JuHaMudeckoe MporpaMMHpOBaHUE, KaKk M METOI pa3bueHHs, MO3BOJSET pellaTh
3aJa4d, KOMOMHHUpYS pelleHHs BcrioMmorarenbHbIX 3agay. (TepmuH “IporpaMmupoBa-
HHE” B JaHHOM KOHTEKCTE O3HayaeT TaOJHYHBIA METol, a He COCTaBlIEHHE KOMIIbIO-
TepHoro koxa.) B maBe 2 yxxe Ob110 NMOKa3aHO, KaK B aJropuTMax pa3bHeHMs 3ajaya

ACIUTCA Ha HECKOJIbKO HE3aBUCHMBIX MOA3aAad, KaXKaasd M3 KOTOpBIX DPEIIacICsa pe-
KVNCUBRHO, MOC/Ie Uero U2 nelleHUull BCOMOraTelnbLHEIX 2313y rhnnuunvp'rrq IIeHUue
KYpCUBH 0, NOCNe 4Yere U3 peleHuY BCIIOMOraTenbHEIX 3aay QOpMHUDYETCH DENIEHUE

HCXOIHOM 3aJauH. ﬂHHaMPl'-{eCKOC IIporpaMMHUpOBaHUE, HAIIPOTHB, HAXOOUT HDHMCHC-
HHE Toraa, Korga BCIIOMOraTeyibHbI€ 3aJa4dHd HE ABIAKOTCA HE3aBUCHMBIMH, T.€. Korja
pa3HbI€ BCIIOMOraTENbHBIE 3aJa4Yd HUCIIONB3YIOT pPCIICHUA OOHHX M TE€X XE IoA3anad.
B 3Ttom cmsicnie AJITOPUTM pa36HCHI/[}I MHOI'OKpaTHO pemad 3aga4yd OOHUX U TEX XK€

arm [ A A ~ARY R anmr ¥
THIIOB, BBINIOJIHACT OOJIbBIIC ﬁ6H01DHh, YEM ObLJIO Obl HECOOUXOAMMO. O aJIOPpHTM

HaMHYECKOIO MPOrpaMMHPOBaHUS KaXKaash BCIIOMOTraTeNnbHas 3aj1aya pelaeTcs TONbKO
OIUH pa3, NOCJIe YEro OTBET coXpaHseTcs B Tabnuue. 3To no3BonseT u3bexarb OQHUX
H TeX e MOBTOPHBIX BHIYMCIIEHUH KaXKOblit pa3, Kora BCTpeyaeTcs JaHHas noj3ajava.

I[uHaMPmecxoe NporpaMMHpPOBaHHUE, KaK IPaBUJIO, IPUMEHSIETCS K 3a0auam onmu-

< Skl o ~L 1. P e
imization proovi€is). b TakKux
u H

N
4
»

5y
[}
7|
N

afiadax BO3MOXKHO H
con KaKoe

3
OXHO OCTaBUTE

HYXXHO Ha#iTH Cpeiy HUX pelleHHe C ONTHMAadbHbIM (MHHPIM&J‘IBHBIM WJIM MaKCHMallb-
HbIM) 3HaueHHeM. Ha3oBeM Takoe pelieHHe OOHUM U3 B03MOJCHbIX ONITUMANIBHBIX pe-
weHuid. B cuiy Toro, yTo Takux pelleHMi C ONTHMaJbHBIM 3HAYEHHEM MOXET ObITh

HECKOJIbKO, CJIEAYET OTIMYaTh UX OT e0UHCMBeHH020 ONITUMAJILHOTO pelIeHHUA.

TTnArrars nannafAATI I A TTANIITASAD ITLITTANSLITT
“PUL“""’ POIPAUULRI QI VP MUD Arnam

6uTh Ha YEThIPE NEPEYHUCIICHHBIX HHXXE JTalla.
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2. PexypcHBHOe onpejeneHue 3HaueHus!, COOTBETCTRYIOIIEro ONTHMANIBEHOMY pelile-
HHIO

3. BbluucneHue 3Ha4Y€HUs, COOTBETCTBYIOLIEIO ONTHMaJIbHOMY PEIICHHIO, C [IOMO-
b0 METOAA BOCXOOALIECIo aHajlHn3a.

4. CocraBineHHe ONTHMAJILHOTO PEIIeHUs Ha OCHOBE HH(OpMaLIUH, NOTy4eHHO#H Ha
npenbIyIMX Tanax.

Oransl 1-3 cocTaBNAOT OCHOBY METOAA JUHAMHYECKOTO NMporpaMMHUpoBaHuA. Jram 4

HUS ONTHMAJIBHOTO peLIeHHs.
B nocnenyromux pasnenax MeTol AMHAMHYECKOrO MpPOrPaMMHPOBAaHHA HCIONb-
3yeTcs IJIs pelleHHs HEeKOTOphIX 3aja4y onTHMH3auuu. B pasgene 15.1 uccnenyercs

~

3aJaya 110 COCTaBJEHHIO rpapuka paboTsl ABYX aBTOCOOPOYHBIX KOHBeiepoB. I1o 3a-

UU KA TOTN ATana ofonru anramafunt nufa acTasToa TAM Wa NALInotion,
"“pH}eHnn NA/MAVIV J1Giia VUUpYnI aBTCMOCUHJIb JIHOCO OCTALCTCA Ha TOM XE l\UﬂD\dll\itl\d,

nubo mepemeniaercs Ha apyroit. B pasmene 15.2 uccnemyercs Bompoc O ToM, B Ka-
KOM IOpAZKE CleAyeT BBIIONHATh IepeMHOXEHHE HECKONBKUX MaTpHll, YTOOBI CBECTH
K MUHUMYMY o61uee KOJIMYECTBO OINepaLluii epeMHOXEeHUs cKajsipoB. Ha sTux aByx

JAHHAMHYECKOIro nporpaManoaaHMx KOHCprpreTCH IleCBO 6m-rapHoro IIOHUCKa, OIl-
TAMAJIbHOE JUIA 3aJaHHOI'O paclipeneeHus KJIIO‘{Cf{, IO KOTOPBIM BEAETCSA IOHUCK.

15.1 Pacnucanue padoThl KOHBelepa

B kauecTBe nepBoro npuMepa AMHaAMHYECKOrO MPOrpaMMHpPOBAaHHUS PaCCMOTPHUM
peleHue MpoU3BOICTBEHHOM 3afa4yu. Hekas aBToMoOMIbHAas KOopHopauHs NPOH3BOIUT
aBTOMOOHJIM Ha 3aBOJie, OCHAIIIEHHOM JByMs KoHBeiepamu (puc. 15.1). Ha o6a xouseii-
epa, Ha Ka)XKIOM U3 KOTOPBIX IPEAYyCMOTPEHO MO HECKOIBKO pabotmx MECT, IOCTyNaloT

r nn ARIITYY TrY YA YIYOAANTI TTAATIA ITATA Tra Teasys

ans cbopku aBTOMOGHIbHBIE HIACCH, IOCE YeTo Ha Ka
nobaBnsoTcs Bce HOBbIe eTany. Hakonel, coOpaHHBI ]
ep. Ha xaxxmoM koHBeiiepe umeercs n pabouux Mecr, nponymepoaaﬂﬂmx oT l o n.
O6o3HayuM paﬁoqee MECTO 0] HOMEPOM j Ha i-M KOHBeiepe (Tie ¢ NpUHUMAeT 3Ha-

HOMEpaMH BbIIIOJIHAY TC)T OJUH M T€ XK€ OIll€paluu OnHako KOHE ’Hepi{ CO31aBaJIMCh
B NazHOEe BneMyg U Mo DazHEIM TeXHONOrUSM,. NMO3TOMY BneMd BELIIONHEeHUS OTHUX U TexX
B paszHOC BpeM U IIC PA3HEIM TEXHOJIOIHAM, NNO3TOMY BpEMS BEINNOIHCHUS OOHHUX U TEX

o
Xe omepaluil Ha pa3HbIX KOHBeiepax pasnuyaercsa. O603HauuM Bpems cOOpkH Ha pa-
bouem Mecte S;; uepe3 a; ;. Kak BumHO M3 puc. 15.1, maccu mocTynaer Ha nepBoe
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PaGoyee PaBoyee PaGouyce Pa6ouee Pabouee PaGouee
MECTO §) 3 MeCTo S MecTo Sy,

ST

WA A WA AN

- I ha I,n-1 Beixon
3anyck / w &‘J w / TOTOBOTO

NS @\ B\ B\ \ @\ o
L NL NS NS N\

CGopouHbiit §
KOHBeiep 2 )\ A
'wur : e ks Z
Pabouee Pabouee PaGoyee Pabouee x  Pabouee PaGoyee
MecTo S, ; Mect0S;;  MecTo S5 MecTo Sy 4 MecTo Sy, Mecto S;,

Puc. 15.1. [IpousBoacTBCHHasA 3aa4a Mo ONpeCICHHIO ONTUMAJIbHOTO crocoba cObopku

pa60qee MECTO OJHOI0 U3 KOHBeffiepOB, a 3aTeEM MEPEXOAUT OT OQHOro pa6oqero MecCTa
K Opyromy. TiocTaHoBKa 11accH Ha KOHBeﬁep 3aHUMAET BpEMA ¢;, a CHITHE IOTOBOIO

apTOMORU NG ¢ YNnUBAiena — Bneaxa 7.
aBTOMOOHJIA C KOHBEHEpA BpEMI ;.

OObIYHO NOCTYMMBIIEE HA KOHBEMED I11aCCH IPOXOIUT BCe 3Tambl COOPKU Ha ONHOM
M TOM e KOHBeiiepe. BpeMeHeM nepexosa oT oqHoro pabouero Mecra K Ipyromy, €cig
3TOT MepeXO BBITIONHAETCA B IIpe/iesiaX OHOro KoHBeliepa, MOXHO npeHebpeyb. OnHa-
KO uHorna 3aKa34yMK Tpe6yer 4TOOBI aBT0M06unb (9831 coGpaH 3a Kparyaiilee Bpems,
i IIACCH I
)i

o
IKED MOX
r

-IpEXH
T

<
Jart

<

ylcazauue nepe6pocrm> YaCTUYHO co6pauubm aBTOMO6PUlb C OJJHOTO KOHBeiepa Ha Jpy-
roit, npuyem Takas nepebpocka BO3MOXKHa Ha JitoboM dTane c6opku. Bpems, KOTOpOC
Tpebyercs 11 mepeMellieHHs IacCH C KOHBeiepa ¢ Ha COCeIHHI Nocie MPOXOXKIACHUSA

paﬁoqero mecta S; j, paBHO t,,, ¢ = 1,2,...,n — 1 (IIOCKO/JbKY MOCIE MPOXOXIE-
HUg Nn-ro nabouero Mecta cbonka 2apenniaercg). 3anaua 2aKI0UaeTCsd B TOM, UuTOOLI
Hug paboucro Ta COOpKa 3aBCpLIacTCd). sajaya 3aKnwouyacTcs B TOM, YTODLI

onpenenuTh, kakue paboyue MecTa JOKHbI ObITh BbIOpaHbl Ha MEPBOM KOHBEWeEpE,
a KaKue — Ha BTOPOM, YTOObl MUHUMH3UPOBATh MOJTHOE BpEMs, 3aTpay€HHOE Ha 3aBOZIE
Ha cOopky oxHoro aBroMo6uns. B nmpuMepe, MpouIIIOCTpHPOBaHHOM Ha puc. 15.2 a,
TI0JIHOE BpeMs MOJy4aeTCcs HAauMEHbLIMM, €CNIY Ha IEPBOM KOHBelepe BbIOUpAOTCs pa-

a e
a Ly T nnJ.11a Pl’l\r_y

~

ec
i1 ObICcTpBI MyTh Yyepe3 abpuky BblIeNEH XUPHOH JNHHHEH
B uactu 6 pncym(a npuBeneHs! Benuuunsl f; [j], f*, li [j] u [*, cooTBeTCTByIOMIME MPH-
Mepy, 1300pakeHHOMY B 4acTH @ (O TOM, YTO O3HAYalOT 3TH BENHUMHBI, OyAeT CKa3aHO
HEMHOTO T103Xe).

