4.1. NO3NUNOHHbBIE CUCTEMbI CHUCNEHUA

Cr1oCcoB BHIIOJTHEHUSA APUOMETHYECKHX ONMEPAIIMI TeCHO CBA34aH Co crniocoboM npe-
CTaBJIEHUA 4HCEJ, HaJ KOTOPBIMM BBIMOJHAKOTCA onepauuy. IlosTOMY pe30HHO Ha4YarTb
H3y4eHHe NpeaMeTa ¢ 00CyKIEHU S MPHHIMIHANbHBIX II0JX0J0B K NPEICTaBIEHHIO YHCEeT.

IToauunonHoe npencrasnenue ¢ ocnoganuem b (Unn no ocuosanuro b) onpemensercs
1PaBHJIOM
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nanpumep, (520.3)¢ = 5-62+2-6! + 0+ 3-67! = 192]. TpaauunoHHas AeCATHYHAS
cUCTeMa — 3TO, Pa3yMeeTcs, 4aCTHbIN Ciayvait, Korga b paBHO OECATH, a& 3HAYCHHSA Qj
BbiOMpalorea u3 “mecaruudnix uudp” 0, 1, 2, 3, 4, 5, 6, 7, 8, 9; B 9TOM Cilyuae UHIEKC b
B (1) MoXeT ObITh OMyIIeH.

ITpocreitiue 06o6meHns JeCATHYHON CHCTEMBI MONYYAalOTCs, KOrJa B KauecTBe b
OepeTcs Hesoe yucao, 6onbinee 1, a B KauecTBe ap — Lenble yncaa U3 pHTepBada 0 <
ar, < b. TakuM 00pa3oM NPHXOIUM K CTAHIAPTHON gBoudHoi (b = 2), Tponunoit (b = 3),
yersepuyHolt (b = 4), natepuunoit (b = 5), ... cucremam cuncienus. B obuem crysae B
Ka4yecTBe b MOXKHO B3aTb M0H0E HeHYI€BOE YHCIIO, & YuCNa 4y BHIOGMPATh U3 NIPOU3BOIbHO-
r0O 3apaHee 33JaHHOTO pAJa yucesa. Kak Mbl YBHIMM JaJjee, 3TO IPHUBOIUT K HEKOTOPBIM
MHTEPECHBIM CHTYAUHMsAM. TOYKA MEXIY Gg U a3 B (1) HA3BIBAETCH NO3UYUOHHOT MK
pasdeasrowet. (Ecim b = 10, Touka Tak»kKe Ha3blBaeTCH JECATHYHON; B CIydae, KOTIa
b = 2, ona uHorza Ha3bIBAeTCA JBOMYHOM TOYKOH u T. X.). B crpaHax Esponeiickoro
rowmunenma {BerukoOGpuTaHUS, KAK M3BECTHO, ce0s K TAKOBBIM HE OTHOCHT) BMECTO
pasgenswoueit TOUKH 4acTO UCIOJb3yeTCs 3anATas.

Yncna ag, B (1) vaspiBawoTes yugpamu npencrasienns. Ludpy ax ¢ 66npmnm k Ha-
3bIBAIOT Donee 3HayMMOI, yeM ay, ¢ MeHbimuM k; Kpaiiniow ciesa, HIH “Beayilyw’, uud-
Dy Ha3BIBAIOT Hauboaee 3HanuMotll, a KPANHIOW CNIPaBa, MM “XBOCTOBYIO' ,~— HAUMEHEE
3navumou. B craHmapTHOI MBOMYHOH CHCTEME JBOMYHBIE HH(PH! 3a4acTYIO0 Ha3bIBRIOT
bumamu; B CTAHZAPTHOH INECTHAIUATEPHYHOM cucTeme (C OCHOBAHMEM IIECTHAJUAThH)
IIeCTHAAUATEPHYHbIC HHMPEI OT HYJIA JO NATHAAUATH 0ObIYHO 0DO3HAYAKOTCH TaK:

0,1,2,3,4,5,6,7,8,9, A, B,C,D,E,F.

Ncropus passuTus crnocoboB NMpeacTaBIeHHS YHCEN] — yBJIEKATEIbHAsA MOBECTh, TakK
KaK HX pa3BHUTHE [IPOHCXOJUT NAPANIEIbHO PA3BUTHIO CaMoit ruBuan3anuy. OgHaKo npu
nogpoOHOM PAacCMOTPEHHHM 3TOH MCTOPHH MBI yULIM Obl JAJIEKO B CTOPOHY OT IJ1aBHOM
TEeMBI; TEM He MEHEe I0JIE3HO KOHCIIEKTHBHO M3JIOXKHTb OCHOBHBIE €€ MOMEHTHI.

Hanbosnee panuue GopMbl peacTaBIeHHUs Yices, OOHAPY>KEHHbBIE B IPeBHUX HUBHIIH-
3anuAxX, 00bIYHO OCHOBBIBAIOTCA HA HCTIOMb30BAHUMHM IPYMI NAJIbIEB, KY4YeK KaMHel u T. I.
C JDOMOJHUTEbHBIMI COTJVIAMIEHHSMH O 3aMEeHe HeKOTOpOIt IPYIIIbl, CKaXKeM, U3 MATH UIH
aecaTH o6BbEKTOB OJHUM OOBEKTOM CIENHATBHOTO BHAA HJIH OOBEKTOM, PACIIONIOKEHHBIM
B crnenuaiabHoM MecTe. ITomoBHbBIe CHCTEMBI €CTECTBEHHO NMPHUBOAAT K Hanbofee paHHMM
M3 M3BECTHBIX CnocobaM NpeacTaB/eHHs] YHCE B MICbMEHHOM BHIE, TAKMM KaK BaBHJIOH-
CKHe, ErHNeTCKHe, 'peyecKie, KUTANCKHNe H PHMCKHE YHMCIIa, HO TaKoro poga 00o3HaveHHns
ype3BbluaifHo HeyJOOHBI JJ1s1 BBINOJHEHUS apudMeTHYeCKUX onepauuit, KpoMe pa3Be 4To
IPpOCTEHINNX CJIYYAEB.



CnyGokuit aHanmn3 OpPEBHHX KJHHOMUCHBIX TabinueK, oOHApPYKEHHBIX ApXE0I0oraMHu
Ha Cpeanem BocToke, KOTOpBIt BBINOJHEH MCTOPMKAMM MaTeMaTMKH B 20 CTONETHH,
MOKa3aJl, 4TO BABHIOHAHE nDUMEeHAnU d’)ELKTHllPCKH JBe Da3nu4HbIe CHCTCMBI NpDEOCTaB-
JIEHHS ymucesl. HCaa, KOTOPBIE HMCIIOAb30BAJHCh MPH BeJEHHH IIOBCEIHEBHLIX AEJOBBIX
3anuceit, 3aMUCHIBAJIMCH NIPH TTOMOIIH YHACJEI0BAHHBIX OT Oos1ee paHHMX LMBHIM3ALHMH
MeconoraMuu 0603Haye 'Hﬁ, OCHOBAHHDBIX Ha I'PYNINIHPOBAHKHHM 110 AECATKaM, COTHAM H T. O.
[Ipu arom HEOOXOAMMOCTH B ONnepaudax ¢ OOJbIIHMHM YHCIaMHM BO3HMKANA peiko. Ilpum
pemeHHy Oonee CIOXKHBIX MaTEMAaTHYECKHX 33Ja4 BABHJIOHCKHME MaTEMaTHKH IIHPOKO
HCIIONIb30Ba/IH [EeCTHIECATEPUYHYIO (IO OCHOBAHHIO MIECThAECAT) IO3MIHOHHYIO CUCTEMY,
JOCTATOYHO Xopowo pa3paboTanHyio K 1750 r. go H. 3. DTa YHCIOBAA cHCTEeMa ObLiIa
YHHKANBHOM! B TOM CMBbICJE, 4TO OHA (akTHdecKH Oblia dopMoit NpeacTaBleHHs C Nad-
sarowell movwxol C OMYIIEHHBIM MOKA3ATENEeM CTENEHH; COOTBETCTBYIOMMI MaciuTabHbI

MHOXKHTEJIb, HJIH CTEIeHb HMECTHACCATH, ONPEIaC/IAJICA 13 KOHTEKCTa, TaK 4TO, HAIIpHMED,
yuena 2, 1‘2(] 7200, L 4 T. A. 3anuckBanuck onmHakoBo. cobeHno VTTQ6HQ ORLIO

LTINS =& 2 &Y A i £ Cnarav D20 a0 L ra QAN 220 AN A TENS

T101b30BATHCS ITOM cnc'remoﬁ JJ1s1 YMHOXKEHHUS ¥ JeJIeHH S ITPH MTOMOILH BCIIOMOTATENbHBIX
TabIM1I, NMOCKOJBKY BBIPABHMBAHHE MOPSAKOB HHKAK He BAHAJO HAa oTBer. Ilpummepom
TaKOH BaBHJIOHCKOH CHCTEMBI 34ITHCH MOKET CJIyKHTh BbINMUCKA K3 JpesHux radiny “Kba-
apar 30 ectb 153" (uTo MOxHO mpodects, Kak “Ksagpar 3 ecrb 1"; “Uncio, obparHoe
81 = (1 21)g0, paBHo (44 26 40)¢o”; “Ksazmpar sToro uucia paBeH (32 55 18 31 6 40)g¢”
Y BaBHJIOHAH OBLI CUMBOJ 18 0003HAYEHHUS HYJISA, HO M3-33 UX UJEOJOTHH 0OPALIeHHA C
nsasalolelt TouKoi OH UConb3oBalca MeX Iy undpaMH, HO HUKOIJa — B Kpaitneit cnpa-
Ba NMO3HLHHK A718 obo3HaveHus MacimTaba. O6 uHTepecHON nCTOPHH paHHEN BABHJIOHCKOHN
MaTeMaTHKH MOXKHO npoyecTs B KHurax Q. Neugebauer, The Exact Sciences in Antiquity
(Princeton, N. J.: Princeton University Press, 1952), B. L. van der Waerden, Science

neuuol ua aurnmbickuit A. Ipneanenom fA_ nrncr]pn\ (Gronineen:

enenHoll na anrmmiickuit A. dpeznenom esden) (Groningen:
P. Noordhoff, 1954)*, a rakxe D. E. Knuth, CACM 15 (1972), 671-677; 19 (1976), 108.
Ilo3uumoHHnas cucreMa ¢ PUKCHPOBAHHON TOYKOMN, OUEBHIHO, BlEpPBbIE MOSBUIACH B
LenTtpanbuoit AMepuke y ungeiines Maiis okono 2 000 ner tomy Hasaz. Ux cucrema
CYHCJICHHSA 110 OCHOBAHHIO ABAAUATH ObljIa JOCTATOYHO XOPOIIO NPOAYMAaHHOM, 0CoOeHHO
€CJIM Y4eCTh NOTPEOHOCTH B 3AIMMCH aCTPOHOMMYECKHX HabmoaeHt 1 KaIeHJapHbIX JaT.
Nugeitups Ilenrpanbuolt AMepnku BBenM B ynorpeOseHHe NMUCbMEHHBIR 3HAK IS
Hyas okono 200 r. H. 3. OgHako MCNIaHCKHE 33aBOEBATEN YHMYTOXHIIM IIOYTH BCe KHH-
ri Mafts no MCTOPHM M HayKe, IOSTOMY HAM TPYIHO CYIMThL 00 ypOBHE abOCTpaKuHH,
JOCTHIHYTOM abopureHaMu AMepHKH B apudmeTHKe. Bblim HaiineHbl Tabiauipl yMHO-
’KeHHs CNeUHaIbHOTO Ha3HA4YeHUusA, HO He OOHApPYKEHO HHKAKHMX NMPHMEPOB MO JeJeHHIO.
(CM. J. Eric S. Thui’fipSGu Contributions to Amer. Anthi qux'()gj/' and HIStOTy 7 (Carnegie
Inst. of Washington, 1941), 37-67; J. Justeson, “Ancient Mesoamerican computing prac-
tices”, History of Science 3 (Rome: Istituto della Enciclopedia Italiana), B neuarn.)
3a HeCKOJNIBKO CTOJIETHit 4O HOBOM 3pbl IPEKH NPHMEHSAJH O/ CBOHX BBIYHCIEHH
PaHHIO Pa3HOBHAHOCTH CYETHOH IOCKM (abaku), MCMOJIB3YS MECOK M/MIIM TajbKy Ha
JIOCKE C HauepYE€HHBIMM CTPOKAMH H CTOJOLIAMH, KOTOPbIE €CTECTBEHHBIM 00pa3oM CoOT-
BETCTBYIOT Hameld necaTH4HOil cucreme. Ham, MpHBBIKIIMM BBINONHATH PACYEThl NPH
IIOMOIIHM KapaHjaina u OyMars, CKopee BCEro, IOKAXKeTCsl CTPAHHBIM, YTO TOT e NMo3H-

IMOHHBIA NPUHIHUIT HHKOIIA He NMPUMEHAJICS HMH I8 3anUCH YHCes, Beb Mbl TAK K HeMY

A TARSIASAKS Al Fasisashia DAXLANAAL 4T XA sajes A‘l\JlAlaunle i
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* Hmeercs pyccxuit nepesoa kuurn: B. JI. Ban aep Bapaen, IIpobyxxaaomasncsa Hayka, Pusmarrus,
1959. — ITpum. nepes.



npusbikian. Ho 6éabwmas npocrora BeraucieHult Ha abake (MUCaTh TOTJa YMeENH JAJIeKo
He BCe; KPOME€ TOro, BBIYHCJICHHS Ha abakKe JeJaM HEHY>KHbLIM 3anoMuHaHue Tabauun
CIOXeHug U VMHO)KPHHSI] annsrrnn l‘l‘nHRPHH T"I")PKOR K VF)P_)K_HPHHIO yT0O Heneno nax«:

npearosararb, YTO BbIYHCICHHS y,uo6Hee BBUTONHATL, ‘napanas Ha Oymare”. B 1o xe
BpeMs IpeyecKre acTPOHOMBI LI 3alHCH Jpobeit MCMOJIb30BaJIH IIECTHIECITEPUYHYIO
CHCTEMY CHMCJEHHH, YEMY OHH HAy4HJIHCh ¥ BaBHJIOHSH.

ITpuBbIuHAA HAM JEeCATHYHAS CHCTEMA, OTJIHYaKLAsAcs oT bonee paHHUX GoOpM mnpe-
»KJe BCero HaJnm4yueM (GHUKCHPOBAHHOH pasnendomeif TOUKH, a TaKXKe HCIOIb30BaHHEM
CHMBOJIA HYJI 071 0603Ha4YeHUS yCTON MO3NUHMH, BriepBble noasunack B Mnaun. Tounasn
JaTa BO3HUKHOBEHHSA ITON CHCTEMbI HEM3BECTHA, HO €CTh OCHOBAHUS NOJAraTb, 4YTO 3TO
npou3o1o okono 6 B. H. 3. VHaycckas HayKa TOro BpeMeHM JIOCTHUIN8 JOBOJILHO BBICO-
KOTO YPOBHSI Pa3BUTHS, B 4aCTHOCTH 3TO OTHOCHTCH K acTpoHoMmuu. B Hanbonee paHHHX

M3BECTHBIX MHIMHCKMX MaHYCKPHITAX, B KOTOPBLIX NMPHMEHAETCH AecSITHYHASA CHCTEMA,
YUCJa 3ANUCHIBAKTCSH B nﬁnamnnm NopsIKe (r' Haubomee IHauuMon rmdﬁngﬁ cnna_ga\ HO

Jafhk SIFIUVDIDGISAL, LarassNs

IT03JHEE CTAJIO NMPABHJIOM PACIOJIOXKEHHE Han6onee 3Ha4yHMOl UMQPbI CIEBA.

