya MNoJy4yaercsl Kak YAacTHHIH CJyddil, eC/IH MNOJIOXKHTb
G paBueiM K,, a B KauecTBe Mepnl pe6pa B3siTb pPacCTOsiHHE
MEXXIy COOTBETCTBYIOlleH mapo# roposoB. HMckomeiit ajaropurm,
H3BECTHLIH NoJ Ha3BaHHeM aaroputma Kpackana, naer ciaeny-
Iolllasi TeopemMa.

Teopema 11A. ITycme G — cenasHbiil epagh c n gepuuramu;
mozoda credyrowas npoyedypa npusodum K peuwieHuro 3adadu O
coedureruu 2opodos: (i) evibepem pebpo ey, obradarouiee & G
raumenoiuell mepoil; (ii) onpedeaum no undyxkyuu nocredosa-
meabHOCMb pebep €z, €z, ..., €n_1, 66IOUPAR HA Kax¥cOom wace
pebpo (omauuroe om npedvidyuiux) ¢ Haumenvel mepoi, odra-
darowee mem c80LICMBOM, MO ORO He 06pasyem YuKA06 ¢ npedoi-
Oyuwumu pebpamu e;. Ioryuernoiii nodepagp T epaga G, pebpa-
MU KOMOPO20 ABAAIOMCA €4, +.., €41, U ECIMb MPeOyemoe 0CmogHoe
Oepeso.
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3ameuarnue. [Ipennaraem YuTaTENIO NPOBEPUTH, YTO ONMHCAH-
Has npoueaypa, NpHMeHeHHas K rpady, H3o6paKeHHOMy Ha
puc. 11.1, naer: eg = AB, e; = BD, e; = DE, ¢, = BC,

Hoxazameavcmso. Tor ¢akr, uto T ABJAAETCA OCTOBHBIM Je-
pesoMm rpada G, cpasy cieayer H3 yTBepxkKieHus (ii) TeopeMbl
9A; ocraercs TOJIBKO MOKa3aTb, YTO CyMMa Mep JepeBa 7 M-
HuManpHa. IS 3TOro npeanosioxkuM, 4YTO HEKOTOPOE OCTOBHOE
nepeeo S rpada G obnagaer TeM CBOHCTBOM, uto M(S) <<
<< M(T). Ecau ey, — nepsoe peGp0 ONHCAaHHOH BHILIE ITOCJEAO-
BaTe/ILHOCTH, He NpHHaAJexauiee S, To noarpa¢ rpada G,
o6pa30BaHHHIH N00GaBNE€HUEM e, K S, COINEpPXKHUT €eAHHCTBEH-
Hpid uHKA C, npoxogamwud no pebpy ex. IlockoabKy
C comepuUT pe6po e, npHHalJexailee S, HO He T,
To noarpad, TmNoJydeHHHIHE W3 S 3aMeHON e Ha g,
NO-TIpEXXHEMY SBJISIETCA OCTOBHBIM JlepeBoM (CKaxem, S').
ITo nocrpoennio pley) << ple), moaromy M(S’) << M(S) n
yucso obmux pebep y S u T Ha onHo 6ogblie, uem y Su T,
I'loBTOpsAst 11ar 3a LIaroM sTy NpPOUEAYPY, MOXKHO Iipeobpa3so-
BaTb S B T, npuueM cymMMa Mep Ha KaxJOM llare He yBeJHYH-
Baercs; cJaepoBatenbHo, M(T) << M(S), u MBl MHoJyuaem
Tpebyemoe npoTHBopedue . //

3ajauy O CO€JHHEHHH rOpoJOB HAllOMHHAaeT U3BeCcTHAas 3aAa-
4a 0 KOMMHBOsSIKepe, B KOTOPOH TpebyeTcsi HauTH aJrOpPUTM AJs
pelIeHHs CIeNYIOLeH 3alaul: KOMMHBOSIXKEP XKeJlaeT IOCEeTUTb 7
onpefesieHHBIX TOpOJOB; KaK OH AOJIKEeH JBUraTbCH, YTOOH 3a-
€XaTb B KaxKAbId M3 HUX XOTs Oul OAMH pas3, NpoAe/iaB NyTh HaH-
MeHbLIeH obed pauub? (Ha puc. 11.1 kpaTyaiiiukm sBasiercs
nyte A—»> B— D-— E— C-—> A; npu 3TOM MpolileHHOe
paccrosinne paBHO 26.) HecMoTpst Ha MHOTOUHC/IEHHBIE NPAKTH-
YyeckHe NMpHMEHEHHs 3TOH 3a1auy, oOLHH aNTOPUTM ee pellleHus
IO CUX MNOp, K COXKAaJIeHUIO, HEeH3BeCTeH.