o A\ PR [ -~ ek sy AERMNEIATE TTA
UYCBHAHbIM METOA IIC 360 d, 1I03E0JIAF LLlMH MMHMMMinUBdlb BpCM)l CUUPKH Ha
KOHBelepax ¢ ManbIM YHCIIOM pabouuX MecT, CTAHOBUTCS HENPUMEHUMLIM Ans Gonkio-

ro KOJIM4YECTBA paﬁoqnx MecT. Eciu 3agaHbl CIIMCKH paﬁoqux MECT, KOTOPbI€ HCIIOJIb-
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PaGouee Paboyee Pabouee PaBouee PaGouee Pa6oyee
mecTo Sy MecTo S 5 MecTo S 3 MEcTo S 4 MecTo S 5 MecTo S| ¢

CBopoyHkif

KoHBexep |

// (0 3 ‘ 4 \’\ Brixon
3anycx 4 - = \ FOTOBOTO
maccu = {

\‘ / ¢ f:\)\ i /amomoﬁunﬂ

CGopoyHblit
KOHBeitep 2

Pafguee
racoyee

MecTo S ) MecTo S5 MecTo 3 MeCT0S) 4 MecTo S 5 MecTo Sy 6

a)

6)

Puc. 15.2. IIpumep 3amauu Ha cocTaBleHHe pacnicaHus cGOpPOYHOro KoHBeiiepa

3YIOTCS Ha NEpBOM M BTOPOM KOHBeiiepax, TO BpeMs IOJHOrO MPOXOXIEHHS ILACCH
0 KOHBeliepy JIerko BBIYHCIHUTH 3a Bpems O (n). K coxaleHH:o, BCero CyLiecTByeT
2™ BO3MOXHBIX 0M6uﬂauu ITO JIErKo MOHATh, PACCMATPHBask MHOXECTBO paboYHX
ectBa {1,2,...,n}; 0O4eBHOHO, YTO

cer c . M 00pazoM crocob, pU KOTOPOM
Hauﬁonee palLMOHaJIBHOE MIPOXOXKIEHHUE MO KOHBEMEpy olpenensieTcs METONOM Mepe-
Oopa Bcex BO3MOXHBIX BAPUAHTOB, B PE3Y/IbTAaTe Yero olpenensiercs BpeMs COopKu s
Ka)XZOTO BapHaHTa, 3aHAn Obl Bpems, paBHoe () (2"). OyeBuaHO, YTo NpH GONBLINX N

3TOT CHOCOD HETIPUEMIIEM.

a a
B TOM, YTOOBI OXapaKTEpPH3ORATh CTPYKTYDY ONTUMANLHOrO peiieHus. B 3apaue no co-
CTaBJIEHUIO pacnycaHus paboTsl KOHBeiHepa 3TOT ILar MOXHO BBINOJIHHUTE CIIEAYIOLIUM
obpa3zom. PaccMoTpuM cItocob, IpH KOTOPOM ILIACCH, NOCTYNUBIIEE Ha NEPBbIH KOHBEH-
ep, nonajet Ha paboyee mecTo S ; 3a Kparyaiuiee Bpemsa. Ecnu j = 1, cymecrtsyer

BCETO OAMH CIOCO0 MPOXOXKAEHUS Tako*o OTpe3Ka IyTH, MO3TOMY JIErKO ONPEAEIIUTH
BRNeMI TTOCTRRAWAHUTG nanouern MecoTa Q1 4 nnua 0 ecnmu ’; e ‘) q m RO
Bpems JocTxeHHs pabouero mecra Si ;. Onmnaxo ecnu j = 2,3,...,n, BO3MOXKeH

OOWH M3 ABYX BApHAHTOB: Ha paﬁoqee MECTO S 1.4 IDACCH MOIJIO MOMacTh HEnocpena-

437

CTBEHHO ¢ pabouyero mecrta Sy j_ UM ¢ Sz j_1. B nepBom ciyyae BpeMeHeM nepexosia
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afouero MecTa ¥ TNVroOMvVYV MOXHO TT
(0L L2 B 0 SLia N AVRNU 2

T QOMTHOTO 1o] )
Vi VAnRVIY N N oapy VM MU o }

1010 pa
MeT BpeMA to j_1. PaccMoTpum 06€ 3TH BO3MOXHOCTH OTAENBHO, XOTA BIOCIEACTBHH
CTaHeT ACHO, YTO Y HUX MHoro ob1ero.

CHayana npearoNoXHM, YTO CaMblil OBICTPBIN IMyTh, NpOXOAILHUiT Yyepe3 pabouee
mecTo S j, IPOXOAMT TaKxke yepe3 pabouee Mecto S ;1. OCHOBHOI BBIBOJ, KOTOPBIH
MOMXHO CAENAaTh B 5TOH CHTYal{}H, 3aKUII04aeTCA B TOM, YTO OTPE3OK MyTH OT HayaibHOH
TOYKU 10 S j—1 TOXe NO/KEeH ObITh CaMbIM OLICTPBIM. IMouemy? Ecnu 6b1 Ha 3TO
pabouee MecTo MOXHO Obo OBl Momacth OBICTpee, TO NpH MOACTAHOBKE NaHHOIO
OTpe3ka B IOJHBIH MyTh nonyyuics 6bl Gonee GBICTPEIi MyTh K paboueMy MecTy S j,

a 3TO NNPOTHBOPEYHUT HAYAJIbHOMY IIPEATIOIOXKEHHIO.

T arr s TTAAA TETT A TE AT, TER TV SO AT TEE TTX ——e e e amee—eedl cemin e sanismeran = s
lUllUpb lpUJ.l 10J10. l’lM, YTO Can blM Ublblpbll’l lly 9 11 p LALLM “leCJ de 4CC (ol
cro S} ;, mpoxomuT TaKxKe uepes pabouee mecto Sy ;1. B 3TOM ciyuae MoxHO nmpuiiTy
k!

K BBIBOY, YTO Ha pabouee Mecto So ;1 IIACCH JOKHO MOMACTh 3a Kparyaiimee Bpe-
Ms1. O6bsACHEeHHE aHAJIOTHYHO NpeasiaylleMy: ecinu Obl cyuecTBoBan 6onee ObICTpHIi
cnoco6 nobparbesa no pabouero Mecta So j—1, TO NMpPH MOACTAHOBKE JAHHOTO OTpE3Ka
B IOJIHBIA MyTh Mony4muics 6bl Gonee GbICTPBIA MyTh k pabouemy mecty Sij, a 3TO

OIINDA TINATHUDNANSUTUT O
VAVDG LpPULIADUPYinL v,

O06o61Las 3TH pacCy>XKIEHHsA, MOXHO CKa3aTh, YTO 3a/aya I10 COCTABIEHHUIO OINTH-
MaJbHOTO pacUcaHus (oNpeneneHne camoro GbICTporo MyTH Jo pabouero mecra Sj ;)
colepXUT B cebe ONTHMalbHOE pellleHHe Moa3agay (HaXxoXAeHHe caMmoro ObICTpPOro
IyTH 10 pa60qem mecTa Sy -1 WM S j_ 1) Ha3oneM 3TO CBOHCTBO ORMUMANbHOU

a OMY TIN AW OALITILN
JIGILIIIVIVL ILHUAILUJIUII\UIIIAI\J

C NOMOIIBIO CBOHCTBA ONTHMANBHOM MOACTPYKTYPbl MOXHO IOKa3aTh, YTO OMpe-
JieNieHHe ONTHMAJbHOIO pEelIeHHS 3alauyd CBOJMTCA K ONpejeNeHHI0 ONTHMAIbHOIo
pellieHus ee noa3anay. B 3anaue o cocTaBlneHHIO pacMcaHUs paboThl KOHBelepa pac-

CVIKNIEHUS NIPOBONYTCS Clnenviomum obnazoMm. Haubonee OpICTDBIM NVTEL, IDOXOASIIIUN
CYKACHHA MIPOBOAATCA CIACAYICIIIHMM O0pa3CM. alTO/Ie€C COLICTPHIM TYTh, IIpOXo Ay

yepe3 pabouee MecTo S j, JOMKEH TaKOKe MPOXOIHUTH yepe3 pabouee MECTO MOX HoMe-
poM j — 1, pacnonoxeHHoe Ha IIEpBOM HIH BTOpoM KoHBeitepe. TakuM oOpa3oM, ecnu
caMblit OBICTpBIH YT MPOXOAHUT yepe3s pabouee MecTo S j, TO CPABEIIUBO ONHO M3
TaKUX yTBEpXICHHUI:

® STOT NMyTh NPOXOAMUT yepe3 pabouee mecTo Sp 1, MOCIIE YETo IMACCH MoNajaeT
HENoCpeJICTBEHHO Ha pabouee MecTo S1,j;

® 3TOT IIYTh IIPOXOOMT 4Y€pE3 pa60qee MECTO '2,‘7’_1, MocJjie 4Yero aBTOMOOUIIb ITe

peﬁpacs‘sa TCA 13 BTOPOT

MecTo Si g
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[}

ATOT NVTE NMDOXOIUT ue
b MPOXOAHUT 4€

AV 2y a

HENoCpeACTBEHHO Ha 6oqee MECTO S

® 3TOT IyTh NMPOXOIMT 4epe3 pabouee mecTo Sl j—1, Toce yero aBToMobuis Ie-
pebpaceiBaeTcs M3 NepBOro KOHBEHepa Ha BTOPOH, a 3aTeM nonajaeT Ha paboyee
mecTto Sy ;.

Yro6b! pemuTh 3aa4dy onpeneneHus Haubonee 6pIcTporo myTH 10 paboyero mMecra
J, KOTOpOo€ HaxoOMTCA Ha JII060M M3 KOHBEHEpPOB, HYXHO PEILUUTH BCIIOMOIaTENbHYIO
3ajjayy ompeneneHus camMoro OwicTporo nytH no pabodero Mecra j — 1 (Takxke Ha

mnfn 7 rAITnaifannn
JIICOCM H3 l\UﬂDUIlUyUD,

Takum o6pa3oM, ONTHMalbHOE peUIeHHE 3adayd 00 ONTHMAJIbBHOM DaclUCaHUM
paboTh! KOHBelepa MOXHO HalTH NMyTeM IOMCKAa ONTUMANIBHBIX pEeILeHHH noa3anay.