Oxkoso 750 r. H. 3. Ha apabckuit A3bIK ObLIO NEPEBEIEHO HECKONbKO BaXKHBIX paboT
HHIYCCKMX MATEMATHKOB, H IPUHLMUIILI AeCATHYHON apH¢MEeTHKH TAKHM 00pa30M nonaJin
B Ilepcuwo. 2KusonuchHoe onucanue 3TOoro nepuoga MOXXHO HaMTH B ApeBHeeBpelcKOM
pykonucu Abpaxama 161 D3pa (Abraham Ibn Ezra), nepeBox koTopoil Ha aHTJIHACKHI
A3bIK onybmmKkoBaH B XKypHaiae AMM 25 (1918), 99-108. Bckope nocie 3TOro ajb-
Xope3aMu Hanucan Ha apabcKoM s3bIKe cBoe pyKoBojcTBO. {Kak ormewasocs B ruase 1,
CJIOBO “aJIropuTM” NpoOM301L10 oT ero uMeHH.) Kuura ans-Xopeamu Oblia nepepeseHa Ha
JIATBIHb Y OKa3aJla 3HauHTeNlbHoe Biusuue Ha Jleonapao IInzano (Pubonayun) (Leonardo

Pisano (Fibonacci)), ubs xuura no apudmernxe (1202 r.), B cBOIO 0Yepeib, Chirpaja

pemaniyo pojik B PACcHPOCTPAHEHHH HMHIO-apabcKuX MeTonoR paboThI € 4MCIaMH B

Erpone. MHTepecHO OTMETHTb, 4TO B PE3YJbTATE TAKOTO JBOHHOTO IepeBoja MOpsIoK
3aIMCH YuceN (C/IeBa HANMPABO) HE MU3MEHMJICA, XOTs Apabbl MHIIYT CMpaBa HaJEBO, & HH-
AYChI ¥ €BPOMNE1bl — CJIEBA HAIIPABO, uoﬂ,pooﬂo NMpouecc pacnpoCTPaHeHHA JECATHYHOMN
Hymepauuu u apudmeruks no sceit Espone ¢ 1200 no 1600 ron onucan B Kuure David
Eugene Smith History of Mathematics 1 (Boston: Ginn and Co., 1923), rn. 6 u 8.
Bravane gecATHyHas CHCTEMa CHHCJIEHHS NPHMEHANAch TONBKO K UEJbIM YHCIAM
(ans onepauuit ¢ Apo6AMHM OHA HE HCMOJML30Bajach). ApabCKHe aCTPOHOMBI, KOTOPBIM
JJ1s1 COCTABJIEHNS KAPT 3Be3AHOro Heba ¥ APYTrUX aCTPOHOMUYECKHX TAabHI NMPUXOIHIOCh
NPUMEHATDH OpoOH, ITPOACIKAJIH [TOJIb30BATHCS CHCTEMOYN 3HAMEHHTOI'O TPEYECKOro aCTPOo-

"Homa Iltosemes, OCHOBAHHON Ha IIECTHIECATEPUYHBIX IPOOAX. ITa CHCTEMa €IMHHUII—

PYIMMEHT MEeCTHACCATePHYHON CHCTEMBl BABHJIOHSH — JOMHJIE 00 HAIIUX jHeM U HC-
XL AN b ASCANLFEAVANT LA LA LALALAALR LSS JdANANsEA ma ma

pyaume HUIeCATEPHYH ICTEMb! BABHJIOHSH — JOXKHJ

MOJBL3YeTCs JJ1s U3IMEPEHHS YIVIOBBIX PaJdyCOB, MHHYT ¥ CEKYH/I, & TAK2Ke JJI1 HEKOTOPBIX
eIMHHUL u3MepeHus BpeMeHH. Ylenonb30BanuCh NEPBBIMU €BPONEHCKMMH MaTeMaTHKaMH
M IIECTHIAECATEPHYHbIE JApOOH, KOrAa MPHXOAHJIOCh UMETh JEJio C HEelEeJbIMH 4HCIaMH.
K npumepy, OuboHavyyy npuBOaH 3HAYEHHNE

attt v

10 gl =l 4 aalV 4V A4nVI
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B KA4CCTBE MPHOIHKEHHOTO KOPHSA ypaBHenus r° + 2x2 + 10z = 20. (IIpasribHblit oTBeT:
1° 29! 7 49" 331V 4V 38V 3QVH 5QVIH 151X 43X )
Ll - - T = W 3 A A LAY TS e e LI ] ‘}

Kasercsi, He TaK y»>K MHOTO HYKHO M3MEHHTB, YTOOBI HMCIOJIB30BATH JECATHYHbIE
0OO3HAaYEeHNs A7 JECATHIX, COTBIX M APYIHX YIVIOBBIX M BDEMEHHBIX MapaMeTpoB, HO,



KOHE4YHO, JIOMaThk TPAJHUMHA BCEraa TPYOHO, TeéM 0oJiee YTO IECTHAECATEPHUYHbIC JpodH
HMEIOT npenmymecrso nepes JecATHYHBIMM APOOSMH B TOM, YTO TaKHe 4HCJIA, KaK -;—,
oryr ObITb 3aITMCaHbl TOYHO H npaocTO.

Kuraitckue MaTeMaTHKH — KCTaTH, HHKOTJa HE MOJIb30BaBIIHECH IIeCTHIeCATEPHY-
HOH cucTeMoii, — BeposATHO, ObLIM MEePBLIMH, KTO CTaj pAbOTaTh C BeJHYHHAMH, SKBUBa-
JIEHTHBIMH JECATHYHBIM IpoOsAM, XOTs HX uucioBasi cucreMa (0e3 Hyist) u He Oblia B
CTPOroM cMblciie no3uuuonHot. Kurafickue eInHuub! Mep ¥ BecoB ObLIH JECATHYHBIMH,
tak 470 II3y Yyn-YUu (ymep B 501 r.) cMOr annpoKCHMHPOBATH YHCIO T B ClEYIOLIEM
BUE:

3 gana, 1 wku, 4 uyus, 1 ¢au, § au, 9 xao, 2 mso, 7 xy.

3mech 4aH, ..., Xy —eJHHHUb! OAuHbl; 1 xy {auamerp wenkoso#t HurH) pased 1/10
Ms0 U T. 4. Hcnonb3osanue npobeit, CTOMb NOXOXKHUX HA JeCATHYHbIE, Noayumyio B Kutae
JIOBOJIBHO LIHPOKOE pacnpocTpaHenue nocie npumepro 1250 roga. Havansnas dopma uc-
THHHO JeCATHYHBIX Apobeil nossunacs B 10 Beke B TpakTaTe no apudMeTHKe, HAITHCAHHOM
B /lamMacke HEM3BECTHBEIM MATEMATHKOM, KOTOPBIH MOJIHMCANCH HMEHEM “a,nb-yxnn,nncn”
(nocnegoBarens, Esknuaa). Ou BBen obo3Hayuenne MECTA Pa3MelUeHNA JeCATHYHOH ToY-
KM, B YaCTHOCTH B CBA3M C Npobsemoit ymMuoxenus 135 na (1.1)" npas 1 <n <53
(Cm. A. S. Saidan, The Arithmetic of al-Uqlidisi (Dordrecht: D. Reidel, 1975), 110,
114, 343, 355, 481-485.) Ho anb-YKAuAuUCH HE PA3BHJ ML A0 KOHIA, H €ro TPAKTAT
BcKope Obun 3ab6blT. 113 maruposannoro 1172 rogom Tpakrara anb-Camaiisns, KOTOPBIi
»xkull u paboran B Bargane n Baky, cieayer, uro emy ObIil u3BECTeH CNOCO0 BhIYMCIEHHS
v10 = 3.162277..., HO OH He Hale] MOIXOJALIEro CHocoba 3amucu pesyisrara. Yepes

HECKOJIBKO CTOJICTHIH ,uecsrmqﬁble ,npo6n 6bum 3aHOBO OTKPBITHI apabckuM (cpeaneasu-
aT(‘KnM\ MareMaTHkoM anb-Kamwm, ymeptium B 1429 rnrrv* Ane-Kamu 6pl71 BEeCBMA

MCKYCEH B BBITOJIHEHUHM BCAYECKHX BbI‘{HCJIeHPlﬂ ¥ Hales cieldylomee 3Ha4YeHue st 27,
comepKaiee 16 npaBHIBLHBIX JeCATHYHBIX 3HAKOB.
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D10 6bLIO HaMnyyinee npubIHKEHHE K T 10 Tex nop, noka Jlygonbd san Leitnen (Lu-
, T

Anlenh o MHasilan) mrsccomarern o marrarsesa 15
QOIpil Vall Leui€li), BbIIIOJHHAD B TCHUCHHC 10

BBIYHCIUI 35 JeCATUYHBIX 3HAKOB.
Camblit panuuit npumep onepanuil ¢ JecsTHunbiMi aApobsamu B EBpone obnapyxen
B OJHOM TEKCTe, HAMMCAaHHOM B 15 Beke, rae, Hanpumep, 153.5 yMmHOxaeTcsa Ha 16.25
¥ B orBere nonyuaercs 2494.375. Vicnoab3yembiit npu 3ToM MeTon Obln Ha3BaH “Typeu-
M”. B 1525 rogy Kpucrod Pyxoned (Christof Rudolff) us [epmanun camocroaTenbso
OTKDbL1 JeCATHYHbIE ApOoOM, HO, KAK M paboTa aab-YKIMOHUCH, ero paboTa OcTajach
npakTHyecky HezaMeueHHol. Ppancya Buer (Francois Vidte) aTy naeo BhICKa3aJj CHOBa
B 1579 roay. Haxkonen, B 1585 roay npuobpen nonynsapHOCTL TPAKTAT MO apugdMeTHKE
nanucaubiil Cumonom Cresunom (Simon Stevin) u3 Benbruun, KOTOPBL CaMOCTOATENBHO
npHiIes K #aee necATHYHbIX apobeit. Pabora CreBuna M nocienosasllee BCKOPe OTKpPhI-
THe JIorapudMOB NPHBEIX K TOMY, YTO B TeuyeHue 17 Beka JecATHYHBIE IpoOH CTaaH

obwenpuHATbHIME NoBcloay B Espone. [[Tozpo6HOCTH M CCHUIKH HA JMTEPATYPY MOMHO
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* B BCD npuseaer apyro#i rog cMepTu — okono 1436-1437. — Hpum. nepes.



nafity B kiurax D. E. Smith, History of Mathematics 2 (Boston: Ginn and Co., 1925),
228-247,u V. J. Katz, A History of Mathematics (New York: HarperCollins, 1993).]

JBonunas cucreMa cunucIeHHA HMeeT CODCTBEHHYIO HHTEPecHYIo neroputo. U3sectho,
YTO MHOTHE MJIeMeHa, BeAyliiue B Haillle BpeMs NepBOOBLITHBIH 00pa3 >KU3HH, HCNO/b-
3YI0T JBOMYHYIO, WIH NapHYI0, CHCTEMY cuera (FPYNINHPOBaHWE MO jBa, a HE MO IAThb
HJIH JECATb), HO ObLI0 Obl ouiHbKON yTBEpKAaTh, MTO OHH JEHCTBHTEILHO CYHTAIOT B
JBOHWYHOH cHCTEeMe, TaK KakK IPH 3TOM CTeNeHH ABOUKH HHKOHM OOpa3oM He Bhbljaesld-
101ca. nTepechbre nojpobHOCTH O NPUMHTHBHBIX YHC/IOBBIX CHCTEMAX MOXKHO HaliTH B
crarbe Abraham Seidenberg The Diffusion of Counting Practices Univ. of Calif. Publ.
in Math. 3 (1960), 215-300. Hpyro#i “npuMuTHBHLIA" NMPuUMEp JBOHYHON CHCTEMbI—
My3blKanbHasA HoTauusa (4718 oBO3HavyeHust puTMa M JumHTeNbHOCTH HOT). B 17 Beke

npeaMeToM 0OcyxkiaeHusi B EBpone Oblin HenecATHYHbIE CHCTEMbI. B TeyeHne MHOrHX
JIeT aCTPOHOMB! OT CIYYas K C/IVYaK) UCNOJb30BANY MECTHIeCATEDPHYHYIO apnd\MQTHKv

KAK JJIs0 LeJIbIX, TaK U JJs le06HbIX qacreil Yynces, rJJaBHLIM oGpa:so.u, IPH BbINOJIHEHUH
ymHoxkeHus (cM. John Wallis, Treatise of Algebra (Oxford, 1685), 18-22, 30). Tor daxr,
4yTO A1060€ uenoe, Honbiiee 1, MOXKeT CIYXKHTb OCHOBAHHEM JJISI CHCTEMBI CUYHCJIEHHS,
BlepBbIe onybsiuxoBan okoso 1658 rona Biesom [ackanem (Blaise Pascal) B De Numeris
Multiplicibus. [Cm. nonnoe cobpanue couunenumii [Tackans (Fuvres Complétes (Paris:
Editions du Seuil, 1963), 84-89.] ITackanb nucan: “Denaria enim ex instituto hominum,
non ex necessitate naturae ut vulgus arbitratur, et sane satis inepte, posita est”, 1. e. “/e-
CATHYHAS CHCTEMA NMOCTPOEHA JAOBOJbLHO HEPAa3yMHO, B COOTBETCTBMH C 4e/IOBEYECKHMH
oObIMasiMH, a BOBCe He ¢ TPeDOBaHHAMH €CTECTBEHHOH HeoDXOJHMOCTH, KAK CKJIOHHO
aymaTs GonbiuHeTBO aoaei”. OH yrBepxkiaan, uyro GbLIo Obl JKeslaTesbHO nepeiitu K
JIBEHAALATEPUYHOH (10 OCHOBaHMIO JBEHAJLATh) CHCTEMEe, W IPEIJIOKU/ NPaBUJIO MPO-
BEPKH JeJHMOCTH JBEHaJUATEPUYHOro uncia Ha 9. dpxapx Baitrens (Erhard Weigel)
B pAje nyOiaukanui HayuHad ¢ 1673 roxa nbrtancd npobyauTh MHTEpPEC K 4eTBEpHYHOMN
(O OCHOBaHHIO YeTbIpe) CHCTEME CYHCIIEHHS. Honpobuoe o6cysxkaenne apudMeTHKH 10
OCHOBAHHIO JIBeHAIlaTh 66110 npoBeneHo Jxomya Ixkopisiinom (Joshua Jordaine) B
pabore Duodecimal Arithmetick (London, 1687).