(ii) B nmocsiennee Bpems cTasla NONyJsIPHOH TOJOBOJIOMKA,
Ha3BaHHasi «MTHOBEHHOE IoMemate/ibcTBo». (OHA COCTOUT H3
YeThipeX KYOHKOB, I'paHH KOTOpBIX pacKpalleHhl B KpacHbIH,
CHHHH, 3eJieHbIH W JKeJTbld LBeTa, NMpHYEM KaXKAbLIH Ky6 HMeeT
xoTd Obl OJHY I'paHb KaxKAo0ro uBera (Kak Ha puc. 11.2). Tpe6y-
eTcs NOCTaBHTb 3TH KyOHI APYT Ha Apyra Tak, yToObl KaxKaaa M3
yeThipex OOKOBLIX rpaHel pasmepa 4 X 1 nonyuyupmeincss nps-
MOYTrONBHOH NpH3MbI OblJIa OKpallleHa B KaXXAbIH M3 derhipex
LLBETOB.
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UTo6nl pellHTh 3Ty 3afauvy, NpeACTaBUM KaXXIblli Ky6 rpa-
{oM ¢ yeTeIpbMH BepLIMHAaMH, 110 OJHOH Ha KaxKAnlH LBeT. Bo
BCeX TaKuX rpadax JABe BEpPLUIHHBEI CMEXKHEL TOI'Zd H TOJBKO TOT-
Ja, Korja B paccMarpHBaeMOM Ky6e JBe NpPOTHBOIIOJOXHbIE

Ofx (&x] OF O
K|XxX]|]3}|C K|X|C |3 CICIK X 3IX|K |3
K X 3 K
Puec. 11.2

rpaHu pacKpalleHnl B cooTBercTByromjue nsera. I'padwl, coor-
BeTCTBYyIOIMe Ky6aMm, H300paxKeHHBIM Ha pHuc. 11.2, nokasaHb
Ha puc. 11.3.

Kq,@cu:@%x@cx@c
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Y 1o6HO HaJIOXKHTb BCE 3TH padbl OAWH Ha ApyroH H o6paso-
BaTb U3 HUX HOBbIA rpad G (puc. 11.4). Tak kKak B /060M pellle-
HHH TOJIOBOJIOMKH Ha KaXKAOH M3 ABYX Nap INPOTHBOMOJOXKHBIX
OGOKOBBLIX T'paHel INpH3MBI HMMEIOTCS JiBé TpaHH Kyba KaXAoro
1[BeTa, TO HETPYAHO BHJAETb, UTO HCKOMOE DellIeHHe MoJy4aeTcs
cjeaylomuM oOpa3oM: HAaXOAHM JBa pebGepHO-HenepeceKalo-
muxcs noarpada H; u H, rpada G, ABASIOUIHXCA PEryJiipHBIMU
CTENeHH 2 M coAepKaluX N0 OXHOMY pebpy XKamaoro HoMepa
(HalleMy 4YaCTHOMY CJly4dald COOTBETCTBYIOT NoArpadgsi, H306-
paxeHHbie Ha puc. 11.5). Toraa H, u A, 3ajgalor usera, pacroJio-
XKeHHREIe Ha nepenHeii-3aiHell U JeBOH-NpaBoOi 6G0KOBLIX TIpaHAX
npu3Mel. TakuM oOpa3oM, pelieHHEe MOXeT ObIThb ITOJIYYEHO C
noMoublo 3THX noarpagdos (puc. 11.6).
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3 C K 2 C
1 1 3
2 X 3 4 X
Puc. 11.5
Puc. 11.6.
YTIPAJKHEHUS

(11a) ITpumenssn npoueaypy, yKasaHHyw B Teopeme I11A, HalxuTe
OCTOBHO€ JepeBO C MHHHMaJbHO BO3MOXHOH CYMMOR Mep IJis
rpada, usobpaxxeHHoro Ha puc.l1.7.

(11b) Hai#ixute Kakofi-HHGYNb APYroil aJirOpUTM JJIsl peileH!sT 3a%auy O
COeAMHEHHH TFOPOAOB, BKJIOYAIOMHH yAaJseHue H3 rpada G pelGep
camoii Goabuwon Mepbi. ITokaxuTe, uTO ecaH Mepnl Bcex pebGep

Puc. 11.7,
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COBIIAAAIOT, TO 3TOT aNrQOpHUTM JlaeT MeTOl, NMOCTPOCHHA OCTOBHOTO
Bepesa rpada G.

(*11c) IlpumernTe Teopemy 1A Ans AoOKa3laTenbCTBA TOrO, YTO €CAR

V — KoHeuHOMepHOe BEKTOpPRO€ MPOCTPAHCTBO, TO JIOGHE NBa
ero 6a3Huca COCTOSIT H3 OAHOTO H TOrO K€ UHCJa SJEeMEHTOB.

{*11d) IlpexnonoxuM, uTo B 3ajlaie O XOMMRBOSXKepe BCe 1 TrOPoJoB

(11e)

pacnoJioXXeHbl B KBajJpaTe cO CTOPOHOH k. Pa3buBasa 3TOT KBax-
pPaT Ha m napajJieJibHBIX Y3KHX [I0JIOC, WOKa)XKHUTE, YTO BeCh
npolileHHuA NYTh MOXKET He npeBocXoauTh k(m -+ 34 [n/ml).
IMono6paB nonxonsimee m, NOKa)XHTe, YTO (NPH BO3PACTAHHM 1)

STO pacCTOAHHE AaCHMINTOTHYECKH He NpPeBOCXOXHT 2&Y n.
IlokaxkuTe, 4TO B 3ajjlaye O paCKpalleHHLEIX KYOHKaX CYUIECTBYeET
4] 472 paanHuHHX cnoco6a COCTaBHTL NPAMOYTOJBHYIO NPH3IMY
4 X1 ¥ uyro B HalleM YAacCTHOM INpPHMepe TOABKO OINHH HB 3THX
cnocoGoB JaeT pelmieHHe 3ajaudH.