Bropoii 3Tan: peKypcMBHOE peLieHHne

Bropoii 3Tan B mapagurmMe JMHaMH4ECKOIO NpOrpaMMHUPOBAHHUS 3aKIIIOUAETCS B TOM,
4TOOBI PEKYPCHBHO OIIPEAEIUTh ONTUMANIbHOE pEeLIEHHE B TEPMUHAX ONTHMANIbHBIX pe-
IIEHW nox3ajgad. B 3amade Mo COCTABICHMIO pacnucaHus paboTbl KOHBEHEpa poib

I'lnrl'!ﬁ nmau u'r AINT 22ATAUU ITO QOINMNeNTLITAHUL) CAMATD ﬁLYl"I”nf\Ff\ nvru nnnvnnqnlpm UP-
MUAIGAGL i paivi I LV V4 va v . iy ixiy 2ApPUN

pe3 j-e pabouyee MecTo Ha M060M U3 ABYX KOHBeiepoB g j = 2,3, ..., n. O6o3Ha4um

yepe3 f; [j] MMHUMaNBHO BO3MOXHOE BpeMs, B TEYEHHE KOTOPOTO LIACCH MPOXOAHT OT

CTapTOBOH TOYKH 10 pabouero MecTa S; ;.
KoHeuyHas menp 3aKiIo4aeTcs B TOM, 4TO

O‘\

ONpeNeNnuTh Kparyaiimee BpeMs f*,

B TE€YEHHE KOTOPOTO LIACCH MPOXOAMT MO BCeMy KOoHBeiepy. [{ns 3Toro aBToMOSHIb,
OTOPBIN HAXOAUTCS B cﬁ.p__es JIOMXeH MpPOWTH Bech MyThk 0 pabouyero mMecra n, Ha-
XOnsILerocs Ha MEpBOM WIHM BTOPOM KOHBeHepe, mocie 4ero oH Nokunaer ¢abpuxy.

[TockonbKy camslit Gblcrpbm U3 3THX IyTell ABNAETCA CaMbIM OBICTPBIM IyTeM Mpo-
XOXIEHHs BCEro KOHBeHepa, CpaBeIMBO CleAyIolllee COOTHOIEHHE:

f* =min (fi [n] + z1, fa [n] + z2) . (15.1)

3alMcaTth YpaBHCHHUA

fi{l] = e1 + a1, (15.2)
f2(1] = e2 + a2, (15.3)
A Tenepb pacCMOTPHM, KaK BBIYMCIMTh BeNMHUHHY f; [/l mpu j =2,3,...,n(ui =

= 1, 2). Paccyxnas o mosoay f1 (], Mbl IPUILIIITHK K BBIBOAY, YTO CaMBblii GBICTPHI MyTh
no pabouero Mecta Sp j ABIAETCA TaKxke JMOO caMbIM OBICTPHIM MyTeM A0 paboyero
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mecta S; ;_1, HOCNIE Yero 1IAcCH NMONajaer 1
OBICTpBIM TyTeM 10 paboyero Mecta S ,_1, C MOCIEAYIOLIMM IIEPEXOOM CO BTO
KOHBeiiepa Ha nepBblil. B mepBoM ciyuae MOXHO 3amucaTbh COOTHOWIEHHE f (7]

= f1[j — 1] + a1,5, a Bo BTOpoM — cooTHowenue f1 [j] = fa[j — 1] + t2,j—1 + a15.
Takum o6pasoM, ipu j = 2,3,...,n BBLINONHAETCS ypaBHEHHE

3
5
3

Al =min(fi[j — 1]+ a1, fo [ — 1] + t2j-1 +a14) . ©(154)

AHaJIOTHYHO MOXXHO 3amHcaTh YpPaBHEHUE

folil = min(f2 [j — 1] + a2, f1[j — 1] + t1,5-1 + a25) - (15.5)

o Jertan mpuj =1, . |

= 1mn(f1[]—1]~l—a1,,,f2[j—1]+t2J 1+a1;) mpuj =2 N
o fea+az, npu j =1,

falil= imin (f.,[j =1 +ag; filj — 1] +t1j-1+az;) mpuj>2. (157

Ha puc. 15.26 npuBeneHsl BeNHYHHEI f; [j], COOTBETCTBYIOIME PUMEDY, H300paKeH-
HOMy Ha pHC. 15.2a, ¥ BeIYMCIEHHbIE 0 ypaBHeHusAM (15.6) u (15.7), a Taxoke Benu-

uua F¥
anoa g oo

BennuuHsl f; [j] ABNs0TCA 3Ha4€HUAMHU, COOTBETCTBYIOILMMH ONITUMAIbHBIM pellle-
HUAM noxsanay. Yto6bl Ob1I0 Jierye MoHATh, Kak KOHCTPYHpYeTCs ONTHMAJIbHOE pellle-
Hue, 00603HauuM yepe3 l; [j] Homep kouBeiiepa (1 unu 2), conepKalero pabouee MecTo
noa HoMepoM j — 1, yepe3 KOTopoe MPOXOAUT CaMblit ObICTpBIH MYTh K paboyemy Me-

e O TAeerencons = Tr A FEimreessessazaom e sren mremrzazzi=. 2~ __ 1 O. 2 __ O 9 an
Ly 01’1 ¥iHJICKUDbI L n J lpl’ll‘ll’lMle (2] Aymu.mc 3HAYCHuUA. T = Ly4y, J = &y 9ye.oyll.
(Benuuuuer /; [1] He onpenensiorcs, MoCKONEKY Ha 000X KOHBeiepaX OTCYTCTBYIOT

paboune MecTa, mpeailecTByiolHe pabouemy MecTy mox Homepom 1.) Kpome Toro,
obo3HayuM yepe3 [* HoMep KoHBeiiepa, yepe3 n-e pabouee MECTO KOTOpOrO MpPOXO-
JWT caMblif OBICTpBIH MONHBIA MyTh c6opku. Benuunns! /; [j] obneruar onpeneﬂelme
amoro OsicTporo nyt. C IOMOLIBIO IPUBEACHHBIX HA pHUC. 15.26 BenuuuH [* u I [j]
a

MEI ORICTDEIN criocof cOonku Ha 2apone. U200naxenHOM Ha

DAV P o1 ViiULOUU wvvl.llul NG JADVUAV, AIVUpGMmUnavii o

IyTeM TakuX paccyxaeHuit. Haunem c [* = 1; npu 3TOoM Hcnonb3yercs paboyee MecTo
S1,6. Termepb MOCMOTpUM Ha BenHYHHY [; [6], KoTopas paBHa 2, U3 Yero CileayeT, 4YTo
ucnonb3yercs pabouee Mecto S 5. IIponomkas paccyxieHHs, CMOTPUM Ha BEIHYHUHY
l2[5] = 2 (ucnons3yercs pabouee mMecTo 52 4), Benwmﬂy I [4] = 1 (paboyee mecTo

KAtran MeCTo Sv9) U BEIMYUHY 1.9 — 1 fmaRAu
LVU1CC TO 02 2) n bCJll’l““’lny 2 lAJ — 1 \pav

nuoc
prv.
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pﬂ"l‘“ﬁ ITAaNn: BLHIYUCJIeHUe MUHUMAJIILHLEIX nnnmmvcv*ncnn

DNOMOLTIIA
ut"rl'.\/ll.l
Ha JaHHOM JTane€ Ha OCHOBE YpaBHCHHUA (15 1) H PEKYPPEHTHBIX COOTHOLUECHUH
(186 u (15 7) nervo BLINO BLI 2aNTUCATL NEKVNCUDULIIT ANTONUTM ONMNnenensuug ca-
Gy ¥ (:123./) JIETKC OLUIC Ob! 3anucaTh pPEeKYpCHBHLIM aNIrCpuUT™M CIPEACICHHA Ca&

Moro Obictporo mytH c6opku aBroMo6uis Ha 3aBome. OHAKO C TAKMM aJrOPHTMOM
CBf3aHa OmHa mnpobneMa: BpeMs ero paboTbl 3KCIMIOHEHIHAIbHO 3aBUCHT OT n. UToObI
TIOHSATH, IOYEMY 3TO TaK, BBEIEM 3Ha4eHHUs 7; (j), 0603Ha4arOIIMe KOTHYECTBO CCHUIOK
B peKypCHBHOM alNrOpUTME Ha BenuuuHs! f; [j]. 3 ypaBHenus (15.1) monyyaem:

r1(n) =re(n) = 1. (15.8)

U3 pexyppenTtHbx ypaBHenu#t (15.6) u (15.7) cnenyer coorHomenue
r()=r20)=r(G+1)+r2(G+1), (15.9)
cripaBeqnuBoe npu 7 = 1,2, ..., n— 1. B ynpaxuenuu 15.1-2 npemnaraercs 11oka3sarb,

yto 73 (§) = 2" 7. Takum 06pa3om, k Benuumiic f; [1] anroput™ obpawaercs 2! pas!
B ynpaxuenuu 15.1-3 npezwaraerc;{ MI0Ka3aTh, YTO MOJHOE KONUYECTBO oOpalleHHuil

r ~ 7anny
KO BCEM BCJIHMYHHaAM ]1 []J paBHO © (27).
Hansrr NYUNIHMX De3VYILTATOB MOXKHO NOCTHUL, €CNM BLIUHCIYTL BCIHUMHLI £. (4]
N aMHOIC sy 1A PUSyJibialUb MUMNYU AULLEATD, LUK DDLIALIINLD DLIAAIANDn: iy 1J|

J
B IIOPAJIKE, OTJIMYHOM OT peKypcuBHOro. OOpaTHTe BHMMAHHE, YTO NpPH j > 2 Kax-
noe 3HauyeHue f;[j] 3aBucut ToMbKO OT BennuuH fi[j — 1] U fo[j — 1]. Beiuucnas
3HayeHus f; [j] B mMopsiake veenuuexuss HOMEPOB pabOYMX MECT j — ClieBa HAMpaBo
(cM. puc. 15.26), — MOXHO HaHTH caMbm GbICprlﬁ nyTh (U Bpems ero npoxomnenuﬂ)

10 3aBOAY B TCHCHIKC BpPEMC
NPUHHUMAET B KAYECTBE BXOOHBIX NAHHBIX BEJIMYHHHI a; j, t €; U 2;, a TAKXKE KoNMuue-
CTBO pa60tmx MECT aXK10 Kouseuepe n

ASTEST_WAY(aq, t, e, z,

fill] —e1+ais

fa[l] — ez + a2,
for j «— 2ton

do if =1 +ar; < jzij —_ 1] +1i2j-1+tay;
than f£.051 PR £l 11 oA, .
LIV AR JllJJ JllJ J.J T(lJY]
Lhijl <1
else fi[j] — falj — 1) +ta-1+a1;
Chlle2
foli =1+ az; < fils — 1]+t j-1 +az;
i lLé falj) = fali = 1] + aa,

v2['l‘l «— 2
(0]

else folj] — fils — 1] + t1j-1 + ag;
la[j] =1

W N = QO O 00 93O L b WN -

—_— e b
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14 if fi[n] + z; < foln] + 22
15 then f* = | 1_[77,1 +
16 *=1
17 else f* = fo[n] + z2
18 i*=2