Xotst B apudMeTHKe Ha NMPOTAKEHHH BCEH TOMH 3M0XH NPHMEHSACh MOYTH MCKIO-
YHTEJbHO JECATHYHAA CHCTEMA CUYHUCJIEHHs, CHCTEMbI Mep M BECOB PEIKO OCHOBbLIBAJIHCDH
(eci BOOOGWIE OCHOBLIBANMCH) Ha KPATHOCTH JECATH, W IJis BeIEHHS MHOTHX TOProO-
BbIX onepanuii TpeboBanach U3pAHAA IO/ YMEHHs CKJIaIBIBATh BeJHYHHBI Hanonobue
¢yHTOB, WHLUMHrOB H nencoB. IlosToMy Ha NpOTsAXKEHHH CTOJETHH KYMNUbI Y4HIMCDH
CKJIaJbIBATh H BHIYHTATb BeJHYMHDI, BbIpAXKaeMble crienuduiecKuMn JeHEKHbIMH €11~
HHIAMH, €IHHHLAMHE MepP U Becos, a 3T0 dakTuyecku Obl1a apudMeTHKA B HEJIECATHYHOIM
cucreMe cyuciaerusa. Ocoboro BHUMaHHs 3aCJyKHBAIOT, B YACTHOCTH, OCHOBHbIE €/IMHHIIbI

HaMeneHpd nﬁrx_nu waneaeTa r A grnmio VCTAHORURIIIHECTd LIS B 1 q ReKEe w/AU 1A Ke
e y\dlll&l AVl JL\IAH‘\U\J 4L Eh Fv d MEAL Jlll.l, J N -~ &~ R, ULHU KEdVAaxs H‘—NJAK\J

paHble.
2 nxxuna = 1 nonymrod

2 nonymroga = 1 nunra

2 nuHTBHI = 1 KBapTa

r = 1 Trm Y
X = A i ]Ji

2 notina = 1 raniaon
2 rannoHa = 1 mex



2 nexa = 1 nonybymenn
2 nonybymenss = 1 6ymensd wiu UPKUH
2 bupknna = 1 kunepkuH
2 xunuepkuHa = 1 Gappenb
2 Gappens = 1 xorcxen
2 xorcxena = 1 naiin
2 naitna = 1 TaH

O6beMbl XKUIKOCTH, BbIPAsKEHHDBIE B TAJLI0HAX, NOT/IaX, KBAPTaX, MHHTAX U T. 1., [0 cyuIe-
CTBY, 3alTHCHIBANIUCH B ABOHYHOIT cucTeMme. BblThb MOXKET, NMOITHHHBIME H300peTaTensaMu
JIBOUYHOI apudMeruxky OblIH aHIJIHIICKHEe BUHOTOPIOBIbI!

Hackonbko ceiiyac u3BeCTHO, BIEpBbLIE YHCTO JBOUYHAA CHCTEMa CYHCJICHUS MOsABH-
sack B 1605 rogy B neckosibkux HeonybiuxoBaHHbIX paborax Tomaca Xappuora (Thomas
Harriot) (1560-1621). XappuoT 6bL1 IHYHOCTBIO TBOPYECKOH U npno6pen H3BECTHOCTD M0
ﬁpuﬁiﬁ'ﬁiﬁ B A‘Mc HKY B Ka4€CTBE lipencTaBsuTelia CIpa auﬁTEpa Pases \wcuwx n,cumgu;
On u30bpen (cpeau Bcero MpoYero) CHMBOJIBL JijiA 0603HAYEHHs] OTHOLIEHHHA “MeHbIne”

u “Oosblie”, HCHOJIb3yeMble W HbIHE, HO 110 HEKOTODPbIM COOOparkeHHusAM Mpejarodves He
ny6nnxonarb DONBUIMHCTBO CBOUX OTKPLITHI. BblIEpP’KKH H3 €r0 3aMeTOK 1O JBOHYHOMN
apudmeruke BocnpousseneHnl Jxxonom VY. IInpin (John W. Shirley) B :xypunane Amer.
J. Physics 19 (1951), 452-454. Bnepsbie 3amerku X3pprHOTa OTHOCHTEILHO JBOHYHOIMN
cucreMbt Obli npountHpoBansl Mopiu {Morley) u nosasusuce B xxypuanie The Scientific
Monthly 14 (1922), 60-66.

[TepBorit onyBnuKOBaHHLIH aHANM3 JBOMYHOH CHCTEMbI NMOABUJICA B pafoTe HCHAH-

ckoro cBsueHHuka Xyana ge Kapamiwoans JlobxoBuna (Juan de Caramuel Lobkowitz)
Mathesis Bicens 1 (("amnam:p 167(\\ 45-48. Kapawmioane paccMoTpen pejcTaBiieHue
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YHCesl B CHCTEMAX 10 OCHOBAHUAM 2, 3, 4,5,6,7,8,9, 10, 12 1 60, HO He NPHBEJ HUKAKHX
npuMepPOB apHPMETHYECKUX ONePAlHi B HEJECATHYHBIX CHCTEMAaX, KPOME IIeCTHIeCsTe-
PHYHOH CHCTEMBI.

Haxownen, crarbs I'. B. Jleiibnuua (G. W. Leibniz) Mémoires de I’Académie Royale
des Sciences (Paris, 1703), 110-116, B xoTopoii GLLIH OMHCAHBI CI0JKEHHE, BbIYMTAHHE,
YMHOXKEHHE ¥ JieleHue B JBOMYHON cucreMe, neHCTBHTEILHO MPUBJIEKIA K 3TOH cucreMe
BceoDblllee BHIMaHKe, ¥ MMEHHO Ha 3TY CTATHIO CChLIAOTCA, TOBOPA O POXKJIEHHH apudMe-
THKH N0 OCHOBaHu10 2. JIeliOHul 1 B janbHelneM oyeHb 4acTo o0pamasics K JBOHYHOM
cucreme cuucienns. OH He PEKOMEHIOBAJl ee /151 NPAKTHYECKHX BbIYKCJIeHHI, OJHAKO
NOMEPKHBAJI BaKHOCTh ITOH CHCTEMbI B TEOPHH YHCEJ, TaK KaK 3aKOHOMEPHOCTH IOBe-
JIeHHs YHCJIOBBIX N1OCTIe0BaTeLHOCTER 4acTo ropa3ao jgerde yCMOTPeTh B JIBOMYHOM 3a-
HuCcH, 4eM B gecatuyHoil. OH Tak:Ke BK/1a/bIBAJI HEKHI MHCTHYECKHT CMBICT B TOT (DaKT,
4TO BCE B MHP€ MOKHO BbIPa3HTb C IOMOMIbIO HYJtelt u exqunul. Heonybiukosanubie pado-
Tbi JlefiOHHIIa TOKA3BIBAIOT, YTO OH HHTEPECOBAJICA JBOMYHON CHCTEMOM CUNCIIEHNUS eIe B
1679 rony, xorJa ccbitajics Ha Hee Kak Ha cucremy “bimal” (ananornyHo “necatuyHol”).

Ioxpobuoe uccnenoBanue paHHux pabor JIefiGHHLA MO JBOHYHBIM MHCJIAM BBIITON-
neno lamcom M. 3axepom (Hans J. Zacher) B pabore Die Hauptschriften zur Dyadik
von G. W. Leibniz (Frankfurt am Main: Klostermann, 1973). 3axep ormeuax, 4TO,
NpeAJIOKUB Cocolb BbIMHCIEHu NPH MoMomu KaMmHel, OPHEHTHPOBAHHBIX HA HCIO/b-
3oBaHne abaku 1o ocHoBauuio 2, JleiiGuun cran 61H30K K Tak Ha3biBaeMo# “J10Kajb-



Holt apudmeruxe” I:xona Henepa. Henep B 1617 roxy onybsmkoBas uaet0 JIOKAJIbHOIR
apH(pMeTHKH B NPHJICKEHHH K cBoeil manenbkoit KHure Rhabdologia. 9ta uzes Moxer
TPaKTOBATHCA KAaK IepBasd B MHPe “IBOHYHAasA MalUuHA' , TeM Oosree 4TO OHa Obl1a camoft
JemneBoit MauIMHON B Mupe, XoTa Henep M uyBCTBOBAJI, YTO 9TO HEe MalllHHA, a, CKOpee,
urpymka. (Cwm. o630p Mapruna lapauepa (Martin Gardner) Knotted Doughnuts and
Other Mathematical Entertainments (New York: Freeman, 1986), ri. 8.)

HuTepecHo oTMeTHTB, YTO B TO BPeMs BaKHAas KOHIENUHA OTPUIIATENLHBIX cTenened
YHCJIa CIIPaBa OT pa3jedoneil TOYKH eule He Oblra MO-HACTOALIEMY OCO3HaHA. Jleiid-
Hul nonpocunt dxoea Beprynnu (James Bernoulli) Bbiuncnauts 7 B JBOHYHOR cucTEMe
cuucneHns, u bepuysm pemn 3anady. OH Burusceaw! 35-3HavHOe NpubJMKeHHE K 77,
yMHOuT ero Ha 10%%, a 3aTeM, BLIPa3uB HOJIy4eHHOE 1€70€ YHCIO B JBOHYHOH cHCTeMe
CUMCIIEHNA, TONYYHI UCKOMBIH orBer! JIj1s MeHbLIErO MAacIiTaBHOrO MHOXKHTEIA 3TO
paccyzKaeHue BbITIAneN0 Obl Kak m = 3.14, a (314)10 = (100111010)9; ciemoBaTensHo, T
B JBOMYHO} cucTeMe cuucyienus passo 100111010! (Cum. Leibniz, Math. Schriften, edited
by K. Gehrhardt, 3 (Halle, 1835}, 97; u3-3a omubok B BbIuMcIeHHAX ABa u3 118 6ut B
oTBEeTEe HEBEDHI)I \ BPDHV.HJIH CKQpee _BCF'FO BbBINTOJTHHUJI 3ITH BbI‘-lHCJIEHHH ‘-ITO6I)I B TAKOM
NpeJICTABJIEHHH YHCIIA 7 BbISABUTD KaKI/!e-JII/I60 HpOCTbie 3aKOHOMEPHOCTH.

I_HBe;xcxnn koposab Kapa XII, maTeMaTuueckuii TajaHT KOTOPOro, BO3MOKHO, Npe-

XOAHI i HCTODHH, OKOJIO 1717 ¢ 'GJa YBJIEK-
cA OCbmepanon apudmeTnkoil. Cxopee Bcero, 3To 6bU10 ero codcTBeHHOE H300peTeH e,
XOTA OH W Bcrpeuasics ¢ Jleibuuuem B 1707 roay. Kapnay xKazanoch, 4TO OcHOBaHue 8
nian 64 ObL1o Obl Gonee ynoGHBIM JnA Bblumcienuit, yem 10, u oH cobupasnca BesecTH
BocbMepHuHy10 cuctemy B llIBenum, Ho noru® B OuTBe, TaK M He YCNEB NPOBECTH 3TY
pedopmy. (Cwm. Counnenust Boasrepa (Voltaire) 21 (Paris, E. R. DuMont, 1901), 49;
E. Swedenborg, Gentleman’s Magazine 24 (1754), 423-424.)

Bochmepuunas cuctema cynciienys Gblia TakKe NpejiozKeHa B A MEPHKAHCKHX KOJIO-
Husx Xpo xoncom (Hugh Jones), npodeccopom komnemka “Yunbam u Mapu” okono
1750 roga (cM. Gentleman’s Magazine 15 (1745), 377-379; H. R. Phalen, AMM 56
(1949), 461-465).

(‘r‘nr Mo ATOTTODMmTEO
MLy L LA LA LG

al 2L
Hsxon Hucrpom (John W. Nystrom) pemmn cienatb emie OMH miar B Da3BHTHH Hied
Kapna XII » npeisioxKuil nojHyo cncremy HyMepauﬁn, MEp M BECOB, OCHOBAHHYIO Ha
HIBCTHaIL[LaTepH‘-IHOH apH(pMe'rnKe UH nucaJ: 21 ge Do10ChH M He KOJIEOJ_IK-)CE BbICTYIIHTD
B 33lUTY JBOMYHON cucreMbl B apudmMeruke H Merponorun. f 3nalo, Ha Moeil cTopoHe
NPHPOJIA; €CJIH MHE He yJIacTcs yOeauTh Bac B ee I10/1e3HOCTH H YPe3BbI4aiiHOl BaKHOCTH
JJTSL 4€JIOBEYECTBA, ITO HE CIAEJIaeT YeCTH HH HAlleMy NOKOJIeHHIO, HH HaIllMM YYeHLIM H
dunocopam”. Hucrpom paspaboran crienpaibHbie IPaABHJA MPON3HOLIEHHA IUECTHAIIA-
TEPHYHBIX 4nces; Hanpumep, (C0160)16 c1e10BANO YnTATh KAK “BHOOHT, OucaHToH” (vy-
bong, bysanton). Ilonnas cucrema Gbl1a UM Ha3BaHa TOHAJLHOMN U onucanda B J. Franklin
Inst. 46 (1863), 263-275, 337-348, 402-407. AHajoryHas CHCTEMA, HO HCIOJIb3YOLLas

ocHoBaHue 8, Obua npejtoxkeHa Anedpenom B. Taitnopom (Alfred B. Taylor) u onucana

JJaHTbi BCEX OCTAJILHBIX KODOJie
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B Proc. Amer Pharmaceutical Assoc. 8 (1859), 115-216; Proc. Amer. PhIIosephxcaI Soc.
24 (1887), 296 366
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Ma CHYHCIeHNHA CTAHOBUTCA XOPOIIo H3BeCTHOM
rchlbald) cobpas 6onee 20 nocBAEHHBIX el
. OHa npuMeHsach, TJIAaBHbIM 00pa3oM, a1
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Co BPEMEH v HIla ABOHYHaA
JHKOBHHKOM, H K Apunbans g (R
paHHHX paor [AMM 25 (1918), 139-



BbIYHCIIEHUA CTeneHedt, kak Oyier oObscheHo B pazzyesne 4.6.3, a Taxske NpH aHaIH3e
HEKOTOPBIX HIp M rojioeosioMok. JIxky3senne ITeano (Giuseppe Peano) ucnonb3osan aBo-
MYHYIO CHCTeMY Kak Oasmc “normdeckoro” andasurta n3 256 cumsono [Atti della R.
Accademia delle Scienze di Torino 34 (1898), 47-55]. d:xo3ed Boyuen (Joseph Bowden)
NPEJUIOKHUII CUCTeMY 00O3HaveHwnil a/ls IecTHaauaTepuuHbix uuces [Special Topics in
Theoretical Arithmetic (Garden City, 1936), 49].

B knure Anrona [msitsepa (Anton Glaser) History of Binary and Other Nondec-
imal Numeration (Los Angeles: Tomash, 1981) npusenena noapobhas ungopMauus u
NPaKTHYECKH HCYEPNbIBAIONINA aHaJIX3 PA3BHTHA JBOHYHON CHCTEMBI, BKJI0Yas epeBo
Ha aHIVIHACKHA A3bIK MHOTMX PaGoT, NPOUHTHPOBAHHLIX Buime (cM. Historia Math. 10
(1983), 236-243).

BonpmHBHCTBO COBPEMEHHBIX YHCJIOBLIX CHCTEM CBS3aHO C DA3BHUTHEM BBIYHCIHTE/Ib-
Hbix MamuH. M3 3amerok Yapab3a Ba66mmka (Charles Babbage) 1838 roga nonsaTHoO,
YTO OH 3aJYMBIBAJICS HAJl HCIIOJb30BAHUEM B CBOEH aHAIMTHYECKOH MalluHe HeJeCATHY-
HeIx uucen (cm. M. V. Wilkes, Historia Math. 4 (1977), 421). IloBbleHHbIH HHTEPEC
K MEeXaHWYeCKHM YCTPOHCTBAM 1A BBINOJHEHHA apupMETHYECKHX omepauuii, ocobeH-
HO YMHOXKeHHsA, noOyxui1 B 30-x romax psan ucciegoBarteselt oOparuTb BHUMaHHE Ha
ABouuHylo cucremy. lIpexpacHbiit oryer 06 3THX HCCIENOBAHUAX BMECTe C 3allHChIO
JAUCKYCCHH, COCTOSIBIIEHCA NOCe NPOYHTAHHON UM Ha JAHHYIO TEMY JIeKUHH NPUBEeJeH B
cratbe J. Yunpama @uununca (E. William Phillips) “/IBonunnie soruncienus” [Journal
of the Institute of Actuaries 67 (1936), 187-221]. @uanunc Hayan CTaThIO CJIOBAMH
“Koneynas uesib (370 CTaTbH) COCTOMT B TOM, uTobbl yBeanTh BeCh LMBHJIN30BAHHbIH
MHUP OTKa3aTbCH OT JECATHYHON HYMepauWu W 3aMeHHTb ee BOCbMEPHUYHOMH .