[Tpouenypa FASTEST_WAY pabotaet cnenyroomum obpazom. B cTpokax 1—2 ¢ 1o-
Molbio ypaBHeHH# (15.2) u (15.3) BBIYMCIAOTCA BEJIMYMHBI fi [1] u fo[1]. 3arem

B LHMKJIE for B CTpOKax J—IJ, BBIYHCIIAIOTCA BEIHYHHBI ]'-, L]J H Lz L?J 180) %4 1 = 1,
u 10T

u1 =922 n. B crpokax 4-8 ¢ nomomno ypapueuug (15 4) priu

i T LyJdyeeeyive I VIpURGA T v 2iULV Jypaoavnsdna (i0.5) ooinas

nmuuuHbl fi [j] ¥ 1y [4], a B cTpokax 9-13, ¢ moMowbio ypaBHeHus (15.5), BETHYHHBI
f2 [§] u l2 [j]. Hakonewn, B cTpokax 1418 ¢ momoupio ypaBHeHus (15.1) BEIYHCIAIOTCS
BenuuuHbl f* U [*. [TockonbKy cTpoku 1-2 1 1418 BBINONHAIOTCA B TeYeHHUE (PUKCH-
POBaHHOTO BpeMEHH, H BHINOJTHEHHE KaXI0if U3 n — 1 uTepauumii uukia for, 3agaHHoro
B CTpokax 3-13, Toxxe minuTcsA B TeyeHHe (PUKCHPOBAHHOTO BPEMEHH, Ha BBINOIHEHHE
Bceil polieayps! TpebyeTcs Bpems, pasHoe O (n).

OnuH U3 cnoco6oB BbIYMCIEHUS 3HaueHui f; [j] u l; [j] — 3amonHeHue sueek co-
oTBercTBytomed Tabnuupl. Kak BumHo M3 puc. 15.26, Tabnuusl s BenuuuH fj [j]

H l; [j] 3anonnstoTcs cnesa HanpaB (¥ cBepxy BHHM3 B KaXXIOM cron6ue) IIM BBI-

COOTBETCTBYIOILIUX AYEEK T&6IIHHI>I, Koraa OHH HaIIOGSITCﬁ

YerBepThlii 3TAI: MOCTPOEHHE CAMOr0 GLICTPOro MyTH

ITocne Beluucnenus senuuuH f; (4], f*, i [j] u I* HyxHO mocTpouts nocnenosa-
TENBbHOCTH pelleHHMii, HCTIONb3yeMbIX B caMoM 6bIcTpoM MyTH c6opku. PaHee 6bU10 pac-
CKa3aHO, KaK 3TO MOXXHO CAENaTh Ui PUMepa, npounmocrpuponaﬂnoro Ha puc. 15.2.

polLieAypa BbIBOLH
B ie

=]
<]

npoLeaypy 'raK ‘{TOGL Mep a60tm X MeCT BBIBOAWIHCH B Heif B IMOpsIKe BO3pac-

TaHUA.

"'U

PRINT_STATIONS(I, n)

1 <10

2 print “KoHBeiiep ” 7 “, paboyee MecTo ” n
3 for j «— n downto 2

4 do i — ;[7]
g
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Kougeitep 1, pabouee mecto 6
Kouseitep 2, pabouee mecto 5
Kougeiiep 2, pabouee mecto 4
Kongeitep 1, pabouee mecto 3
Kougeiiep 2 pabouee mecTo 2
OHB n'v'nn nahlArr aranma 1
wriv P , l.l AV LV mivwviv 1
YnpaxHeHnus

15.1-1. ITokaxure, v ! 1
BBIBOJIMJIA JaHHBIE B IOpsAJIKE BO3PACTAHUS HOMEPOB pa6oqu Mmect. (Vxasa-
Hue: UCTIONb3yHTe PEKYPCHIO.)

15.1-2. C nomotpio ypaBHeHuit (15.8) u (15.9) u MeTrona noacTaHOBKH MOKaXHTE,

YTO KOJMYECTBO oOpalleHuil 7; (j) k BenuuuHaM f; [j] B pekypcuBHOM anro-
pUTMe paBHO 277,

coi 18 1. oo oo o8 A TTAUTATIA NS

HHA 10.1-4, 110K nic, 4i1 10JIHOE€ YHCJIO 0OUP« LICH O BCEM BCIIMYHHAM

. [47]. ReIDaXAIOIIEecs OROMHOM cvMMoit S 2 yono r: (7). paruo 2"+ — 9

Jriwvp r o - J S Lui=1 Luj=1t i\ EEEE S &

15.1-4, B Tabnumnax. conenxanux penuuuus f. [4]1 v 1. [4] aBmiee wonuuecTno gueex
. HaX, COACPXKaIMX BeMUYHHE! J; (7] H ¢ 7], OOLICE KOMHUICSCTEC A4YELK

paBHO 4n — 2. [Tokaxxure, KaK CBECTH KOJIMYECTBO A4YeeK K 2n + 2 U IpH
9TOM MMETh BO3MOXXHOCTb BHIYMCIIEHHS BEIMYMHBI f* U BbIBOAA MH(OpMaLIUH
0 BCeX pabo4yMX MeCTax, COCTaBJIAIOIINX CaMbli OBICTPBI Iy Thb IPOXOXKICHHUA
3aBoja.

15.1-5. Ilpodeccop npeanonoxui, YTo MOTyT CyLIIECTBOBATh 3HAYEHHUS e,, aw ut;;j,

AJIs KOTOpBIX Ipoueaypa FASTEST_WAY gaer Takue 3HauyeHus l; [j], 4To mia

HexoTonoro nabouero mecta 1 1 [41 = 2u I, [4]1 = 1. [Ipudumag ro BHUMAaHUe,
TRULIDPOID paLOneio J 1] 2 i R

YTO B I€pexoabl BBINIOTHAKOTCA B TCUCHHUE IMOJIOXHUTEIBHBIX IIPOMEXYTKOB

BpCMCHH ti,j, IIOKAXHUTE, YTO IPEAIOIOXKECHUE npocbeccopa JIOXXHO.

15.2 IlepemMHoOXeHHEe LENMOYKH MATPHL

~

IOLIHH DEIINTDH 3aJa4y O IEPEMHOXEHUH LENNOYKH MAaTPHL. H_YCTB HMEETCA 1ocaeaoBa-
TEJIBbHOCTD (uenoqxa), cocCTosAIlas U3 n MaTpuL, U HY)KHO BBIYUCIIUTh UX IIPOU3BEACHHE

A A A
A1Ag -+ Ay,

~~
(=]
-

Beipaxenue (15.10) MOXXHO BBIYMCIHMTB, UCIIONB3Ys B Ka4eCTBE IMOANPOrpaMMBbl CTaH-
JIApTHBI aNrOpUTM MepeMHOXeHHUs map Marpull. OnHaKo cHayana HY>XHO pacCTaBUTh
CKOOKH, 4YTOObI YCTpaHHTh BCE HEOXHO3HAYHOCTH B MOPSAKE NEpEMHOXEHHs. T1opsmok
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NPOHU3IBENEHUS MATPUIl nONHOCMEID onpedenen ckobramu (fully parenthesized), ecnu

IpoU3BeIeHHE ABAEeTCA JTHO0 OTHEeNbHOM MaTpuleid, TH0O0 B3AThIM B CKOOKH MpOH3Be-
JIEHHEM JIBYX MOIIOC/IENOBATENFHOCTEH MATpPHL], B KOTOPOM HOPSIOK MEPEMHOXECHHS
MIONTHOCTBIO OlpefeNneH ckoOkaMH. MaTpuuHoe yMHOXEHHe obnafaeT cBOMCTBOM ac-
COLIMATHBHOCTH, [O3TOMY pe3yNbTaT HE 3aBHCHUT OT PacCTaHOBKH ckobok. Hanmpumep,
aHa nocnenosarensHocTh MaTpul (A, Az, Az, As), To cnocol BbIYMCICHUA
HUX [TPOHU3BEACHUSA MOXXHO ITOJIHOCTBIO OIIPENCIUTE C [IOMOIIIBIO CKOOOK IIATBIO PA3HBIMH
crnocobamu:
(A1(A2(A344))) ,
(A1((A243)A4)) ,
((A142)(A344)) ,
((A1(A243))A4)
(((A142)A3)Ay) .
Ort TOro KaKk paccTaBiieHbl CKOOKH NpH NEPEMHOXEHHH OCIEN0BaTeIbHOCTH MaT-
pHILl, MOXXET CHJIBHO 3aBHCETh BpeMs, 3aTpadyeHHOE Ha BBIYHCIIEHHE NPOM3BENCHHUS.

CHayasia pacCMOTPHMM, KaK OINPENENMTh CTOMMOCTb NPOM3BEAEHHA ABYX MaTpHu. Hu-
e TMTNURONMTUTCA TrcennmOKOn CTAHTANTHOTD 3IMTMNMNUTMA A ﬂuﬁ\l’rL‘ rNe I‘f)l 1mMmne
e MpPUBOAMTCS NCEBJOKOA CTAHAApTHOre anropurMa. AtpubyTtsl rows M columns
03HAYalOT KOJIHYECTBO CTPOK H CTOJIOLIOB MaTpPHIIbI

MATRIX_MULTIPLY(A, B)

1 if rolumnel Al £ rpanel Bl

1 if columns|A] # rows|B]

2 then error “HecoBmecTumble pasmepst”

3 else for i — 1 to rows[A]

4 do for j — 1 to columns|B]

5 do C[i,j] — 0

& foe L 1 ¢ ~rnlaiemmal Al

v 100 U +— 1 W CoumT Olﬂ]

7 do Cli, 5] « C[i,j] + Ali, k] - Blk, 3]

8 return C

ManMlel A u B MoxHO NEPEMHOXATh;, TONBKO €CITH OHU CO8MeCHtUMBL: KOTUYECTBO
CTONOIOB MaTpULibl A JODKHO COBHANaTh C KOJMMYECTBOM CTpok Marpuusl B. Eciou
A — 310 MaTrpHuua pasmepa p X ¢, a B — Marpulla pasmepa q¢ X r, TO B pe3y/bTare
HX MepeMHOXeHUs Nomy4yuTcs marpuua C pasmepa p X r. BpeMs BbIYHCIEHHS MaTpH-

Libl U IIPEHAMYILUECTBEHHO OIMPEAEIACTCA KOJIMYECTBOM IIPOU3BEAE H¥ CKaJ ApOB U.ldchc
B IMaBe [UIg KpaTKOCTH OyleM Ha3bIBaTEk 3TV ONepalMi0 CKAJNIDHEIM YMHOXEHUeM —
B IIaBE€ 14 K PaTKOCTH OYNEM HAZEIBATE 3TY OHNEpaAlMI0 CKANADHEBEIM YMHOXEHUEM

IIpum. nepes.), KOTOpO€E BBIONHAETCH B CTpOKe 7. DTO KOIHYECTBO paBHO pqr. HUTak,
CTOMMOCTb YMHOXX€HUS MaTpHL OyZeT BbIpaXkaTbCsl B KOJTMYECTBE YMHOXXEHHUH CKaJIAp-
HBIX BEJMYMH.

YroObl NPOWLIIOCTPHPOBATh, KaK pacCTaHOBKAa CKOOOK IpH NEpEMHOXXEHHH He-
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M NepeMHOXaloTCs Tpu MaTpuusl (A;, Ag A
Meps! 3TUX marpul paBHbl 10 x 100, 100 x 5 u 5 x 50 coorBeTcTBeHHO. IlepeMHoxas
MaTpHIbl B MOPSIKe, 3a/laHHOM BbipaxkeHneM ((A;As) A3), HEOOXOXMMO BBINONHHTD
10 - 100 - 5 = 5000 cxanspHbIX YMHOXEHHI1, 4TOObl HalWTH pe3ysbTaT MPOU3BEACHHUS
A1 A3 (npu 3ToM nonyuurcs Matpuua pasmepom 10 x 5), a 3atem — ewe 10-5- 50 =

_ ")Rnn CKaNgGpHLIX VYMHOXCIIUN u—rn LY UNLIN AT
4 ouu CKaJIApHBIX ]lVll'l\JIl\\'l HH, 4TOObl YMHOKHT

TIONIOXUM

210202 NM, 2

Bcero nonyyaercs 7500 ckanspHbIXx YMHOXeHHH. ECIM BbIYHCHATH pe3yabTar B 1O-
psake, 3agaHHOM BbipaxkeHHeM (A (A2A3)), TO cHayana NMOHAZOOWTCS BBINONIHHUTD
100-5- 50 = 25000 cxanspHbIX YMHOXeHHUH (Ipy 3ToM OyneT HaiineHa matpuia Ay Az
pa3mep0M 100 x o()), a 3areM ewe 10-100-50 = 50 000 ckanspHbIX yMHO)KeHPII/l 4TOOKI
iLLY. MNDaAanra A aamaa ’1([\!\0 o Tr - e o et T

LC1V HuJiyHaciia /70 v

CK M H
YNLTaTa NnepBbiM crnocoboM nonanoburcs B 10 pa3

-
o] C
(¢]

w

MeHbllIe BpEMEHH.
3aoauy o nepemnodicenuu nocnedosamensiocmu mampuy (matrix-chain multipli-

cation problem) MoxHO c<1)opMynMpOBaTb TaK: JUId 3alaHHOM MOCJIeN0BaTeNbHOCTH MaT-

2,...,n UMeeT pa3Mep p;—1 X Pi,

OK VMHONXEHU B RJQ’T?‘\DIU-
VAR YMOUMTOAN D MaGipni

CBeIeTCs K MHHUMYMY.
OO6patuTe BHMMaHHKE, YTO CAMO NMEPEMHOXXEHHE MaTpHIl B 3a1ayy He Bxoaut. Hawa
Ueidb — ONPENCNUTh ONTUMAJIBHBIH NMOPSIOK nepeMHoXeHHs. OObIYHO BpeMﬂ 3arpa-

HOM mpuMepe, Korga ynanoch oboiitich Bcero 7 500 ckansipHbIMU YMHOXEHUSIMH BMe-
cro 75000).

Iloncyer Ko/MyecTBa CNOCOO0B PACCTAHOBKH CKOOOK
Hpexole YCM IMMPUCTYIIUTL K PELICHHUIO 3aJa4H 00 YMHOXEHHH [10CJI€EN0BATEIBHOCTH
MaTpHull METOJAMH JIWHAMHUYECKOIro MmporpaMMHpOBaHHUs, 3aME€THM, YTO HCYEPIIbIBAKO-

TTTaa NANANnra nNnAovY nn anr ATantnDr cenhn us annasrra ncho

Iad IpoBepKa BCEX BO3MOXHBIX BapHAHTOB PAcCTAaHOBKM CKOOOK He sABnsAercd 3¢-
bexTUBHBIM anroput™MoM ee peiuenus. O603HauuM yepe3 P (n) KOMHYECTBO albTep-
HaTHBHBIX CIIOCOOOB PacCTAaHOBKH CKOOOK B IOCNIENOBATCILHOCTH, COCTOSILEH U3 7
Mmarpui. Ecnu n = 1, To MaTpuua Bcero ogHa, mo3ToMy CKOOKH B MaTpHYHOM IIPOM3-
BEJEHHH MOXHO paccTaBUTh BCEro ogHUM crnocobom. Ecnu n > 2, To npomBeneHue

© n

TENBHOCTEH MaTpHIl, B KOTOPBIX MOPSIOK MEPEMHOXEHHUS TOXE ITOJTHOCTBIO OINpe/eseH
ckobkamu. PazbueHne Ha MOAMOCHENOBATEIbHOCTH MOXET MPOU3BOAUTHLCSA HAa IpaHH-
ue k-it u k + 1-if maTpun qisg moboro k = 1,2,...,n — 1. B pe3ynbsrare nonydaem
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[1 npun =1
P(n) = { n=1 15.11
(n) ilzp(k)P(n-k) mpHn > 2. (1510
k=1

B 3apaue 12-4 npenyaraercs 1mokasaTh, YTO pellleHHEM aHAJOTHYHOTO PEKyppEHTHO-
'O COOTHOILIEHHS ABIAETCA IOC/IeN0BaTeNbHOCTh yucen Kamanana (Catalan numbers),
Bospacrarowas kak §2 (4"/n%/2). Bonee npoctoe ynpaxHenue (ynpaxsenue 15.2-3)
3aKJIIOYaeTcs B TOM, YTOOBI MOKa3aTh, YTO pElleHHE PEKYPPEHTHOIO COOTHOLIEHHA

(15 11) peneT cefia var 0 {‘)n\ Tavull ofinanans ¥AMTUUACATEA BANMAUTAR NAaCCTAUAD-
\iJ.11) BUAVI LUUA nan uw Gnrivi UUpPGoUN, RUIMIVVIDU DGPRaniUs pavuianuo

KH CKOOOK 3KCITOHEHI[HAIBHO YBEIUYHUBACTCA C pOCTOM N, H METOJ IIPIMOI'0O nepeﬁopa
BCE€X BAPHAHTOB HE NOAXOOHUT AJIA ONPEACICHUA OITUMAaJIbHOM CTpaTe€ruu pacCTaHOBKH
CKoOOK B MaTPpHYHOM INPOHU3BEACHHUH.

Hemeifx 3Tar NpUMEHEHHs NapaJurMbl JHHaAMHYECKOTO IPOrpaMMHPOBaHUS — Hai-

ONTHUMANbHYIO BCIIOMOTaTeNIbHYIO noncrpylcrypy, a 3aTeM C ee [TIOMOILbI0 CKOHCTPYH-
IM pEIleHHAM BCIIOMOTATENbHBIX
1 b cleayouuM obpa-
30M. 0603Haan it yz:(oﬁc'rBa pesynb'rar nepeMHomeHux Ma'rpnu A; A,+1 - A;j yepes
A;.j, Te ¢ < j. 3aMeTHM, 4TO €C/M 3a/1a4ya HeTPUBHANbHA, T.e. i < j, TO JIr06O#H cro-

co6 paCCTaHOBKH cxoﬁox B nponsseneﬂuu A; Az+1 - Aj pa36msae pomBeneHue
R 7 _ 3 P

=
R
=1
2
e}
b
T
()
o}
0
<
E
®
o
-
©
=
=

a
a 3aTeM OHH YMHOXXAIOTCS APYT Ha JIpyTa, B pe3yJIbTaTe Yero IoJIy4aeTcs Ipou3BeJeHHE
A;.j. CTouMOCTB, COOTBETCTBYIOLIAs 3TOMY CIOCOOY pacCTaHOBKH CKOOOK, paBHa CyM-
M€ CTOMMOCTH BBIYMCIIEHHS MAaTPULbI A; i, CTOUMOCTH BBIYUCICHUS MATPULbl Aky1.
U CTOMMOCTH BBIYHCJIEHHS HX MPOU3BEINCHHU.

TDVKTYDA LIg nmaNit na_

ATTIIALTIDAOTAO NATPTIIAMNATIE ITA O MALNT 0T,
Nlypa AJin aannun Ja

His O TIL XY ~
OHXKE OIIUCHIBACT A COIITHMaJIbHAaA BCIIOMOrareiibHaia o

-~

nauu. IIpennonoxxum, 4yTo B pe3yssTaTe ONTHMAJIbHON PacCTAHOBKH CKOOOK IMmocieno-
BaTenbHOCTb A; Aiy ... Aj pa3buBaeTcs Ha MOANOCIEAOBATENLHOCTH MEX/Y MaTpUIia-

9

MH A U Ag4q. Torna paccraHoBKa cKO6GOK B “mpedUKCHOIM nonnocnenoaarenbnocm
k+

AiAiy ... Ag ToXe TomxHa ObITh onTUMaibHO#. [ToueMy? Ecnu 651 cymecTBoBain 6o-
jiee IKOHOMHBIl CI0CO6 pacCcTaHOBKH CKOOOK B IMOC/I€HOBATENbHOCTH AjAi+1 - .. Ak,
TO ero NpHUMeHeHHe No3Bonuno On mepemuoxuT: Matpunel A A ;... A: eme 3b-

r pUARRILARILL D MELp e 1431 J v T

v B M
(exTHBHEe, YTO MPOTHBOPEYHT MPEAIIONIOKEHHIO 00 ONITHMaIbHOCTH MEePBOHaYaIbHOMN
PaccTaHOBKH CKOOOK. AHAJOTMYHO MOXHO NPHUATH K BHIBOAY, YTO PAacCCTAHOBKa CKO-
60K B MOANOCNENOBATENLHOCTH MAaTPULl A1 Ak+1 - . . Aj, BOSHHKAIOLIEH B pe3ynbTaTe
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<

Ha ObITb ONTHMAJILHOM.

Temnepsb ¢ noMollpio Halllei ONTHMAaJbHON BCIIOMOraTeIbHOMN MOACTPYKTYPHI IOKa-
’EeM, 4TO OITTHMAaJIbHOE pellleHHE 3a]aul MOXXHO COCTaBUTh H3 ONTUMAJIbHBIX pELleHHU
BCIIOMOTaTeNbHBIX 3a/a4. MBI yxe yOeawnuce, YTo O peleHus 1oboit HeTpuBHab-
Ho#t 3ajayM o6 onTHManbHOM MpOH3BEACHHH NMOCIEAOBATEAbHOCTH MAaTpHI{ BCIO HO-
Cl1en10BaTEIbHOCTD HCOGXO,HMMO pa36mb Ha IOAIIOCIEAOBATECNIBHOCTH M YTO KaXXI0€
ONTHUMAJIbHOE pELIEHHE CONEPKHUT B cebe onTHMalIbHbIE pellieHHs noa3anay. J{pyruMu
CJIOBaMH, pellleHHe MOJHOH 3a7auu 06 ONTHMANbHOM NEPEMHOXEHHH I10CIeI0BaTENb-

HOCTH MaTpHL MOXHO IIOCTPOUTH IIYTEM pa36ne1ms{ 3TOH 3aJayd Ha JBe IoA3aja-

4 — ONTHMANbHYI0 PacCTaHOBKY CKOOOK B TMOANOCIENOBATENbHOCTAX AjAit1 ... Ak
¥ Ag1Akyo. .. Aj. Tlocne 3TOro HaxonsTcs ONTHMANbHBIE PENIeHUs MON3anau, u3

KOTODPBIX 3aT€M COCTaBJAETCS ONTHMalbHOE pelleHHe NonHod 3anaud. Heobxomumo
yb6enuTscs, 4To NpH MOUCKE cllocoba MEpEMHOXEHUS MaTpHLL yYHTHIBAIOTCA BCE BO3-
MO>XXHbI€ pa3OHEHHUs — TOJIBKO B 3TOM CJIy4ae MOXHO OBITh YBEPEHHBIM, YTO HaiIEHHOE
peuieHue OyneT rodanbHO ONTHMAIbHBIM.