CospeMensrie yutaTenn crarbu QHIIKICA, BO3MOXKHO, OyayT yIHBIEHbI, 00HapPY-
JKHB, YTO CHCTEMAa CYHCJIEHUs 110 OCHOBAHUIO 8 HA3bIBAJIACH B TO BpEeMs B COOTBETCTBHH CO
BCEMH CJIOBapsAMHU aHTTIHIACKOTO s13bIKa, “octonary” uim “octonal”, TOYHO Tak, KaK CHCTEMA
no ocuopannto 10 nasbiBanack “denary” wim “decimal”. Cnoso foctal” noseumocs B
aHTVIHICKOM #A3BbIKe TOJBKO mnocie 1961 roza, npruyeM IepBOHa4YaJIbHO, CKOpee BCero,
KaK TEePMHH M1 OMHCAHHS KOHCTPYKIUHU LOKOJA ONPEIeJEHHOrO KJjacCa BaKyyMHBIX
anekTpoHHbIXx damn. CioBo “hexadecimal”’, xoropoe BKpanoch B aHIVIHACKHN A3BIK
eule ros»xe, NpejcTapiser coboit cMech rPeveckoro u JIATHHCKOro Kopheil. Bosee xop-
PEKTHBIMM TEPMHHAME J0JKHBI Obutn ObiTh b0 “senidenary”, nubo “sedecimal”, mubo
naxe “sexadecimal”, Ho nocnenHui, NOXKANYH, 11 NPOrPAMMKCTOB 3BY4aJ Obl CJIHIIKOM
PHCKOBaHHO.

Brrckasbisanue @. X. Yaitsica, npuBeieHHOE B KaYeCcTBE OJHOrO U3 3MurpadoB K 3TOH
IJ1aBe, U3BJIEYEHO U3 3AIHCH JMCKYCCHH, ONyOInKOBaHHOK BMecTe co cTaTbeit Punnca.
Jpyroii ciyniare/ib JIeKIIMHA YKA3aJ Ha HeY100CTBa BOCbMEPHYHON CUCTEMBI J1J1s 1EeJIOBbIX
neneit: 5% “npespamaerca B 3.1463 per 64, uTo 3ByUHT JOBONLHO YKACHO"*.

Dunnnca BIOXHOBHIA BO3MOXKHOCTD PEaJIH3aliuy ero el B ycrpoiicrBax, pabora-
IOIIMX Ha 3/IEKTPOHHbBIX JIaMaX H CTOCODHBIX BHITIOIHATD BbIMHCIEHHA B JBOHYHOM KOj€
[C. E. Wynn-Williams, Proc. Roy. Soc. London A136 (1932), 312-324].

Bo Bropo#t nonosune 30-x rojos Jdxon B. Aranacodd (John V. Atanasoff) u
Hxopax P. Ultubury (George R. Stibitz) B CIIA, JI. Kyddurnan (L. Couffignal)
u P. Banta (R. Valtat) Bo ®panuuu, a raxxke I'enbmyr Ilpeifiep (Helmut Schreyer) u

* TIoCKOJIBKY CAOBO “HpoleHT” Ha aHrnMMCKOM A3bIKE HHIIeTCs Kak “per cent” {or sar. “per cen-
tum”), a “cent” (100) 3amensierca uuciaom 64.— Hpum. nepes.



Konpan Ilyse (Konrad Zuse) B I'epmanun pazpaGoTanu MepBble 3JIEKTPOMEXaHHYECKHE H
IeKTPOHHLIE MALIKHBI JJIA BBLINOIHeHHs apHdMeTHYeCKHX onepauunii. Bce OHH HCNOJb-
30BaAJIH JBOHYHYIO CHCTEMY CHHCIeHus, xoTda nosxe Tubury paspabdoran u 1BOHMYHBIA
Koz “c u3bbITKOM 37 s pecAaTHYHbIX uudp. O606meHHbIT 0630p ITHX PaHHHX JOCTU-
JKeHHll, BKJIIOYas nepeBojibl H KOHuHM Hauboslee 3HAYHMBIX COBPEMEHHBIX JIOKYMEHTOB,
conepakurca B kHure Brian Randell The Origins of Digital Computers (Berlin: Springer,
1973).

B neperix Gu1cTPOAEHCTBYIOMUX BLIYHCIHTEILHBIX MaluHax, co3gantbix 8 CIIIA B
HayaJe 40-x ronos, HCNOTb30BAJIACh JecATHYHaA apudmeruka. Ho B 1946 roay B cbirpas-
meM BarkHy10 poisib oTuete A. B. Bepkca (A. W. Burks), I. I. Toaacraina (H. H. Gold-
stine) u . (o Heiimana (J. von Neumann) 0 npoekre nepBoil BLIYHCIHTENBLHON Ma-
INKHbI C XPAHUMOI B TAMATH NPOrpaMMoi ObLIH TOIPOBHO H3/105KEHBI IPHYHHDI, KOTOPbIE
nobyujid UX NOpBaTh C Tpajuluedl u nepeliTy K CHCTEME CYHCIEHHA MO OCHOBAHHUIO 2
(cm. John von Neumann, Collected Works 5, 41-65). C Tex nop JABOHYHbIE BEIYHCIIH-
TejlbHble yCTPOHCTBa nonyuusiu Bceobmiee pacnpocTtpaneHue. Ilocne neppoil 1OXKHHDI
Jier paboThl ¢ JBOMYHBIMH MalnHamM B cTaThe B. Byxxombua (W. Buchholz) “Fingers
or Fists?” [CACM 2 (December, 1959), 3-11] 6bi1 BbINONHEH aHANIU3 CPABHHTE/bHBIX
JIOCTOMHCTB W HEJOCTATKOB JBOHYHON CHCTEMbI CUHCIIEHHA.

CrpykTypa xomnbiorepa MIX, Hcnonb3yemoro B 3TOH KHHIE€, TAKOBA, YTO MAITHHA

AL OLLT OV ﬁ! " £a ak § EFOTS TIROTILIITOATY TS T AN TMTILIEYAATE TMMermannritm AMAIOTTIMT LM YT
WINAAIWL L UDL 1D DL, ADUH"IHUH, aan KM AC\J 1L¥IT1OUKL,. ILHLCIJCLHU UViMOCLII1lD [} WAV AU

IPOrpaMMBbl JUJIA 3TOTO KOMNBIOTEPa MOXKHO HANHCATh, HE 3Hasl, KAKAst HMEHHO CHCTEMa
HCNOJIb3YeTCH (JBOMYHASA MK JECATHYHAS), JaXKEe NIPH BbINOJHEHHH BBIYHCIEHUI C MHO-
TOKPATHOM TOYHOCTHIO. MTak, Mbl BHIHMM, YTO HAa METOJHKY NPOIPaMMHPOBAHHA IJ1A
KOMIIbIOTEepa BLIOOD OCHOBAHHS CHCTEMbI CYHCJIEHHs] HE OKA3bLIBAET 3HAYUTEIbHOTO BIHA-
HuA. (3aclyXuBaer YIOMHHAHKA HCKJIIOYEHHE U3 3TOrO NpaBH/la— onepauuu “Gysesoii”
anrebpbl, paccMaTpHBaeMbie B pasjese 7.1; cM. takike anroputm 4.5.2.)

Ompuyameavnsie 4uCja MOryT ObITH NPEICTABJEHbl B KOMNbIOTEPEe HECKOJIBKHMU
criocobamu. BpiGop TOTO MM HHOTO clocoba 3a4acTyX0 OKA3bLIBAET BJIHAHHE HA& METOX
peanu3anun apupmerndeckux onepaumii. ITosicHuM ckazanHoe. CHavaja OyieMm cum-
Tarb MamuHy MIX jecaTu4HOIt; TOra KaxKjoe CJIOBO COCTOMT H3 JecATH Uudp # 3HakKa,
HaIpHMeEpP

—12345 67830. (2)

3T10T COCOB TPEICTABIEHUA Ha3bIBAETCH abCOMOMHLM FHaveHUem cO naxom™. Taxoe
npeJICTaB/lIeHHe COOTBETCTBYET OB1IeNPHHATHIM ODO3HAYEHUSM, U [I09TOMY €ro Npeanosu-
TaloT MHOT'HE NpOorpaMMHUCThI. Bo3MozKHOe Hey 106CTBO 3aK/I1049aeTcs B TOM, UTO IOy CKa-
eTCA CymecTBOBaHue KaK “MHHYC HyJIb", TaK H “IUNOC HYJIb” , B TO BpeMs KaK 3TH pa3Hble
KOAb! JOKHBI 0003Ha4yaTh OZHO M TO »Ke uucio. Ha npaxrHke Takas BO3IMOXKHOCTD
TpebyeT NpUHATHSA ONpeNe/eHHbIX MEDP NPEeAOCTOPOKHOCTH.

B SonbIIMHCTBE MEXAHWYECKHX CYETHBIX MAallliH, BbIMTOJIHAIOMHKX JeHCTBHA Jeca THY-
HOH apu(METHKH, HCNOIb3YeTCA Ipyrasd CHCTeMa 3anucu — donoanenue do decamu™*
Ecnu Beryects 1 u3 00000 00000, B 310ii cucteme 3anucu nonyuum 99999 99999; npyrumu

* B obenpuHATON PYCCKOS3BIYHONR TEPMHHOJIOMHH ITOMY HOHATHIO COOTBETCTBYET TEPMHH NPAMO
xod. — Ilpum. nepes.

** B ofuenpuHATOR PYCCKOA3BIYHON TEPMHHOJIOIHH 3TOMY HOHATHIO COOTBETCTBYET TEPMHH JOMOAHU-~
meavHul xod. — llpum. nepes.



CJIOBAMH, YNCIY ABHO He NMPHMHCLIBAETCH 3HAK, a BbIMHCICHHA BBLINOJIHANOTCA MO MOAY-
mo 10'%, Yncno —12345 67890 B popMe JIONOIHEHUS 10 JAecATH OyJeT BLITIAJETh TaK:

87604 32110. (3)

B 370l cucteme 0603HaMEHHH NPHHATO CYHTATL OTPHLATEIBHBIM JII060€ YHCJIO, FOJIOBHAA
1ugpa Koroporo—>5, 6, 7, 8 uim 9, X0TA C TOYKH 3PEHHA CIOXKEHHA M YMHOMKEHHSA He
Oyner OOJNBIIMM rPexXoM pacCMaTpHBaTh (3), eci 3TO yJ00HO, Kak uucno +87654 32110.
ITonyTHO OTMETHM, YTO B TaKOi cuCTEME HE BO3HHKAET npobjeMa “MHHYC HyJb”

Ha npaxTuke OCHOBHOE pa3iinyne MeXKJLY JBYMs ONHCaHHbIME (DOPMaMu IIpejicTaBIIe-
HHA 33KJIH04Y3eTCsl B TOM, YTO CABHI BHPABO JIONOJHEHHS IO JIeCATH He 3KBUBAJICHTEH Jle-

Jeanio Ha 10; x npuMmepy, uncio —11 = ... 99989 nocne caBUra BIIPaBo Ha OJHY NO3NIHIO
ANARN2ITanT g B 0000 — D (n MRArATAM ATITIIT  UTA ATBIIT BRINMADRA ATAUIITAmo TLITATN
MPVDRQLLIAAC LA D e s TITITITO ™ el \D IIPCAIIUJIUII\CHI’III, TLAN L LKL DIJPGDU ULHIIH@LDUIDLIULU

YHCa NMOPOKJIAeT B rojloBHOM paspsage “9”). B obuieMm ciyvyae pe3y/bTaTOM CABHIa
YyuClia I, 3alHCaHHOrO B ¢hopMare JOMOJIHEHHS JO JNEeCATH, Ha OJHY IO3HLHIO BIPABO
Oyuner qucio |z/10|, He3aBHCHMO OT TOTrO, NOJIOKUTENLHO HIIH OTPHLATENbHO YHCIO .
OxHuM U3 BO3MOXKHBIX Heya00CTB 3anucu B (opMaTe HONOJHEHHA JO HECATH SAB-
JIeTCA HECHMMETPHYHOCTb OTHOcuTeNbHO Hyada. HauOosblee orpuuare/bHOE YHCIO,
npeacraBuMoe p nudpamu, ectb 500...0, # OHO HE ABJIAETCA Pe3yJabTaTOM ODpameHus

3HAKAa HMKAKOIO P — pPa3pAIHOrO NOJMOXKHTENbHOro Yyuciaa. TakuMm oOpa3soM, BO3MOXKHO,
U3MEHeHHe 3HaKa, T. €. 3aMeHAa T HAa —I, NPUBENET K INepelnonHeHHIO. (CM yp. 7

# 31, B KOTOPHIX o6cy>1<,uaerca ¢bopMaT JONOJHEHUA JO OCHOBAHHS CHCTEMBI CYHCIICHHH,
KOTOPBII uUMeeT HecKonewHYy10 TOUYHOCTD.)

I:JI.II,(’ OJIHa CHCTeMa OOOBHaqEHI’II/I NMPUHATAA C CAMbBIX TIE€PBbIX )lHePl 3PbI UbICT})O,L[BH-

CTBYIOUIMX BBIMHCJINTEIbHBIX MAIIHH, — 3TO NPEJCTAB/IEHHE B BuJE JonoAneHus do 8cex
desamox™.
B 3toMm ciyyae uncio —12345 67890 3anucwiBaeTcs B BHE
87654 32109. (4)

Kaxaasa uyudpa oTpuiaTenbHOro yuciaa (—x) paBHA Pa3HOCTH MeXKAY 9 H COOTBETCTBY-
roulelt mudpoit uucna . HerpyaHo BuaeTh, YTO A5 OTPHLUATEIBHOTO YHCIA JIONOJTHEHHE

O HNEeRATIA RCATITA HA O vv MOTLITTO COANTROTCTRUINMITON) JIINNMOTHOHTIA 110 180T n'ﬂn-
Hv pAAILL | kS 1FNAND AW 11l ‘JH"L‘-’ J AWENLLARPALAN \JVVLM\JLULMJ ‘-VMUL A H\Jll\lﬂ'll‘\-‘lll‘ll MV MUUI"-‘ s W AN

JKeHHe U BhIYUTaHHE Mpom3BousATes no moayimo 10'° — 1, a ato o3nayaer, uto nepenoc u3
Kpafineii cnesa no3uuuu nobasngerca K KpaiiHeli cnpapa (cM. onucaHue apudMeTuKy no
Moaymo w — 1 B pasgene 3.2.1.1). Onsars Bo3sHuKaer npobieMa ¢ “MHHYC HyjeM”, Tak
Kak 3anucu 99999 99999 u 00000 00000 oBo3HaYaIOT OAHO M TO K€ 3HauYeHHe.