CNIeZIOBaTENbHOCTH ManH KayecTBe BCIIOMOTaTeNbHON 3a1a4yu 516upae'rc 3ajaya
06 onTHMasBHOH paccTaHOBKe CKOOOK B IMOANOCeNOBATENbHOCTH A;A 4 ... Aj npu
1 < i < j < n Iyt mi, _7] — MMHHMMAJIbBHOE KOJIHYECTBO cxanxpmﬂx YMHOXXEHHI,

HEo OLIHMBIX JJIA BBIYHUCJICHH. aTpHLbI A«L Jge lOFL[a B IOJIHOM 3aaa4€ MHMHHMaAJIbHasA
CTOUMOACTLE MATNUITLY A- - r\anu r "’)]
CTOMMOCTL MaTpHIB! A1 ., PABHA M (1, 1.

Onpenenum BenuuuHy m [4, j| peKprPlBHO cnenyroum obpasom. Ecnu ¢ = 7, TO
3ajaya CTAaHOBUTCS TPUBHAJIBHOMN: IIOCNENOBATENFHOCTS COCTOUT BCErO M3 OJHOH MaT-
puupbl A; j = Aj, U 1A BHIYMCIEHHS NPOM3BENEHHS MATPHUIL HE HYXHO BBIIOJIHATH
HHKaKHX CKaJIIpHBIX yMHoxceHm‘?i Takum 06pa30M mpu ¢ = 1,2,...,n m[i,i] =

— N UmARrr nrromamor Al rremur 4 Avarrn nAatiaTnANe TTA
- U. llUUDl DDLI™1YI\VJAIXIL D lllz lh, JJ I.ll.ll’l. v \ J, DUUI.IUJID)]\AVIUII UDUYAULDUIVI I.IUADLPJI\IJ'

Dbl ONITUMAJIBHOI'O DELICHUsSA, HCCIIE€NOBAHHBIM Ha IIEPBOM 3Tall€. Hpe,zmonox(nM, yTo
B pe3yJIbTaTe ONTHMANBbHON PacCTAHOBKH CKOOOK MOCNENOBATENbHOCTh A; Aty ... Aj
pasbuBaeTcs Mexay mMarpuuamMu Ax U Agyi, tae ¢ < k < j. Torma BenuuuHa m [z, 5]
paBHAa MUHHUMAJIbHOW CTOMMOCTH BBIYMCIIEHHS YaCTHBIX npomseneﬂuu Ai k1 Ay j
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oo}
[=)

B atoM PEKYPCUBHOM VPaBHEHUHU INpenrn

eKYDCUBHOM VDaBRHEHUU 1T 9, YTO 3HaYeHMe k H3BECTHO,
Ha caMoM jene 310 He Tak. {1 Beibopa 3TOro 3Ha4eHUs BCEro UMEETCs j — ¢ BO3MOX-
HocCTeil, a UMeHHo — kK = ¢,7+ 1,...,j — 1. IlockonbKy B ONTHMaNbHOH paccTaHOBKE
ckoOOK HEeOOXOOMMO HCIIONB30BaTh OZHO M3 3THX 3Ha4yeHH# k, Bce, YTO ny(ﬂo cne-
J1aTh, — NPOBEPHTh BCE BO3MOXXHOCTH U BbIOpaTh cpenu HUX nyuilyio. TakuM oOpa-
30M, PEKYpCHBHOC OnplACiCHNHC ONTHMAaIbHOH PacCTaHOBKH cKoOOK B NIPpOM3BCACHHH
A;Ait1 ... A; npUHUMaeT BUI
an 1= j,
m (15.12)

| O L I Y ~( P — s Tmam e e PR o -~ Oy
3ddd4. T110Ubl JICIY UbLIV 1IPOLIICANIDb 34 11polCCCUM 1IOCIPOCHNA OllINMAJIbHUIL
pemieHus, 0603HaunM yepez s (i, j] 3nauenue k, npu KOTOPOM NOCHENOBATENBHOCTL

AiAii1 ... Aj pasbuBaeTcs Ha JiBe IIOANOC/IENOBATEILHOCTH B IPOLIECCE ONTUMANBHOM
paccTaHOBKH ck0o60K. Takum 06pa3oM, BeNMHYKHA $ [i, j] paBHa 3HaYEHHUIO k, TAKOMY 4TO
m(i,j] = m i, k] + m [k + 1, j] + pi—10kD;.

Ha naHHOM 3Tane He coCTaBiIjgeT TpyZa Halmucatb Ha OCHOBE PEKYPPEHTHOI'O COOT-
HOILICHHA \1.} 12) p""prifiBHbiifi aJirOpWTM AJiA BbidHCICHUA MHHHUMAaJIbHONM CTOMMOCTH

m [1 n] ang nponzeenenus A; A, ... A, Onuaxo B paznene 15.3 Mel cMoxeM yOenuTs-

csl, 4TO BpeMs paboThl 3TOro anropuTMa 3KCIOHEHIHANBHO 3aBUCHT OT 7, YTO HUYEM
He Jydlle MeTona MmpsMoro mepebopa, NMpU KOTOPOM MpPOBEpSETCS Kaxablil crnocobd
paccTaHOBKH CKOOOK B MPOU3BENEHHH.

BaxxHoe HaOniofieHHe, KOTOpOe MOXXHO CHejlaTh Ha JaHHOM 3Talle, 3aKIH4aercs

~

o TONM uTrTn v oac ATUNACUTANILLUINA MATTAN TTATT2A9 1A 1N TN g rawmnrn nLYﬁﬁI‘\Q
= Vi, VUVriiviibnyv Ma/ay uavadlaaai. 1y u;_uxvu AN KaXKIAOI'e Upa

BENMYMH ¢ U j, YNOBIETBOPAIOMWMX HepaBeHCTBY 1 < ¢ < j < n, Te. Bcero (5) +
+n = © (n?). B peKypcHBHOM aIropuTMe KaXzas BCIIOMOTaTeNbHas 3afaqa MOXeT
HEOIHOKPAaTHO BCTPEYaThCs B Pa3sHbIX BETBAX PEKypCHBHOrO AepeBa. Takoe CBOMCTBO
IEepeKPBITHs BCIIOMOTATENbHBIX M03a/lai — BTOpas OTIHYMTENbHAsA YepTa MPUMEHH-

BMecro TOTO qron peKprHBHO peliats peKyppeHTHoe cooTHouleHue (15.12),
BbINOJIHUM TPETHH 3Tan mapagurMbl IMHAMHYECKOTO IIPOrPaMMHPOBAHUS U BBIYHCIIHM
ONTHMAJIbHYIO CTOHMOCTB IyTe€M NOCTPOEHHs TabauLBI B BOCXOAAIEM Hanpanneﬂun.

— A

B onucaHHOM HHXXE IPOLEAYPE NPEAIIONAraeTcs, YTO pa3Mepbl MaTpull A; paBHBI p; 1 X
X 1

2 mn) Bxonurie nauurie NINeACTaBngIoT co00oii nocnenoraTensHOCTE
Zy...,N). ONHEIC NaHHEIC NPEACTABIAIOT CODOH IIOC BaTSNEHOCTE

= (po,P1,.--,Pn); IIHHA NaHHOM MOCIENOBATENLHOCTH paBHa length [p]
NpoLeAype HCIoNb3yeTcs BcroMorarenbHas Tabnuua m [l..n, 1..n] I XpaHEHUs

W
|I
S
+
-
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croumocreii m [i, 7] u BcrioMoraTensHas
MHJIEKCHI k, IPH KOTOPBIX JOCTHIAIOTCS ONTHMAJbHBIE CTOUMOCTH M
OyneT Mcrnonb30BaThCA MPH MOCTPOEHHH ONTHMAJIBHOIO PELIEHHS.

Y1oObl KOPPEKTHO pEaNu30BaTh BOCXONALIMHM Moaxold, HEOOXOOMMO OIpENEIHTh,
C MOMOIIBIO KaKUX 3aluceil Tabnuibl OyAyT BBIYMCIATHCS BETUYHHEI M (1, j|. 3 ypas-

HEeHUd (18§ 1D\ numra uTnA ATALIAMA 2 4] nrryuucnonr NAUDDATSILIIa NACTISTIADA
nvnxina \1J.14) oaanv, 1iv CTOUMOCTE M lu,JJ BBIYHCIICHHAA Llyvl‘oDv}.\vnlln llUVJAvAUDa

TENbHOCTH j — ¢ + 1 MarpHil 3aBUCHUT TONBKO OT CTOMMOCTH BBIYHMCIIEHHUSA IOC/IEN0Ba-
TeNbHOCTEH MaTpuL, CoAepiKalMX MeHee j — ¢ + 1 marpull. JIpyruMu cioBaMH, [IpH
k=14,i+1,...,7 — 1 marpuua A; i npeacrasiseT coboit npoussenenue k — i + 1 <
<j—i+1mM annu, a Manuua Ak+ i — npomaeneﬂue j—k< j — 1 + 1 marpuw.