To/IbKO YTO H3JI0XKEeHHbIE HAeH 1JA apudMeTHKH No OCHOBaHHIO 10 B MOMHOI Mepe
IMPHMEHHMBI U K apudMETHKE 10 OCHOBAHHIO 2; 3/1eCh MBI HMEeM abCOANMHYI) 8EAUNUHY
co anaxom, donoanenue 9o deyr u donoanenue do odnozo™*

ApudMernka B 1OMOAHHTEIHLHOM KOJE — 3TO apH(dMeTHKa 1o MoayJ/io 2", a apudme-
THKA B 00paTHOM Koje — 1o MogyJito 2™ — 1. Mamuna MIX HMeeT 1es10 TOBKO ¢ MPAMBIM
KOJIOM, YTO M HCNOJIb3YETCs B NpuMepax 3Toil ryiaBel. Tem He MeHee B CONPOBOJMTENb-

* B obuienprHATON pyCCKOAIBIYHON TEPMUHONIOTHH 3TOMY MOHATHIO COOTBETCTBYET TEPMUH obpamHuuil
xod. — Ilpum. nepes.

'''' B o0enpuHATOH PYCCKOS3BIYHON TEPMHHONOIMH 3THUM HOHATHAM COOTBETCTBYIOT TEDPMHUHBL fipa-
MOU, obpamuniti H donoanumeavhutl Kojl, KOTOPbIMM MBI Gy€eM I0JIb30BaThCA B AajbHe#tmeM. -~ ITpum.
nepes.



€KCTE DaCCMaTpPHBaNTC A, €CJH B 3TOM €CTb Heobx OJHMOCTDb, H aJIbTEPHATHBHDIE
BapHaHTBI NIPOLEAYP AJA JCHOJHHTEIBHOIO H 0OPATHOTO KOJOB.

Ckpynyne3Hple ynTaTe/M M PeJaKTOPbl AHIVIMHCKOIO TEKCTa, BEPOSATHO, OTMETHJIH
nojioxkeHue anocrpoga B TepMHHaX “two’'s complement” (monosiHenune ;o deotixu) u
“ones’ complement” (aonosnenne no edunuy). B nepBom ciydyae Kaxkaas uudpa I0-
TIOJIHAGTCA JIO TEpPBOil CTENeHH IBOMKH, & BO BTOPOM BeChb KOJ €CTb JONOJIHEHHE 0
KOJ1a, MPeJCTABJACHHOrO enHHUIaMi BO Bcex paspagax. llo anamorum ¢ “ones’ comple-
ment” Mmoxer cymec'rBOBaTb u ¢dopmar “twos’ complement” (zonosHeHue G0 deoex),

KOTODLIN NeHnaLilverca » CRCTOMEe CcupnCcTeHd 0 ONCHORAHIIW 2 I dRrRIaeTe TOMONTHOHIIOM
JaSV i T < OLIAVS QKIS U i FeRridiT s palsaaVaaiTearaalivi

vru L HLAAAVIDO YL Abaa 2 Lrv Ui

A0 (2. ..22)3.

B pykoBoacTBax no MAMIHHHOMY A3bIKY NMPOrPAMMHPOBaHHA HaCTO YKA3bIBAaeTCH,
YTO CXeMOTEXHHK3 KOMNbIOTEPA NO3BOJNAET HACTPAHBATh KOHKPETHOE NOJOXKeHHe pasjie-

JAwmel TOYKH B KasKJ0M MawigHHOM cioBe. Ha 310 cooBumieHue He cTOHT 0Opamiarth
rHuMaHue, Ilejecoobnaznee HAVUHTE NIDABUIA pa3MenieHud pasaensonieif Touku B pe-

=it iil. AALALLAVPGASOTT KBoY Al Ll edady

3yJbTaTe BBINOJHEHHA KAaXK10#f KOHKPETHOH KOMaHIbl, €CJiH npe,anonox(mb, 4TO 0 €ee
BBLINOJIHEHHUSA TOYKH B ONepaHaax ObLIH pacnono;-xeﬁbr B KaKOM-TO OlIpeniejIeHHOM MecTe.
Hanpunep, B ciIydae MaminHbl MIX MOXKHO ObUIO ObLI paccMaTpHBaTh Hallld OnepaHjibl
anbo Kaxk Lesble YHMcIa ¢ pa3jessiomeil TOuxoi B KpaliHeM crpaBa NoJIOxKeHHH, JubO
KaK NpaBHJIbHbIE JPOOH ¢ pa3je/isionieil TOUKoi B KpaitueM clieBa NoJIOXKeHuH, Jubo Kak
HEKOTOPbIe MPOMEXKYTOuUHBIE BapuaHThl. [IpaBusa ycraHOBKH pa3jensionieil Touknu nocue
OCYHIECTBJIEHHA onepalui C/I0KeHHs, BbIYHTAHUSA, TePEeMHOXXEeHHA U JIeJIeHUs onpe/jied-

I0TCA OYEBHAHBIM O0Pa30M u C/IedyIOT W3 AJITOPHTMOB BBINOJIHEHUA 3THX Olepaunui.

JIerko BHIeTh, YTO MEXKIY 3alHChIO YHCea B CHCTEMAaX MO ocHoBaHmio b u b* cyme-
CTBY€T IpOCTas CBA3b:

(. ..Q3q201Q0.0_10_2 .. -)b = ( .. AsAzAlAQ.A_lA_z - .)bk, (5)

!
<]
4]

Aj = (Bkjtk—1-- - Okj+1Qhj)b

(cM. ynp. 8). Taxum obpasoM, nonyyaercs npocroil cnocob mepexosa “4ucro Budyasb-
HOro” OT, CKa’keM, JBOHYHOI CHCTEMb! K IECTHAALATEPHYHOM.

IoMuMO cTaHAAPTHBIX CHCTEM N0 OCHOBAHMIO U, 06CY K AaBIINXCA Bbille, CYLIeCTBYeT
MHOKECTBO JPYTHX MHTEPECHBIX BAPDHAHTOB MO3HUMOHHBIX cucTeM cqmcneHus. Hanpu-
Mep, MOYKHO 6bLjI0 6b1 paccMaTpUBaTh YHCIa O ocHoBaHHIO (—10), Tak 4ro

(. .. Q302a100.0-1Q_9 ... )_10
=+ 4 az(—10)% + a2(~10)2 + a; (—10)* + ag + - - -

iy

="-—1000(13-{-100(12—1001+CL0—l—lo-a_l-i-%aa_z —ee,

(1 93755 73910)_ 0, (6)
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o WAk GHG TS semes tman 10ANEN
TaK KaxK OHO PaBHO KaxK pa3 1uduou

obpalienne 3Toro 9 uc.na, —12345 67890, 3anuinerca B BHIE

S

FONO ANN AOONNN i
(28466 43290) -1¢- (7

W neficrBurenbHo, 060€ BEECTBEHHOE YHCJIO, MOJIOKHTEIbHOE HJIH OTPHLUATENbHOE,
MOzKeT ObITb NpencTaBieHo (€3 3HaKa B CHCTeMe MO OCHOBaHHIO —10.

CucreMbl 110 OTpHLIATEILHOMY OCHOBaHHUIO BlEpBbie onucaHbl Burtopuo I'proxBasib-
aoM (Vittorio Grunwald) B Giornale di Matematiche di Battaglini 23 (1885), 203~
221, 367. B oTofi pabore M3JNOXKeHHI NMPABHJIA BBINOJIHEHHA B TAKHX CHCTEMAX YeTbl-
pex apudmMerHyeckux JeHCTBHI, a TakiKe paCCMOTpeHbI NPaBW/Ia H3BJleYeHHs] KOPHH,
IIPOBEPKA JeMHMOCTH W TePeBC) M3 GHHOH CUCTeMbl CUHCIeHHS B APVIVIO. OHH&.KO
noxoxe, pabora I'pioHBanbia ocranach He3aMequHoﬁ, TaK KaK OHa 6bma ony6nm<o—
BaHa B JIOBOJIBHO 32IITATHOM KYypHase u Bckope 3abpita. Cienyrouee HecjeJ0BaHHE 110
CHCTEMAaM CYHCIEHHSA HO OTpﬁHaTeﬁb MY OCHOBAHHIO I'YUJTHKOBa.u O. Ix. Kemnnep
(A. J. Kempner) 8 AMM 43 (1936), 610-617. B sroit paBGoTe OH paccMOTpes CBO#i-
CTBa CHCTEM CYHCICHHS C HELE/bIMH OCHOBAaHHAMM M OTMETHI B NPHMEYaHHAX, 4YTO
CHCTEMBbI CYMCIEHHS C OTPHIATE/]bHBLIMH OCHOBaHHsAMHK Taxyke OydyT uMMerb IpaBO Ha
cyumiecTBoBaHue. [IBanuaTh J€T CnycTs 3Ta WIEesl CHOBa Oblia NpEeJJIOiKeHa; Ha 3TOT
pa3-— 3. ITasasixom (Z. Pawlak) u A. Bakynuuem (A. Wakulicz) [Bulletin de I’Académie
Polonaise des Sciences, Classe III, 5 (1957), 233-236; Série des sciences techniques 7
(1959), 713-721], a Takxke JI. Vaiinenom (L. Wadel) [IRE Transactions EC-6 (1957), 123].

FKCNEPUMEHTANLHLIC BBINHCIHTEMbHBIe MampHel SKRZAT 1 u BINEG, B xOTOPBIX —2

HCNOJIb30BAJIOCH B KAYMeCTBE OCHOBAaHHs CHCTeMbl, OBIIH CHeJaHBl B Hom:me B KOHIE
50-x roioB ((:M N. M. Blachman, CACM 4 (1961), 257; R. W. Marczyr’xski Ann. Hist.
Computing 2 (1980), 37-48). HomnojHuTenbHble CCHIAKH Ha JHTEPATYPY NPHBOIATCA B
xKypHanax IEEE Transactions EC-12 (1963), 274-276; Computer Design 6 (May, 1967),
52-63. MoxxHO noJaraTh, YTO M OTPHIATENLHOrO OCHOBAHHA BO3HHMKJ/a HE3aBHCHMO
cpa3y y uenoro psina asropos. Hanpumep, 1. 3. KHyT B HeDOIBIIOM MAaHIHHOMHCHOM
TEKCTe, INPeJHa3HAYeHHOM I/ KOHKypca “TloMcx Hay4HBIX TAJIAHTOB” Cpeau y4veHH-
KOB CTapIIuX KJaccos, B 1955 roay o6cyrxaan cuCcTeMbl CYHCIEHUA C OTPHUATENbHbBIMH
OCHOBaHMsAMH. Tam ke obcyKuanocs u jajbHelilllee pacnpoCTPaHEHHE 3TOH HIEH Ha
OCHOBaHHs, ABJIAOIIHECA KOMILIEKCHBIME YHCIAMH.

Broibop ocHOBaHuS 21 NPHBOJMHT K HHTEPECHOM CHCTEMeE CYHCJIEHHs, KOTOPYIO ecre-
CTBEHHO Ha3BaThb ‘MHHMoOYerBepuyHOi” (no ananoruu c¢ “versepuunofi”). Takas cu-
crema 00nayaeT HeOOBLIYHBIM €BONHCTBOM, 3axk/IOYAIOHIHMCA B TOM, 4YTO B Hel Jroboe
KOMILJIEKCHOE YHCJIO MOXKeT ObITh NpejcTaBieHo 6e3 3Haka npu nomoury uudp 0,1,2 1 3.
(Cm. D. E. Knuth, CACM 3 (1960), 245-247.) Hanpuwmep,

11910921, — 1 .18 201 . (9N 1 o . (__A +1- (N o2, /111y =3 _ =1
(44410 0l); = 1104+ 1- (=81 T 2~ (~4) T {ef)to-{—35t +1\—3z) =i} {5t.
3aech 9uCio (Gzp, .. . A1Q0.Q] - . . G_2k )2; PABHO
(G,gn ..-Q2009.0-2 ... a._2k)_4 + 2: (a2n_1 ...Q341.01 ... a_2k+1)_4,

TaK 4YTO NEPeBOJ| YHC/a B MHHMOYETBEPHYHYIO (OpMY 1 OOPAaTHO CBOJHTCA K NEPEBOLY B
“Herayersepuynyo” dopMmy u 06parHo JelicTBHTENbHON # MEUMO# YacTeil uncna. MaTe-
pecHoe cBOHCTBO 3TOI CHCTEMBI 3aKJ/I04aeTcs B TOM, YTO OHa MO3BOJASET €IHHOOOPa3HO



p o o w - ~

BbINOJIHATD YMHOMKCHNHE H Jie/ieHie KOMITJIEKCHbBIX 1iice)

u MHuUMOI vacrefi. Hanpumep, B 3TO#f cucreme MOKHO nepeMHo;-KnTb JBa 4KCIa Tak
JKe, Kaxk npu j1000M JpyroM OCHOBAHHMH, HO NPH 3TOM HYZKHO HCIOJIB30BATbH HECKOJBLKO
HHOe “IPaBMJIO MepeHoca”: B cilyvae, eI 1udpa cTaHOBUTCA Bosbuie 3, BbivecTh 4 —
n —1 “nepenecerca” Ha JBa pa3psjia BJIEBO; KOrAa ke uu@pa OTpHUATE/NLHa, K Hel
npubasisiercd 4 u +1 “nepenocurca” Ha jBa pa3psaa Baepo. IIpowsunocTpHpyem 3TO

cBoeoOpa3Hoe NPaBUJIO TEPEHOCa CIICAYIOMIEM TTPHMEPOM.

12231 [9— 104
12231  [9- 10§
12231

10320213

13022

13022

12231

021333121 [-19— 1804

Ananoruynyio cucremy, B KOTOPOH HCHO/BL3YIOTCA JHWb HudPh 0 # 1, MOZKHO NMOCTPOUTD

. .
7 MO NCHORSHTIW) ‘) ? n MTEHAYN B IO M7 MNOTATARTNTOTIO MITUAMAOALY ONTILTIITLT 1 W’nﬂﬁ\?ﬂ"‘f‘a
LUV VLA DQILANS Y & ve N ANORY D OTH 41 PO LQRDVICINA MONIUN ARG ¢ 1 R YA Ra

feckoHeYHOe HenepHoaKMYecKoe pasiio;kenune. Burropuo I'prouBansy (Vittorio Grunwald)
npensoKusl pa3pemuTs 3Ty npobneMy, ucnonb3ys uudpst 0 u 1 / V2 B He4eTHBIX MO3H-
IMAX, OJHAKO 3TO PaKTH4YecKn ucnoptuiao Bcto cucremy. (Cm. Commentari dell’Ateneo
di Brescia (1886), 43-54.)

Hcnone3ys ocHoBaHHe i — 1, MOXKHO TaKKe NOJNYYHTh “OHHAPHYIO” KOMILJIEKCHYIO

cucTeMy cuucieHus, npeaioxennayio Y. [Tennu (W. Penney) [JACM 12 (1965), 247-248]:

(...@4a3020100.0- ... i1

MJIEKCHOE  YHCJIO JOMYCKAeT TaKOe NpeJCcTaBjieHue, MOKHO, PAcCMOTPEB HHTEPECHOe MHO-
JKeCTBO S, NpUBEJEHHOe Ha PUC. 1. DTO MHOXKECTBO HO OINPE/eIeHHI0 COCTOHT H3 BCEX
TOYeK, KOTOPbl€ MOTYT ObIThb 3alMCaHbl B BHIE ) _k>14k( — 1)""’ JIJ191 DEeCKOHEeYHOH 1o-
C/I€IOBATE/IbHOCTH Q1, G2, A3, ... Hydelt u exunnll. OHa H3BECTHa Tak>Ke KaK “ABy-
riaeblit gpakon” (cM. M. F. Barnsley, Fractals Everywhere, second edition (Academic
Press, 1993), 306, 310). Ha puc. 1 moxkasaHo, 4YTO MHOXKECTBO S MOKHO pa30uTh Ha 256
Jyacreil, KOHIPYIHTHBIX TIES' 3aMeTuM, 4TO €CJI¥ MHOKECTBO S NOBEPHYTb MO YacOBOH
cTpesike Ha 135°, To OHO pacnafercst Ha JBa NPHMBIKAIOHUIHX OJHO K APYIOMY MHOXKECTBA,
KoHrpysuTHbix (1/v/2) S, nockonpky (i — 1)§ = SU (S + 1). JeranbHo 10Ka3aTeNbCTBO
TOr'0, YTO MHOXKECTBO S COAEPKHUT BCe KOMILJIEKCHbIE YUCIA, JOCTATOYHO MaJible N0 MO-

TELTHEM PV AR r A ATT T e 1Q
AydJing, pPaluhMulponuy o .y 1Py, 10.