D
r
NoCJea0BaTCIbHOCTAX MAaTpHL BO3pacTaroIIe €l JUTHHBI:

MATRIX_CHAIN_ORDER(p)
1 n « length[p] — 1
2 fori—1lton
3 do m[i,i] — O .
4 forl—2ton > [ — mIKMHa MoCcen0BaTeIbHOCTH
5 dofori—lton—1+1
6 doje—i+1l-1
7 mli, j] — oo
8 fork —itoj—1
9 do g — m[i, k] + m[k + 1, j] + pi—1Pkp;
10 if ¢ < m(i, j]
11 then mfi, 5] — ¢
12 sli, 7] — k
13 returnmus

CHayana B 3TOM ainropurme (CTPOKH 2-3) BBHIMHUCIAIOTCS BENHYMHBI M [i,1]
— 0t =1,2,...,n), KoTOpble NpEACTABIAIOT co00if MUHUMANbHBIE CTOUMOCTH Ui
nocienoBaTeNbHOCTEe eqMHUYHON JIMHBL. 3aTeM B NEpBOi UTEpalMM LMKIA B CTPO-
Kax 4-12 c noMoIIbI0 peKyppEeHTHOro COOTHOmEHHUS (15.12) BEIYUCIAIOTCSA BETHIHHBI

mli,i+ 1) mpu i = 1,2,...,n — 1 (MHHHMAaJbHbIE CTOMMOCTH [UIA MOCICAOBATENb-
HocTeit mmuHel [ = 2). [Ipu BTOpOM IMpoxole 3TOro LMKIIA BHIYUCIAIOTCS BETHYHHBI
mli, i+ 2] mpu ¢ =1,2,...,n — 2 (MUHUMAaNbHBIE CTOMMOCTH I NIOCIIENOBATENbHO-

creit puubl | = 3) ¥ T.A. Ha Kaknom 3Tamne BeIYHCIAEMBble B CTPOKax 9-12 BEIHYHHBI
m[i,j] 3aBHCAT TONBKO OT yXe€ BBIYHCIEHHBIX M 3aHECEHHBIX B TaONMIly 3HaueHMH

(e 2y __ 1. 4+ 1 il
mli, k| um|k+ 1,7
Ha nuc. 15.3 onUcaHHEIN BEINNIE NMNOIIECC MTNOUIITIOCTNUNORAY NTIIg IIeNOUKU,. COCTO-
Ha pHc. 10.5 onHCaHHBIN BBIILIC IIPpOLECC MPOUIUIIOCTPHPOBAH IJIA LCIMOYKH, COCTO
sAweit U3 n = 6 MaTpHUL, pa3Mepsl KOTOpbIX paBHbl: A1 — 30 x 35, A2 — 35 x 15, Az —
15%x 5, Ag —5x 10, As — 10 x 20, Ag — 20 x 25. [TockonbKy BeTHYHHBI T [4, j] onpe-
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N2 VA VAN
“ N 1) /\ :‘U(/ >\ 6 \\\‘//>\\:/ Vs \\\:/// \\\\/ /\’\\;//_,
\\u%/)QilJ/;x<\£L//x\\\//

Ar A, As A

3

Martpuua Pa3smepHocTh

A 30 x 35
A Qr 1~
Ao 39 x 15
A 1~ 4

A3 10X 9O

A Z 1N
Pg ¥ J X 1U
A 1N o ON
15 11U LU
A on ., O
Ap U X 29

Puc. 15.3. Tabnuup! m u s, Bel4ucIeHHbIe mpouenypod MATRIX_CHAIN_ORDER angd n = 6

ACJIEHBI TOJILKO IIpH 1 < j, HCIIONIB3YETCA TOJIBKO 4acCThb TabIULbI m, pacIlOJIOXXECHHAaA

HaJl ee [M1aBHO# AuaroHaislo. To sxe MOXHO Cka3arh U o Tabnuue s. Ha puc. 15.3 Tabnu-

JuaroHaib 6
iB c 3
HOCTb. Ha 3TOif CXeMe JIErKO HaTH MHHHUMAJIbHYIO CTOMMOCTb M [z j] l'lepeMHO)l(eHH}l
YaCTHYHOH MocnenoBaTenbHOCTH MaTpull A;Aiy1 ... A;. OHa HaxomuTcs Ha mepece-
YeHUH JNHHUHK, HOYIIKUX OT Ma’I‘pPlubI A; BIpaBo M BBEpX, M OT MaTpHubl A; — BIEBO
U BBepX. B KaXnoi rOpH30HTAJIBHON CTPOKE TaOIMLBI CONEP>KAaTcs CTOMMOCTH IEpe-
HaKO

MHOXEHUS YAaCTHBIX INOCNENOBATENEHOCTEH, COCTOgINUX U3 OfUH

Matpul. B npouenype MATRIX_CHAIN_ORDER CTPOKH BBIYHCISIOTCS CHH3Y BBEpX,
a 3MEMEHTHI B KaXXI0i CTpOKe — CJieBa HanpaBo. BenuuuHa m (i, 7] BeIYMCHAETCA C 1O
MOLIBIO npomneneunﬁ Pi—1Pkpj WA k = 4,4+ 1,...,7 — 1 ¥ BeIMYHH BHHU3Y clieBa
H BHH3y cnpaB T m i, 7]. U3 Tabnuum ™M BHAHO, YTO MHUHHUMAJIbHOE KOJIHYECTBO
HHi, HeoOXOMHM
Jns

= 15125.
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[ m[2,2] +m[3,5] + p1paps =0 +2500 +35-15-20 = 13000,
m|(2, 5] =min § m(2,3] + m[4, 5] + p1psps = 2625 + 1000 + 35 - 5 - 20 = 7125,
| m[2,4] + m[5,5] + p1paps =4375 +0+35-10-20 =11375
=7125.

o
)

eCNIOXHBIA aHAJIM3 CTPYKTYDHI BIOXKEHHBIX NIUKIOB B mpoueaype MATRIX_CHAIN_
ORDER MOKa3bIBaeT, YyTo BpeMs ee paborsl coctaBiter O (n ) I'my6buna BnoxeHUs
LMKJIOB paBHa TpeM, a MHAEKChl B KaxaoM u3 HUX ([, ¢ U k) npuHuMaloT He Gonee

n — 1 3HaueHuit. B ympaxuenuu 15.2-4 npemiaraercs Mokasarb, 4YTO Bpems paboOThI
(= ~.

o oo IR e N S A Y e i imriiie Al mritr e th @ mimals ra e
3TOro ajNroputMa (akTH4YECKH paBHO Q \n7). A XpaHenus 1abnii m U s Tpebyercs
ofnem. naruniit O (n2). Takum ofnazoM, mnonenvna MATRIX CHAIN ORDER HaMHOMO
00beM, paBHEIM © (n”). TakuM obpa3oM, npoutenypa MATRIX (CHAIN_ORDER HaMHOIO

HOBKH CK060K, BpeMs paGOTbI KOTOpOI‘O 3KCI'IOHCHI.IH3J’IBHO 3aBHCHT OT KOJIMYECTBA
NepEeMHOXaeMbIX MaTpPHILI.

Hecmorps Ha TO, yTo B mpouenype MATRIX_CHAIN_ORDER ompezensercs oOI-
THMaJIbHOE KOJIMYECTBO CKAJISPHBIX MPOMU3BENECHHH, HEOOXOMMMBIX JUIS BBIYUCIECHHA

NATIIDANTALIG TTACTTATADATANTLIINATII MATNUIT D UAM a8 ITAraARaUnN KAy UMAUIUN TTe.
AAPUIIQDVAVAJIAA LUVIVAUDGLIWIDIIVVIX NMGLPIIL, D Ui AV UVAGIGNU, Nan ANMVIUOU v

peMHOXAroTcA MaTpulbl. ONTHMaNbHOE pEelIEHHEe HECIOXHO MOCTPOUTH C IOMOILBIO
uHpopMauuK, XpaHdieiics B Tabnuue s. B kaxmoM aneMeHTe s[4, j] XpaHUTCS 3Ha-
HEHHe HHIEKCa k, rne npu onmmanbﬂoﬁ paccrax-xomce CKOOOK B MOCIEN0BaTENbHOCTH

A o rrve e
L

[~}
=
I
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cob pac TaHOBKH CKOOOK B IIOCJI bHOCTH MATpULL ‘A,, A1+1, AJ), IIO T¢
T m

0-
AH-

JHIE s, MONYYEHHOH B pe3ynsrare paboThl ..pnupnyﬂq MATRIX (‘".A!N ORDER, 4 I
IexcaM i U j. B pesynsrare BbI3oBa npouenypbl PRINT_OPTIMAL_PARENS(s, 1,n) BbI-
BOAMTCS ONITUMAaJIbHAs pacCTaHOBKA cxo6o nocnegoBarenbHoCTH (A1, A2, .. ., Ap):

PRINT OPTIMAL PARENS(s, %, 7)
— \T71 W/

1 ifi=j
2 then print “A”;
3 else print “(”
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4 PRINT OPTIMAL_PARENS(s, 7, 51 ])

5 PRINT_OPTIMAL PARENS( sz, _7] 1,7)

6 print “)”

B npumMepe, nMpoUTIOCTPHPOBAHHOM Ha puc. 153, B pe3y,,brare BBI30BA MPOLEYDHI
PRINT_OPTIMAL_PARENS(s, 1, 6) BoiBogutcs ctpoka ((A; (Az ))((A4A5) Ag)).

YnpaxkHeHust

15.2-1. Ompenenure onTUMaNbHBIA CIOCOO pacCTAHOBKH CKOOOK B IPOM3BEAECHHUH 110-
CJIel0BAaTENbHOCTH MAaTpPHLl, pa3Mepsl KoTophix pasHsl (5,10, 3,12, 5, 50, 6).

15.2-2. Pa3spa6ortaiite peKypcHBHBIH anroput™ MATRIX_CHAIN_MULTIPLY (A4, s, 7, j),
B KOTOPOM ONITHMAJIBHEIM 00pa30M BEIYHMCIISAETCS IIPOU3BEAEHHUE 3aJaHHOH T0-

ATrAnAnAmATy TrAnTrr reammrrer [ A A A \ Ta nwvnm AamAars AanraRIImasa mar,
wJicavubalcl nvuei M l}) j8 \ﬂ][‘l‘ ge ey ﬂn/. 11a DAV, J1U1l ajiiv Livia 1an~
e MOJAITCH UHJIEKCEI 7 U 7, 4 TaKXe TAONMHIIA S, BEIYHCIIEHHAs C MTOMOIIBLI0

mpouenypsl MATRIX CHAIN_ORDER. (HauyanbHblii BBI30B 3TO# MpoLeayphl
BBITJISLAMT cliedytomuM obpasom: MATRIX_CHAIN_MULTIPLY(A, s,1,n).)

15.2-3. Tlokaxure c MOMOLIBIO METOJAa MOACTAHOBOK, YTO pelIeHHE pEKyppEHTHOIo
cootHowenus (15.11) Bener cebs kak 2 (27).