BbITh MOKeT, caMoii H3A1HOM U3 BCeX CHCTEM CHHCJIEHHS ABJISETCH YPAGHOBCULEHHAR
MPpouNHaA CHcTeMa CYHcleHHs (mo ocHoBauuio 3), B xoropoii BMecro uudpp 0, 1 n 2

HCHONb3YI0TCA “TpuThl’ (TpomuHble uudpsr) —1, 0 u +1. 3amenus —1 cumsoiiom 1,
HOJIYYHM CIIeAYIOUIHE TPHMEpPh] YPaBHOBEIIEHHBIX TPOWYHBIX HHCeJL.



—1+2 +i +141

+1

Py

—1-i —1 +1—1

Puc. 1. QpaxTaibhoe MHOXKeCTBO S, Ha3sniBacMoe “OBYIrIaBbiil APakoH”.
3 p

Y paBHOBelIeHHbIE TPOHYHbIE YUCTIA JecaTuyHble yHCIa

101 8
1110.11 323
111011 -322
1110 -33

0.11111... 3

OmuH U3 cnocoboB NOKCKA YHUCIa B YPABHOBEIIEHHOH TPOHYHOIN CHCTEME COCTOHT B CJe-
aywomieM. CHavasia 3alHIIEM YHCIO B TPOHYHOH CHCTEME CYHCIEHHs, K npuMepy

208.3 = (21201.022002200220. . .);.

(Ouensb npocroit cnocob nepesoxa B TPOHYHYIO CUCTEMY, NPUIOAHBIN AJ1A BBIYHCICHUA
BPYYHYI0 C KapaHnamowm u Oywmaroit, onucan B ynp. 4.4.) 3arem noGaBuM K HeMy B
Tpon4HO# cucreme Oeckorewnoe uucno ...11111.11111..., nociie wero monmyumMm s



BbIIIENIPUBEIeHHOrQ npuMepa HeckoHeyHoe YHUCIO
(...11111210012.210121012101...)s.

Hakonen, Bbryrem ...11111.11111... nopaspsaHo, yMeHbIUas Ha eJUHULY KasKIYIO
UMDY, U MONIYYUM

CIOeiar HHTb HCKYCCTBEHHOE
HeyHoe yucno ... 11111.11111... HeKOTOpBLIM YHCAOM C COOTBETCTBYIOIIUM KOJIHYECTBOM
eIUHUIL.
YpaBHOBellUeHHAA TPOUYHASA CUCTeMa cuucaenus 00,1a0aeT MHOTMMH IPUBJIEKATE Tb-

HBIMHK CBOHCTBAMH.

f 4 3

N -
Utrpuiianie 4ucia OCyLieCTBAAeTCA B3auMHOM 3ameHol 1 # 1.

)

o
N e

3HaK 4HucIa 3a7aeTcs ero Haubostee 3HAYUMBIM HEHYJIEBBIM TPHUTOM; B 00IlleM cirydae
MOXKHO CpaBHMBAThL J00bIe JBa 4HMC/a, UCHONBL3YA JIeKCHMKOrpaduieckuil nopagok
OpY YTEHUH CJIOBA CJIeBa HANPAaBO, KAK B JECATHUYHON cHCTeMe.

¢) Onepanusi oKpyrJiieHus 10 GJuxaiiluero nejoro uIeHTHYHa YCeYeHH0; IPYTUMHU CIIo-
BaMH, MPOCTO O0TOpAaCckIBAeTCA BCe, YTO CTOMT IpaBee pasjedwoleil TOUKHU.

Onepauus cnoXkeHus B ypaBHOBeIIEHHON TPOMYHON CHUCTEMe BBINOJIHAETCA COBCEM TPO-

CTO, eCJZIM BOCHOJIb30BaATbCA TaUJHIIEN CJIOXKEeHMWA.

111113111100000000C0111111111
itT1o000111117110001111711000111
lo01101101101101101101101101
1011 11t 1 01 0111101010111 1010111 11110

(Tpu BXOAHBIX TPUTA—3TO TPHUTHI JABYX HAIIMX CJIAraeéMbIX M TPUT mepeHoca.) Brl-
YUTAHUE COCTOMT B (POPMHUPOBAHUM YHCJIa, NPOTHBOMOJIOXKHOTO MO 3HAKY BBIYHTAEMOTO,
1 NOCIeAYIONEM BbINOJTHEHUM CJIOXKEHHUA. YMHOXKEeHHMe TaKyKe CBOJUTICH K Ollepauyam
nepeMeHbl 3HaKa ¥ CJIOKeHUS, KAK B CIEAYIOEM IPUMepe.

1101 [17]

1101  [17]

1101
11010
1101
0111101  [289

ITpeacraBiieHne YuCes B YpaBHOBEIIEHHOM TPOUYHOU CHCTEMe HesIBHO MPUCYTCTBYeT
B OJHON 3HAMEHHTON MATEMATHYECKOH roJIoBOJIOMKe, 00bIYHO Ha3biBaeMoil “3a1a4a Bate
(Bachet) o Becax”, xora oHa Opuia cpopmysupoBana eine PuGoHaAYYN 34 YeThIpe CTojIe-
THA A0 TOro, Kak Baute Hanucan csorw KHury, a nepc Tabapu cnenan aro eule paHblue —
Gostee 4eM 3a 100 ser zo Pubonauun. [Cm. W. Ahrens, Mathematische Unterhaltungen
und Spiele 1 (Leipzig: Teubner, 1910), Section 3.4; H. Hermelink, Janus 65 (1978),
105-117.]

[To3uuMoOHHbIE CHCTEMB! CYHCIEHHA € OTpHUATENbHBIMY uudpaMu OblTH H306peTeHs!
Hox. Konconom (J. Colson) [Philos. Trans. 34 (1726), 161-173], 3aTem 3a6bIThI ¥ BHOBB



OTKDHITEI npuMepHO Yepe3 100 ser Txxounom Jlecau {Sir John Leslie) [The Philosophy of
Arithmetic (Edinburgh, 1817); em. ¢. 33-34, 54, 64-65, 117, 150] u A. Komm (A. Cauchy)
[Comptes Rendus Acad Sci Paris 11 (1840), 789—798] Komn OTMEe4al1, YTO OTpHIia-
TeJbHble WGP N03BONAIT U3bexkare HeobxoauM

mocye 5 X 5. yTBepx\,neHHe, 4TO HO,J.IOﬁHbIe YHUCJOBbIE CUCTEMBI 6bI.HH ,LI&BHO HBBeCTHbI B
Wnaun (4. Bxaparu (J. Bharati), Vedic Mathematics (Delhi: Motilal Banarsidass, 1965)],
610 onposeprayto K. 1. Hlyxkaoit (K. S. Shukla) [Mathematical Education 5, 3 (1989),
129-133]. B “uncrom” Buje ypaBHOBelleHHAS TPOMYHASA CUCTEMa, CIMCIIEHH S NOABUIIACH B
craThe u300peraress MeXaHHYeCKUX BhIYHCIUTEIbHLIX yeTpoitcTs Jleona Jlananna (Léon
Lalanne) [Comptes Rendus Acad. Sci. Paris 11 (1840), 903-905]. Cucrema ocraba-
Jlacb He3aMedenHoft no Tex nop, noka cnycrsa 100 ser mocne nybmukanuu JlananHa B
DueKTpoTexXHUYeckoM MHCTUTYTe Mypa B 1945-1946 rozax e cranu paspabarbiBaTh
nepBble IJIEKTPOHHbIE BRIMHCIUTENbHbIe MAllUHbL. B TO Bpems oHa HapAZy ¢ JBOMYHOl
cucTeMoll cepbe3HO pacCMaTPUBAJIACH B KAYECTBEe BO3MOXKHOM albTepHATUBEI JeCATHYHO

ok’ o al=3.Y on hﬂr\\;’. FLY M AT ATTATSMILATTITE T T3V ¢ nhvrr‘a:rnmrrtvnnv}v.v ‘r T MY YT D IIMTIA
L7 A VR wl A v WAUII/NWIVL LD JJITHKL PULNIIDLA LACIVJ. GPHWLVIU nIACLnA yu lJUII\.f 15 ..U‘JIII JIJUJDIIUDU

weHHOH Tpou4HOH apugMeTHKM He HAMHOIO Bbllle, 4YeM J/I8 JBOMYHOH CHCTEMBI, 3
4yTobbl 3a7aTb 4MCNO, B Hell Tpebyercsa aumb In2/1n3 =~ 63% uudposbix nosuumit or
TOr0 KOIM4YeCTBa, KOTOpOe HeobX0AuMO I/1f NpeAcTaBiAeHUs YMCe] B JBOMHYHOM cucTeMe.
Juckyccun o moBoay ypaBHOBELIEHHOM TPOMYHOH CHCTEMBI CYHCIEHUA ONyDJHKOBAHBI
B xypHane AMM 57 (1950), 90-93, u B cGopnuxe High-speed Computing Devices,
Engineering Research Associates (McGraw-Hill, 1950), 287-289. VpasHoBelleHHas TPO-

HYHadA cUCTeMa CYHCIeHUud 61)1.]'1& NOJIOXKeHa B OCHOBY 3KCHepHMEHT&HbHOﬁ COBETCKOI
phiuncnuTeabaoit Mmamuusl CETVHB (r'M CACM 3 HQﬁm 149-- 'Hm*

Bo3MokHO, CHMMeTpUYHBIE CBOMCTBA U IPOCTAA apudmemm ITOH CHCTEMBI CUHCIIe-
HHUS OKAXKYTCA B OAMH MPEKPACHLIH JeHb BEChbMa CYLIECTBeHHbIMHU (Koraa “duun-gJron”

3ameHHUTCA “uun-guasn-gaonom” ¥,

Eme OAHO BayKHOe 060611L9HHe NO3UITHOHHOTO criocoba npeacTaBIeHya YHCeJl — 3TO
NO3UITUOHHAA CHCTEMA CO CMEUAHHBMM OCHOBAHUEM. Ecnu JaHa OOCNen0BaTe]IbHOCTE

qucesi (b,), rae n MOryT GbiTh OTPUUIATEIBHBIMH, TO 10 ONPEAEIEHHIO [O/IAraeTcsa

[...,a3,a92,a;,09; G_1, Q._2,...]
[ b3ab2ab15b0, b—17 b——21 J
-+ agbgblbo + a2b1b0 + albo + ag + (l_l/b_l + a__g/b_lb_g + -, (9)

B npocrelimux cucreMax cO CMEIIAHHBIM OCHOBAHHEM MCIIOJIL3YIOTCA TOJLKO Iefbie
yncna; bg, by, ba, . .. nonararored weasiMy yMcaamy, OGABIIMMY € THHUIIBL, U PACCMATPH-
BalOTCA TOJNBKO TAKHe YUCNa, KOTOPbIE HE COAEpIKAT pas3iefidiolell TOUYKY, OpHYeM G,
JO/DKHO npuHaaexaTs untepsaay 0 < a, < by,.

Oana u3 Haubosiee BaXKHBIX CHCTEM CO CMEIIAHHBIM OCHOBAHUEM — 3TO (JaKmopua.iv-
HaA cucmema cuucaenur, rae b, = n+2. C ee noMOIIbIO MOXKHO € IHHCTBEHHBIM 00pa30M

* Cw. takxe Bpycuenos H. II. u ap. Manas ungposasa serancantensHas mamuna “CetyHp”. — M.,
1965. — ITpum. nepes.

** 3mecwy B opuruHane — urpa cios. Ciosocodetranue “flip-flop” (zocnosro “menyok-muienck”) o3Ha-
yaeT B aHNTHHACKOH TeXHU4ecKOH JUTeparype 3jieMeHT ¢ ABYM:A YCTOHYMBRIMYA cocTogHuAME. [1o aHano-
run “flip-flap-flop” (mocnoBHO “mEeryOK-XIONOK-1L7ENOK”) JOJIKHO O3HAYATEH J1€MEHT C TPeMs yCTOHIu-
BBIMHM COCTOAHUAMHU. — ITpum. nepes.



NpeaCTaBUTh J000e HeOTDHUATEILHOE 1eJI0e YHCIIO B BUAE
cnn!+cn_1(n—1)!—|-~-+022!+c1, (10)
£ 0 {cMm rony 3.3 9\
0 (c op!

Sep<kpnal<k<nuc, # M. AJI
CHCTEMBI CO CMEMIQHHbIM OCHOBaAHHEM 4YacTo BCTpe‘-IaIOTCH B Hamell noecegHeBHON
KH3HH; pedyb UJET O eAMHUIAaX u3Mepenud.. Hanpumep, Benuumuna “3 nHemenu, 2 and,
9 41acos, 22 MuHyThI, 37 cekyHA u 492 MuiIuceKyHIb!' MOXKeT ObITh NpeJCTaBjieHa B
BUIE

[3,2, 9,22,57; 492]
L 7,24, 60, 60; 1000

Bemuuuna “10 ¢ynroB, 6 MUAIMHIOB U TPH C NOJOBHHO

CeKYH

nexnca” 10 mepexona Be-

=t

TILY Inﬁhtlm QA IITITT ¥ Y'rnrlﬂ 7:171':\71 MArrAmMmAL LA ™ TTOATTAYIFTITL TE TAOATTAMO LY ALY TI¥A LYY TTITOAAA A 74a R g
VERADIWDI KL LGUILKIFL DN ATLA LTIV LHLLITMUE D O AUAOU/WIIDIA paviviaA TulD I 71V uivc, non
10, 6, 3; 1]
)
T
[ 20, 12, 2] OPUTAHCKHX TIEHCOB.

Yucra co cMelIaHHLIM OCHOBaHMEM MOKHO CKJIAJbIBATH M BBIYMTATh, NPHMEHAS
o4eBUIHOE 0D0DIIEHNe OBBIYHBIX AJITODUTMOB CJIOXKEHUA ¥ BLIYMUTAHUSA NpU YCIOBHH, YTO
J71 06OMX OnepaHiOB UCMOJL3YeTCs OAHA U Ta XKe cucreMa (cm. yop. 4.3.1). Ilonobubim
00pa30M MOXKHO JIEFKO YMHOXKATb MJIM JEJUTh YHCAa CO CMEUIAHHBIM OCHOBaHMEeM Ha
MaJjible ueJible KOHCTAHTBI, UCHOJb3ys MpPOCTOe paciiupeHue 0DOen3BeCTHLIX MPHEMOB

cyera KapaHmaluoMm Ha Oymare. B obmem BuIe CHCTEMbI CO CMEIIAHHBIM OCHOBAHHEM
BIIenBBLle Oruty nmhoanauiannoeans! Leonrom Kauronom (Geore Cnnfnr\ {7e‘wt5chr_1ft fiir

ARl e atddt DArids LA GG S e DD SN pSA NSV A pr e L v ] Lvasvnra

Math. und Physik 14 (1869), 121-128]. Ilononﬂn'renbﬂaﬂ HH(bOpM&Imﬁ 0 TaKHX CHCTe-
Max cofep Kurca B ynp. 26 u 29.

Y. Ieppu (W. Parry) uccienosan HEKOTOPbIE BONPOCHI, OTHOCAUIMECH K uUPPAyUO-
naavroLm OcHOBaHMAM (cM. Acta Math. Acad. Sci. Hung. 11 (1960), 401-416).

IToMMMO OMUCAHHBEIX 3J€ChH CHUCTEM CYUCIEHUS, CYUIECTBYET HECKOJILKO IPYTHX CHO-
cObOOB TIpEeJCTABNEHUST YHCEJN, KOTOphle YIOMUHAaWTCA B 3Toff cepun Kuur: OHHOMHAIbL-
Haf cucrema cuucienus (yop. 1.2.6-56), cucrema ®@ubbuavun (ynp. 1.2.8-34, 5.4.2-10),
¢-cucrema (ymp. 1.2.8-35), monyabHoe npencrapienue (pasnen 4.3.2), kog Fpes (pas-

FLy et ERE L PRl LULWIES S L AR e BriwE g 1)

nen 7.2.1) u cuctema ¢ PUMCKUMH umbpamu (pazzen 9.1).

YTPAXKHEHUA

1. [15] Buipasure wucna —10, =9, ..., 9, 10 B cucTeMe CYUCIEHHS 10 OCHOBaHUIO —2.

2. [24] PaccMorpure cneayouye YeThipe CHCTEMbI CIHCIEHU: (a) ABOMYHYIO {(MPAMOI Koa),
{(b) Heragpouunyio (ocHopanue —2}, (c) ypaBHOBelIEHHYO TPOHUHYIO i (d) cucTeMy IO OCHOBa-
nu b = %, Mcnonb3yiire 91u YeThIpe CHCTEMBbI AUIsl IPEACTABIEHHMs Ka)XXI0TO U3 TPeX -MCel:
(1) —49; (ii) —31 (yxaxwure nepuon); (iii) 7 (HeCko/bko 3navammx mudp).

[20] Bwmipasure —49 + i B MHUMOYETBEPHYHOMN CHCTEME.

[15] peamonoxum, umeercs MIX-mporpamMa, B sAdeiike maMATH A KoTOpOH HaxomuTcd
YHCJI0, pa3aesAlomas TOUKa KOTOPOro pacnonoxkeHa mexnay 3- M 4-m Galitamu, a B fueiike
NaMATH B-—4HCI0, pa3gensiionas TOYKa KOTOPOrO pacroiiokeHa mexnay 2- U 3-m Oaltramu.
(Kpaituuit cneBa Gaiit umeer Homep 1.) Dae Gymer pacmonaraThes pasgensiiomas ToOYKa B
peructpax A u X nocne BBIMO/HEHUA KOMAHI

(a) LDA A; MUL B (b) LDA A; SRAX 5; DIV B?
5. [00] O6bacuure, no4yemy npeacTas/JeHHe OTPUNATEILHOIO HEJIOro ucaa B 06paTHoM Koae

Bceraa Ha €OUHMUY MeHblle INpeacTaB/ieHMA B JONOMHUTE/IBHOM KO/Ig, €CTH paccMaTpUBaTh 3TH
npeaCTaBNeHUA KaK IToJIOKATENIbHREIE YHCA.
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xona, (b) o6parHoro koga, (¢) mo-

Q

npencTapiieHbl B ABOMYHOMN CHCTEME NOCPEACTBOM (a) npsiMor
MOJIHUTEILHOr0 Kona?

[M20] B Texcre pasmena aecATHYHOE NPeACTABJIEHHE C JONOTHEHHEM [0 JeCaTH Ofpeaee-
HO TOJMBKO AJIs1 LUEIbIX YHCES, 3aMCaHHbIX B OJHOM MAIUMHHOM CnoBe. MOXKHO JH aHAJOTMYHO
OnpeleTuTh npe,u(:TaBJIeHue B 3TOM XKe dopmaTe das 6cex JdelicmMBUMENbHNT “uceA, HMEIOWMX
“Geckorevnyo ToyHocTh”? CyumecTByeT JIM non06HbI# crocob onpeneseHus OECATHYHOTO Ipea-
cTap/JIeHus B 00paTHOM Kojde A7d BCeX aeHCTBUTETbHBIX YHCEI?

8. [M10] Hokaxwure cooTHomenne (3).

[15] IlepepenuTe creayomue 80cbmepusKbe SHCIA B WECMHAOYURMEPUNKBE, UCTONBIYS
mecTHaanarepuynbie udpst 0, 1, ...,9, A, B, C, D, E, F: 12; 5655, 2550276, 76545336, 3726755.

10. [M22] O6o6uwre cooTHomenue (5) Oy CMCTEM CO CMEIUAHHBIM OCHOBAHHEM, KaK B COOT-
HoweHuH (9).

[22] PaspaGoraiiTe agrOpMT™M OIS BHIMHCICHUS CYMMBI 9HCeT (Gn...Q160)-2 # (bn
.b1bo)-2, naowui pesyabTaT B BHAE (Cnt2...C1€0)-2, C MOMOILLIO CHCTEMbI CYMCIEHHS IO
OCHOBAHHIO —2,

T gy

ATOPHTM nepesoaa (&) Yutiia, 3alnuca
t+(an ...a0)2, B HETaABOMyHOe upeacrapieHue (bn41...bo)-2 ¥
HMA (bpyr ... bo)-2 B mpsimMolt apoMuHsIN Koa £(Qn41 - - - G0)2.

\../C)
é
=]
C
=
o
o]
[=]
)
=]
=

peacTaBie-

13. [M21] CymecTByoT yucia, MMeKOmMe ABA Pa3JuYHBIX Pa3IokKeHHs B OECKOHEUHyHO me-
CATHYRYI0 apobb, Hanpumep 2.3599999 ... = 2.3600000.... EguHCTBEeHHO JM OpeiCTaB/IEHME
YHucen B Heaadecamuynotl (1o ocHOBaHWIO —10) cHcTeMe CUMCIIEHMA WIH CYILIECTBYIOT TAKXKE Be-
UIECTBEHHBIE YHCJIA [0 3TOMY OCHOBAHMIO C ABYMS PA3IMYHBIMU OECKOHEHBIMH Pa3/I0OXKEHAAMU

14. [14] YwmuoxpTe (11321)3; camo Ha cebft B MHMMOUYETBEPHUHOMN CHCTEME, HCIIONIb3YS METOS,
OIMCaHHbIA BEILUeE.

15. [M24] Kak Bulr1aasaT muoxectBa S = {Zk>1 arh™* | ax monycTumas mudpa}, anasorny-
HbIE MHO)KeCTBy, [PEJCTABIEHHOMY Ha PUC. 1, B HETAAECATHYHON ¥ MHHMOYETBEPHUIHOM CHCTEMAX

16. [M2/] Tlocrpofite amroput™ ciaoxenms 1 ¢ (@, ... G1Q0)i-1 B CHCTEMe CIHCIICHHA 110 OCHO-
BaHHuIO © — 1,

17. [M30] Moxker noxa3saTbcsa CTPaHHBIM, 9TO B Ka4eCTBE OCHOBAHMS B CHCTEME CUMCIIEHHS
6eperca umcno ¢ — 1, a He aHaJloru4dHoe, HO 6o/1ee mpocToe 9uco i+ 1. Beakoe i KoMIiekcHOe
uyncno a+bi gonyckaer “npowdHoe” IpeaCcTaB/IeHHE B TO3UIMOHHON CHCTEME 10 OCHOBaHMIO ¢+ 17

18. [HM32] Toxaxkure, ITO MHOXKECTBO S, MPEACTABIEHHOE Ha PHC. 1, €CTb 3aMKHYTO€ MHO-
JKECTBO, COAepiKauiee HEKOTOPYIO OKpecTHOCTb Hauvasa koopauHar. (CrmenoBaresnbho, Jyioboe
KOMIIJIEKCHOE JHCJI0 JAOMYCKAeT “mBOMYHOe” HpeacTaB/eHMe 10 OCHOBaHHIO ¢ — 1.)

{23] (demug V. Marysa (David W. Matula).) Ilycts D — MHOXeCTBO meJbiX 4MCeI B
cHcTeMe ¢ OCHOBaHMeM b, ma KOTOpBIX ypaBHeHue z = j (rfo moay/mio b) MMeeT TOYHO OJHO
peumtersie npu 0 < j < b. JoxaxkuTe, YTO BCE HEJIble YUCIa M (MOI0KKHTEIbHbBIE, OTPHIIATE b
Hble M HyJb) MOTYT ObITh npeacraB/eHnl B BUAE M = (Gn ...4p)s, TAE BCE G; MPHMHAJIENKAT
MHOXeCTBY D), Toraa ¥ TO/IbKO TOrJa, KOrJa BCEe Hebie uucita B uHTeppaae | < m < u Takxe
npeacTaBuMbl B 3T0M Buae, rae | = —max{a |a € D}/(b—1) n u = —min{a | a € D}/(b ~1).
Hanpumep, D = {-1,0,...,b — 2} ymoBrersopser AaHHBIM yClnopuaM ais Bcex b > 3. [Vkasa-
nue. IlocTpoiire anroputMm, dopMUpyOWMH NOIXOAAILEE IIPEACTABICHNE. |

20. [HM28] (Ossug Y. Maryna.) PaccMOTpUM AeCATHYHYIO CHCTEMY CHHCICHMs, B KOTOPOH
smecro {0, 1,...,9} ucnosnw3yorcsd uucna D = {~1,0,8,17, 26, 35,44, 53,62, 71}. 13 pesynbraTa
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6eCI(OHe‘leIMH aecATHIHbIMM apobsaMu ¢ rioMombio udp U3 MHOXKecTBa D,
B ynp. 13 oTMedasoch, YTO HEKOTOphle YMIA B OOLIYHON HECATHYHOM CHCTEME MMEIOT

mea ITNancTaD TOMTT ( 3 u-:vnﬂ"lxmn mathornumaATLIINA LITIO TN ENATOATYNO  TEArOOM ﬂnnaa vy J) o
PR LS -avauAuwa\.’u-x A, \u-, ALGILANFILG AUALLDALLU/IDOUL "WIV,, [QULUPUL aNMuel vuviee ODY A as

AecaTHYHbIX npelcrapienufi. (b) IToxaxkuTe, YTo HM OQHO NeHCTBUTENbHOE HHCIO HE MOKET
uMerb bGeckoHewHOro MHoxecrBa D — necatwunbix npeacrasiaenuit. (c¢) Iloxaxure, uro nBa

e Annos N ’nnﬁamixt!ur,rv v
EAJAXKL NIVISAN, AL \AG\J{[L X1 113N ILPUAL

[M22] (K. 3. llenson (C. E. Shannon).) MoxeT 11 nNpou3Bo/IbHOE BEUIECTBEHHOE HCIO
(HonoXMTEIBHOE, OTPUIATEIBHOE HIIH HYJIb) GbITh IpECTARIEHO B “ypABHOBEINCHHONR necATHY-
HOH” cHCTEMe, T. €. B BHAE ) k<nlk 10* a/151 HEXKOTOPOTO UE/I0r0 YHCIA N ¥ HEKOTOpOit Iocse I0-
BATEJIBHOCTH Gp, , Gn-1; Gn-2, ..., Tae moboe ax — 3TO 0QHO M3 mecaTu wmcen {—41,-31 -23,
-1§,-3,3,13,23,34,41}? (Xora myms u me smaserca omHol 3 JonycTumbiX mucp, Mbi
HEsBHO no.naraeM, 4TO0 Qn+1, @n42, ...—Hym1.) Haligure B 21Ol CHCTeMe CumMCIeHHHA BCe

[IpeaCTaB/ACHUA HyJIs K BCE IIPECTABIEHUS eIUMHULIEL.

[HM25] Ilycte @ = =3 o, 10—, HoxakuTe, 4TO A1 3amanHoro € > 0 u mwoboro
BELIECTBEHHOr0 YMCIA T CYMECTBYeT Takoe “mecATHYHOE” HpeiCTABJeHME 3TOT0 M, YO
0 < |z — 7., ax10%| < ¢, rae xaxaoe u3 umcen ax MOXET NPUHUMATD TOJIBKO OIHO M3 TPEX
3Hagenuit: 0, 1 mwm a. (B aroM npencrariesuu orpunarenbubie crenedu 10 He HCIOIL3YIOTCH. )

[HM30] Iycts muoxectro D ecTth MHOXeCTBO b BemeCTBEHHBIX UMCE, TAKMX, 9TO JH060€e
DOJIOKUTEILHOE YHCTI0 HMEET MpeacTaB/IeHue Zk <n arb®, roe Bce ax € D. B ynp. 20 nokasaHo,
HTO CYHmieCTBYET MHOIO 4yrcesi, HEé MMEIIMX €0UHCTBEHNOZ0 HpeacTs
JACKAXKHTE, YTO MHOXKeCTBO 1' BCeX TAKMX YHCEJ MMEET Mepy HyJb, eCJIH
3TOT BBIBOI He HYXIAETCs B JoKa3aTesbcTre, eciu 0 ¢ D.

[M35] Haitmure GeckOHEIHO MHOTO pa3/IM4HBIX MHOXKeCTB L), KOTOPbIE COCTOAT U3 AECATH

HEOTPHMIATE/IbHBIX HEJIBbIX YMCEJ, YAOBJIETBOPAIOIIHX ClIeAyomuM TpeM yerosusam: (1) ged(D) =
1; (it) 0 € D; (m) J0b0e moJI0XXKUTENbHOE BENIECTBEHHOE HMCI0 MOXeT ObIThb IIpeacTaB/IeHO B
BUAE ) )<, Ok 10* st Beex ag € D*,
25. [M25} (C. A. Kyx (S. A. Cook).) ITycre b, u u v— peable NOICKUTEIbHBIE YHUCTIA, IIPHIEM
b>2u0 < v < b™ TIlokaxure, YTO NMpeACTABIEHHE HHCIA U/U B CUCTEME CUMCIEHHUSA [0
OCHOBAHHIO b He COonepKHT NOCIeaOBATENLHOCTH U3 M uudp, pasubiX b — 1, Hurge copasa oT
pazaeianuweit TouxkH. (CorvracHO 06mEnpHHATOMY COTVIALIEHHIO B CTAHAAPTHOM NPEICTABICHHMH
0 OCHOBaHMIO b He monycxalwTcs beckoHewHble nocaenoBaTeasrocTh mudpp (b — 1))

[HM80] (H. C. Mennmenscor (N. S. Mendelsohn).} Iycts (Bn) — noc1enoBarenbHOCTD
BEIECTBEHHbIX YHCEJ, OIpeaesIeHHas Al BCeX LEIbIX n, —oo < n < 00, TakuX, YTo

aBJIeHNisA. 1eM HE McHee
0 € D. Iokaxxure, 4TO

Bn < Bns; lim B, = oo; lim £, =0.
L= OO n——co

Hycts () — npou3sBosbHAA NOC/IEA0BATE/IbHOCTD NOJI0XKHMTEIBHBIX HEIbIX HYHCes, TaKXKe Ompe-
JeJIeHHAsl /IS BCEeX meJiblX 1, —o0 < 1 < oo. CxaxeM, 4TO 4yuCa0 T goayckKaer “obobuiermoe
apeacrapienHue”, eciy CymeCcTBYET TAKOE [EJIO€ 7t M TaKas NOC/eA0BATEJbHOCTD HEJIbIX HHCeI
Qn, On-1, Gn-2, ..., YTO T = Y _, .. apfBk, Tae an # 0, 0 < ar < ¢k u ap < ¢k A GeCKOHETHOrO
MHOXKeCTRa k. -

TToxaxkuTe, 9TO KaXK[10€ MOJIOKMTEIbHOE BEIIECTBEHHOE HMCJIO T AONYCKAeT POBHO OOHO
0000weHHOe NpeCTAB/IEHHE TOTAa W TOJIbKO TOrJa, KOTaa

Bn+1 = E ck 3k OJIA BCEX T2,
k<n
* 3peck um ganee “ged” obosmadaer “mambosbmuit o6muii aenurens” (greatest common divisor). —
ITpum, nepes,




(CnemoBaTenbHO, CHCTEMBI CO CMELNAHHBIM IIE/I0YHC/ICHHBIM OCHOBaHMEeM 00/1aJal0T 3THM CBOM-
ctBoM. Haubosiee obmuMu cMcTeMaMM TAKOIO THMIIA ABJISIOTCH CHCTEMBI CO CMEIIAHHBIM OCHOBa-

HueM, y kotopbix 1 = {co + 1)5o, B2 = (e1 + ){co + 1)Bo, ..., B=1 = Fo/{c-1 + 1), ....)
27. [M21] Tlokaxure, yro J06oe HEHYJIEBOE YHCIO MMEET €AMHCTBEHHOE “3HAKOIEPEMEHHOE
JBOMYHOE IpencCTaB/eHne”

2eo _ 2e1 + . + (_1)t25¢,

28. [M2/] Mokaxure, uro noboe HEOTPUIATEIbHOE KOMILUIEKCHOE YHCI0 BMaA a + bi, rue a
1 b— nesple yucia, obs1anaer QUHCTBEHHBIM “NEPUOAMYIECKHM JBOMYHbIM HpEICTABICHUEM

(L4 +i(1 4+ — (1 + — (1 + )+ -+ (L +9)°,

neeg < el << ey
b U ™ ol w LS

roe eg < e; < - - <e (cp. c yop. 27).

29. [M85] (H.TI. pe Bpeitr (N. G. de Bruijn).) Ilycte So, S1, S2, ...— MHOXKECTBa HEOTPH-
LATE/IbHBIX NETBIX HHCET; FOBOPAT, YTO COBOKYMHOCTh {So, S1, 52,...} obnazaer crofictom B,
ecrm mo60oe HEOTpHIIATEILHOE KeJI0E HHCJIO 7! MOXKET ObITh €IMHCTBEHHBbIM crocoboM 3ammcaHo

B BHIE

n=3s+s +s24---, 8; € 5j.
(r‘nnt TN p NAIIr2ATIaonm LTI, n C C' TTITEY DAY /I. TITNAOAL N T WA vwr i -— n LY T2 ) "d=tal ﬁLT’!“L TNOTATAD ITOITN
\VM\J'A\;AD\J L= vu11u1uvl, RAN U N UJ /—Iﬂln o L GLwp, ¥ J’ ILULI\UdLUnJ e WOUVAAI A L WSLRA AL IAPUM\‘LUUHI\JALV
TobKO KakK 0+0-+0+4- . ..) Jlwbas cucreMa cumciients co CMeLaHHbIM OCHOBaHMeM bo, b1, b2, ...

JIAET MpPHUMeED conoxynﬂoc'm MHOXECTB, y/A0BJIETBOPAIMX cBOiicTBY B, ecnm mosoxurs S; =

Imn R. (k. — 1YR. oo R, — h.h. | < B mawsnss cav4yae npenc ™ TTOAYTITO —_
1U’UJ,- - -3 \U2 J')“JI? LA .l_lj —_ VU] .. .U’J—l. i lanupM WHlyHao ddpoluidanpdicinne 8 — JuU T

81 + 82 + -« oueBHAHBIM 00pa30M COOTBETCTBYeT mpeacTaBjeHHio (9) 3TOro umcia Io cMe-
IIaHHOMY OCHOBaHMIO. /[lanee, ecin COBOKYNHOCTD {.5'0,.5'1,5'2,...} Ag, A1, A2, ... obnanaer
Ao, A1, A2, ... HEOTPHIATEIBHBIX IIEJIBIX

e
N AJ = @ npu ¢ # j, HEKOTOPBIE U3 MHOXKECTB
M 1101y 4YeHHAasA |3 Hee nyTeM “crarusanns’”
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CGBGKyHHOCTb 11.0, b 1, 1.2, .}, [A€ MHOXKECTBO L; COCTOMT M3 BCEX
[10 BCEBO3MOXXHBIM BHIGODKAM 3JIEMEHTOB §; € S;.
Hokaxxkurte, uro awbas IIOC.TIe,ZI,OBaTeJIbHOCTb {Tb, Tl, Ta, ...}, yaoBIeTBOpSIIOWAS CBOMH-

CTBY B, MOKeT ObITh Ti0JIyYE€HA IMOCpeaCTBOM “cTArMBaHKAg” HEKOTOPOH COBOKYITHOCTH {So, 51,
52, . .}, COOTBGTCTBy}OU.leH CHCTEME CYMCJIEHH S 10 CMEINaHHOMY OCHOBAaHHIO.

30. [M39] (H.TI. me Bpeiin.) IIpuMep CHCTeMbI CIMCIEHUSA 10 OCHOBAHHIO — 2 IIOKA3BIBAET, UTO
moboe nenoe YMIo (IIONIOKMTEIbHOE, OTPMUATEIbHOS WJIM HyJIb) MMEET €IUHCTBEHHOE Mpel-
CTapJICHHE B BUIE )

(—N°1 1 (932 4 (—9)5t ey S Es S S e, D> +>0.
o~ LR - i LI Y ~ F ) [0 G =) L s Al v
Hasnayenne qaHHOrO yHpa>XHEHHs — HECKOBKO 06061HTL 3TO CBOMCTBO.
a) Ilycrs nocnenoBaTenbHOCTD nesbix gucen by, by, ba, ... TakoBa, 4yTo JOG0OE LErOe YUCTIO N
JIOILYCKAeT eaMHCTBEHHOE IIPeaCTaBIEHHE B BUIE
n:b€1+b62+"'+be¢7 61>62>"‘>6t20, tzo'

(Jannas nociegoBaresnbHOCTS (by) HasbiBaercs GunapHbiM 6a3ucoM.) Ilokaxure, yro Hali-
JETCH Takoe 3HadyeHHe MHAEKCA j, 4To b; HeyeTHO, a ans Bcex kK # j umcaa b; wernst.

b} oxaxwure, yro 6uHapHuii 6a3uc (b,) Bcerma Moxker 6biTh Npeobpa3oBaH B MOCTEIOBATEb-
HOCTh BHza do, 2d1, 4ds, ... = {2"d,), roe xaxmoe U3 gucen dy HeYeTHO.

c)} Hokaxkure, 4TO eciiM Kaxkaoe u3 umces do, d, dz2, ... u3 0. (b) paBHo £1, To nocienoBaTe b-
HOCTb (b, ) 0Bpa3yer GuHapHbIif 6a3uC Toraa ¥ TOJILKO TOrAa, KOraa CymecTByer H@CKOHeUHO
MHOro d;, paBHbIX +1, 4 6eckoHedno MHoro d;, paBHbIx —1.



d) Jdoxaxkure, 4To nocreopaTesHOCTD T, —13-2, 7-2%, —13.2% ... 7.2% —13.2%k+1
sBJAeTcs bunapHbiM ba3ucoM, M HallaMTe npeacTaBIeHue Yuchaa n = 1.

» 31. [M35] Opmno obobuienne mpeacrap/IeHus Uuce] B 0OpATHOM ABOMYHOM KOJE, H3BECTHOE
Kak “2-azmyeckme uMcaa’, 6blio npensoxkeno B pabore K. Hensel, Crelle 127 (1904), 51-84.
(B nettcrBurensrocty K. TeHzenp npennoxun p-aduveckue wucae mias oboro MpocToro Huc-
JIa p.) 2-aiMyecKoe YHCI0 MOXKHO PACCMATPMBATH KAK JBOMYHOE “HCJIO

u = ( LLoUU2ULIUY U1 . U_n)Q,

npeacTapjeHe KOToporo beckoHe4YHO po;gomxae'rcn BJICBO H JIMINIb HA KOHEYHOE KOJIHNYEeCTBO
3HAKOB BHOPABO OT naqmﬂnqmmpg TOUK ("rmxcpnnp BLIYMTAHHE W yMHOXKEHUE 2-a ATUYECKUX

YUCETT BHIIONHAKTCA B COOTBETCTBHH C aJn‘opHTMOM OOBIHBIX apHM@PMEeTHIECKMX oIepanyi,
KOTOpble, B NPHHIMIE, AOMYCKAOT BO3MOXKHOCTb HEOI'pDAaHMYEHHOr0 Mpoo/nKenus Biaeso. Ha-

OpuMeD
r | 4

= (... 000000000000111), 1 =(...110110110110111),
—_7 = 11111111 1111001y, 1 —_— nn1nNInNiINNINNT Y.,
1 \l---l--lJ.J.J.J.LJ.-I.J.L UUJ-}J 7 \l-oUUJ-UUJ-UUL\JULUUJ-}‘
I = (...000000000000001.11); & = (...110011001100110.1);
/T

—_ 1 TAANANRANRTAT T AT Y 7 Adi11311anTnAnTINAT1Y
v—7={...100000010110101)2 wmmm {...011111101001011)..

3aech yuciio 7-— oObigHOE YMCI0 “ceMb” B ABOMYHOM IIpeICTaBJICHMM, a — 7 — obpaTHsIil KoL,

HEOTDAHMYEHHO MIPONOJ/IKEHHBIH BJIeBO. Jlerko ApoBepMTb, YTO oObIYHAs HpoONEaypa CIoXKe-

HUS JBOMYHBIX 4HceJ maeT —7 + 7 = (...00000)2 = 0, eciiu ee BbinosHEHHE MPOAOIKATD
1

HEOI'PAHUYEHHO OOAr0. J3HAYEHMs :} M —% NpecTaBJsoT coboil eaMHCTBEHHBIE 2-afUvecKHe

YHCJIa, KOTopble nocne (GOpPMAlbHOIO YMHOXEHMS HA 7 OAIOT COOTBETCTBeHHO 1 M —1. 3Ha-
“eHUs % " 11—0 €CTb MNPHUMEDHI 2-3IUYECKMX YHCeJI, He SIBJIAKIIMXCH 2-aJHYeCKHMH “HesbiMK
TAK KAK OHHM MMEIOT HeHyJeBble OMTH crnpaBa OT paspenawomed Touxu. IlpuBemeHnbie npa
3HAYCHHA \/—7, MOJYYAIOmUecs OJHO W3 APYFOr0 B Pe3y/IbTATE MepeMeHbl 3HAaKa, ABJIAIOTCS

eMHCTBEHHBIMHU 2-3IMYeCKMMH YMCIAMH, KOTOpbie Noce GOpMATbHOTO BO3BEIACHMA B KBAJpAT
mafor {...111111111111001),.

e T N [ — -

a) Jokaxure, uito nw0boe 2-aJUIeCKoe YMCI0 ©w MOXKHO pPa3Ae/]uTh HA [IPOU3BOJIBHOE HEHy-
JIeROe 2-aqMYecKoe YHCI0 v, YTOOb! BBIYHCIMTD 2-aJMYeCKOe UMCJI0 W, YAOBJETBOPAIIlEe
paBeHcTBy u = vw. (CnenoBaTennHo, MHOXKECTBO 2-aJIMYeCKMX umces obpasyer noge;
cM. pazzen 4.6.1.)

b} Hokaxkure, 4To 2-agudeckoe NpeacTABJISHHE PAMOHATBHOrO yucia —1/(2n + 1), rae n—
IOJIOXHUTEIBHOE LEJI0e YHC/I0, MOXKHO HOIYUYHMTh CltefyouwmM obpasoM. CHavajla HaxOIMM
obbrvHOe mBOMYHOe pa3zJioxkenue umcaa +1/(2n + 1}, KoTopoe MMeeT BHA NEPHOIUIECKOIN
apobu (0.caa ... )2 (a—HekoTOpas cTpoka M3 Hyneit n equnun). Torga (...aaa): byaer
2-agyeckMM OpeacTapseHueM yncaa —1/(2n + 1).

c) Hoxaxkurte, 4TO 2-aQM4eCKO€ NpEICTABACHUE YM(Ia 4 IEPHOIHYHO (T. €. UN4) = UN OJIS
BCeX bospummx N mpu HexkoTopoM A > 1) Toraa M TOJBKO TOrjaa, KOIJA U PAnMOHAIBHO

('1: e u= '_m/'n JJIst HEKOTODBIX NEJBIX YUCes m U n)

d) Jdoxaxkure, 4TO €CU 1 — HEJI0E YHCIO, TO /1t ABIAETCH 2-aJMYEeCKMM YMCIOM TOJIbKO B
TOM C/1y4ae, ecjii AN HeKOTOPOro HEOTPHMIATE/ILHOIO HEJION0 YMCJIA 12 OHO YIOBJIETBODAET
ycrosuio 7 mod 22%+? = 2%, (TakuM obpasom, ;mbo nmod8 = 1, mmbo n mod 32 = 4,
T A4.)

32. [M40} (1. 3. Pyua (I. Z. Ruzsa).) CdopmupyiiTe GeCKOHEYHO MHOIO LeJbIX UMCe]I, B
TPOMYHBIX NPECTABIEHUAX KOTOPBIX HCIOIb3YIOTCA TOJLKO HYJIM 1 eJHHHUIbL, & B YeTBEPHIHOM

[IpeaCTaBJIeHHHE — TOJBKO HYJIM, €IUHULBI ¥ JBOHKH.



33. [M40] (O. A. Knapuep (D. A. Klarner).) Ilycts MHOXecTBO D — HpOM3BOJIbHOE MHOXE-
CTBO peJsbix yuces, b—mwboe nomoxureapHoe nes1oe YMCI0, a K, — KOJMYECTBO DA3IMYHBIX
HEeTEIX 4HCeN, KOTOphie MOryT ObITh 3allHCaHbl Kak n-paspAgHble YHcIa (Gn—1...0100)p HO
ocHoBaHMK b ¢ mudpamu a; B D. Joxaxkurte, 9To nocneaoBaTeabHocTb (Kkn) yAOBIETBOpsET
JIMHERHOMY PEKYDPPEHTHOMY COOTHOIIEHHMIO, H HOSCHUTE, KaK BbIYHCIMTD NPOM3BOAAIYIO (Y HK-
umio . kaz". IlpousmmocTpupyiite paspaboTannbiil aIropuT™M, N0Ka3as, YTO B CIydae, KOIAa
b=3u D ={-1,0,3}, yucno k, ecrb uucio OuboHawyu.

» 34. [22] (T. B. Patitpaitanep (G. W. Reitwiesner), 1960.) IloscHuTe, xax mpeacTapMTh 3a-
JaHHOe 1iesi0e 9uciIo 1t B BUae (...a201a0)2, rae Kaxaoe u3 a; ectb —1, 0 aubo 1, ucnone3ys
HaMMeHbUIYIO HEeHYJIeBYI0 nudpy.