15.2-4. Tlycts R (%,7) — KonuyecTBo obpalleHuit K 371eMeHTy MaTpHusl m [, j], ko-
TOpbIE BHINOJNHSIOTCS B XOJI€ BBIYUCIIEHHS JPYTHX JJIEMEHTOB 3TOH MaTpHLI

........... v fYarant MNornen TTA.. srEA  TIA YTATIEIAA YAATITITEANMTIA
B lllJULchpr lvlf\ K1 _bn/‘\ V_U CIK. l.lUl\dJl\l’llC, 1 10JINUC NOJINYICLVIDbU
06panieHuit Ko BCEM 3NIEMEHTAM DAaBHO
7t 7
Sy nd—n
R (i, §) =
‘ / ‘ / N v/ 3

18 2_8§ AYA TS UITA D ITATTHALT MACATAIINANRES ArnfAAY D M _AMTOAMOLITIIAM DLINAYOLITAY
1J ™ llUl\“ll\Ill\.t, 11V D 11VvJinvrn Hu\vylaﬂuﬂl\\t VANUVUUVUUN D 10T JJivivivil 1 11Vvivd DDAP“I‘\\-IA'I'I
HCIIONB3yeTCst POBHO N — 1 map ckobok
18 AnmeMeUTLI TUHAMIUACICNTN
A e/ o) S VANIVAN/ AL A APA Hllll“ivlll AWSACNVA VU
NpOrpaMMHpPOBaAHUSA

HecMoTps Ha paccMOTpeHHbIE B NpeablAyleM pa3jene OBa [puMepa, B KOTOPBIX
MPUMEHSIICA METOX JHHAMHYECKOrOo NMPOrpaMMHpOBaHHs, BO3MOXHO, BaM BCE €IIE He
COBCEM IOHATHO, KOrAa HpHMeHPlM 3TOT MeTOA. B Kakux ciyyasx 3ajayy Cleayer

H
KTCSA NBA KITHOUEREIX unmenum-rra KOT(H‘“-.IP JONXHBI 6b1’[



Mnhasa 15. uHamuuyeckoe nporpaMMupoBaHue 405

NPUMEHUTE METOJ AMHAMMYECKOTO MpOo-

~

rpaMMHpPOBAHHUA: HAJIMYKME ONTHUMAJbHOM MONCTPYKTYPHI U MEepeKphIBalOLIHECS BCHO-
MorarejibHble IporpaMMbl. MBI Talkoke pacCCMOTPUM Pa3sHOBHAHOCTh METONA, KOTOPbIH
Ha3bIBaeTCA 3anomuHanuem (memoization) U MO3BOJISET BOCIONb30BaThCA CBOMCTBOM
epeKpBIBAIOIIMUXCA BCIIOMOTaTeNbHBIX IPOrpaMM.

OnTUMaILHAY NMOACTDVKTVDA
OnrTuMansHasg NOACTPYKTYDA

IlepBbiii Liar peiiieHns 3a4a4H ONITHMH3a1iHA METOAOM AWHAMHYECKOTO IPOTrpaMMH-
DORAHUS COCTOUT B TOM, YTOBEI 0XaDAKTEPURORATE CTPVKTYDY ONTUMANEHOTO DEHIEHUS
r 2 -r r- rJ JEJ r

HanomuuM, 4to onmumansnuas noocmpyxkmypa NposiBiseTcs B 3afaye B TOM Clly4ae,
€CIIH B €€ ONTUMAaJIbHOM pELIEHHH COAEPXKATCS ONTHMAaNbHbIE PEILICHUs BCIOMOTaTeNb-
HbIx nmoa3anay. Eciu B 3agaue BBHIABNEHO HalW4Me ONTHMAaNbHOM MOACTPYKTYpBI, 3TO
CITy)XKHT BECKHM apryMEHTOM B IOJIb3y TOIO, YTO K HE# MOXET ObITh IPUMEHUM METOX

IHHaMuYeckore nmporpaMmupoBanug. (OfHaKe Hanuyue 3TOro CBOHCTB2 MOXET TaKXKe

CBHJIETENBCTBOBATh O IPUMEHHUMOCTH XKaIHbIX AITOPUTMOB; CM. IMaBy 16.) B nuHamu-
YeCKOM [POrpaMMHUpPOBAHUH ONTHMAJIHOE pELIeHHe 3a1a4yl KOHCTPYHUpPYETCS U3 ONTH-
MaNbHBIX pellleHHH BcroMorarenbHbix 3agaay. CienoBaTenbHO, HEOOX0AUMO YOenuThes
B TOM, YTO B YHCIIO paccma'rpnsaemmx H0/3aJ1a4Y BXOMAAT T€, KOTOpPhIE HCIIONb3YIOTCA

VKTypa Ob11a 006Hapy: Oenx 3a/ayax, KOTOphIE Mccne-
JOBaJIMCh B HACTOALIEH IT1aBe. B pa311ene 15.1 6I>IJIO ycranoaneﬂo 4TO caMbm 6bICTpBIi
nyTh OO0 paboyero Mecra ¢ HOMEpOM j, PacroONIOXXEHHOrO Ha OJHOM M3 IABYX KOHBEii-
€poB, BKJIIOYaeT B ceOs caMblif OBICTpBI MyTh N0 paboyero mecra ¢ HomepoM j — 1.

B pasnene 15.2 6su10 IIpOAEMOHCTPUPOBAHO, 4YTO B ONTHUMAaJILHOH PacCTaHOBKE CKO-

00k, B pe3ynsTare KOTOpOii MOCIENOBATENBHOCTE MaTpHL A;A 4 ... A; pa3busaercs

Ha NNOAIOCI€A0BATECIIbPHOCTH MEXOY MaTpHUAMH Ak H Ak+1_, coaepXaTcs OITHMallb-
HbI€ PCIICHHUA 3a4a4 O paCCTAHOBKE cko0OK B [MOANOCNEN0BATENBHOCTAX AiAi+l .o Ak
U Ak+1Ak+2 “es Aj.

MOXHO BHAETH, YTO IIOMCK ONTHMAaJIbHOMK NOACTPYKTYPHI IIPOHUCXOAHUT I10 o6memy

o6Ba3ny
UUPGJ .
i. Ha nepBoMm 3Tame cnexyer nokasarb, YTO B IPOLIECCE PEILIEHHA 3aJaud IpUXO-
MTUTCa NernaTL nLYﬁf\"\ p NACCMOTNAHULIY TIMNUMEeNaY ATO ﬁLYn DL‘ﬁf\l‘\ naﬁnuﬂm
JuTcs aenatbk BeIOop. B paccMoTpeHHBIX npHMepax 3To Obin BeIOOp pabouero

<

MeCTa Ha KOHBeitepe WnM BeIOOp HHIEKCA, NIPU KOTOPOM pa3bMUBaeTCs IMocie-
JnoBarenbHOCTh MaTpull. ITocne BbIOOpa OCTaeTcs pEelINTh OAHY MM HECKOJIBKO
BCIIOMOTaTeIbHbBIX 3a1ay.

2. Ha 3TOM 3Tame Mbl MCXOOUM M3 TOTO, YTO AJIA NOCTAaBJIEHHOH 3aJayu Jenaercs
BbIOOp, BeoyllIMit K oNTHMajlbHOMY pemeHHIo. IToka 4TO He paccMaTpuBaeTcs,
op 5

KaK UMEHHO CJ1 AYET JA€JiaTh BE Iﬁop, a NMpocCTO NpeAnoaaracrcia, YTo OH Hanﬂei—l.
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3. Ucxon

e

g U3 1n NpeaLIaviIerg 3Tana
PEANONOXEHUA ITPEABIAYIIICIO 3TAIa

ratenbHble 3aa4M MONYYalOTCA U KaK JIyyllle 0XapaKTepH30BaTh MOJIyYarolleecs
B pe3ynbTare NPOCTPaHCTBO MOA3anay.

4, I'ona31>13ae’rc51, YTO pCIICHUs BCIIOMOraTelbHbIX 3aja4, BO3HUKAIOIIHUX B XOAE
ONTHMaAJIBHOI'O pemem«m 3aga4yM, CaMH NOJIKHbBI OBITH ONTHMAaJIbHEIMH. JTO Jie-
JIaeTCd METOAOM “‘OT HpOTHBHOI‘O npennonarax 4YTO pememde KaXkJo# BCIIO-

H “BCTaBKH~’ ONTHMAaNIbHOTO JEMOHCTPHPYETCA, YTO MOXXHO ITOJYYHTH JIy4Ilee
pelICHHue HCXOOHOH 3aJa4y, a 3TO INPOTHBOPEYMT IIPEAINOIOXEHHUIO, YTO YXKE
UMEETCS ONTUMAJIBHOE pELIICHHE. Ecnu BcrioMorarenbsHbIX 3aj1a4 HECKOJIBKO, OHH
OOBIYHO HACTOJIBKO IOXOXXHM, YTO OIHMCAHHBIN BhIIIE crocoo® paccyxaeHus, npu-

Moo
VMIVOUNMODIA N Uanvni i

OCTaJIbHBIX.

ul.n_n v f\"“f\'l A2 DOTITOAMATATATILULIY 249 mTau mAaTKYN nlnnul}\unur\\lp'ﬂ‘d nnga
I DVILUMUL QLIVADODIA JGaG 1, AVI AU MUAMWhALKAp yYiva i

NPaKTHYECKOTO MpaBUIIa: MOMBITaRTECh, YTOOBl 3TO MPOCTPAHCTBO Gbmo KaK MOXHO
TpOILIE, a [IOTOM pacLIMphTE €ro 10 HeoOXxoauMbIX npenenoB. Hampumep, NpocTpaHCTBO
B [10/13aJa4ax, BO3HUKAIOIIUX B 33Jja4€ O COCTABJICHHWH pacnucaHus paboTel KOHBEHeEpa,
Ob110 00pa3oBaHO CaMBIM OBICTPHIM ITyTEM IPOXOXEHUS IIacCH OT Hayajla KOHBeHepa

no nafauern Mmoo Q. Q. A NOOCTNAUATRO OKA23ATOACL RIIAITIES TTONYONd-
HAV l,luuv wivVv l"\/\llu ] J IlJ"l uz ] \Jl\l IIUAIIP\JUI.H“‘IULDU Ul\“J“JlU\iU DIAVJALNI AAVLANI AN

IIMM, H HEe BO3HHKJIO HEOOXOIUMOCTH €r0 PacUIMpPATh.

Teneps MpeANnonoXxuM, 4To B 3aa4e O NEPEMHOXXEHHH LIENIOUYKH MaTPHIL IPOU3BO-
JUTCS MOMBITKAa OTPAHHYHMTh NPOCTPAHCTBO MOA3ahay NMpou3BeneHHeM Buaa AjA;..
A;. Kak u paHbme ONTHMaJbHasg pacCTaHOBKAa CKOOOK JOJKHA pa36u3arb npouzaene—

A1A; .. Ak H Ak+1Ak+2 .Aj M 4YTO MOCHEeAHAA IMoA3aaaya He sBIseTcs Ioa3aja-
yeit Buma A1 Az ... Aj. B aTo#t 3a1aue HeoOXon¥Ma BO3MOXHOCTh M3MEHEHHs 00OOHX
KOHLIOB [OCNEJIOBaTeNbHOCTH, T.€. YTOOBI BO BcIoMorarenbHoit 3agaue A;Ait1 ... A;
MOIJIM MeHAThCA 00a UHIekca, — U 4, U J.

1. xonuuyecTBO BCNOM
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PCLICHHH UCXOOHOH 3ada4H;

2. KOJHYECTBO BbIOOPOB, BO3HMKAIOIIMUX MPH ONpeNeTIeHUH Toro, Kakas BCIIOMOra-
TesbHas 3ajaya (3aJayH) MCIONB3yeTCs B ONTHMAJIBHOM pEIEHHH.

B 3apaye o cocTaBneHuH pacnucaHus paboThl KOHBeWepa B ONTHMAIbHOM PEIIEHHH
UCIIONb3YeTCs TONBKO OIHAa BCIIOMOrareibHas 3a/ja4ya, i JUIs MIOHCKa ONTHMAJIbHOIO pe-
IIeHHs HEeOOX0IUMO PacCMOTpeHHE IBYX BapHaHTOB. UTOOB! HalTH caMblif OGBICTpHIA
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MEI ucrionslyeM nubo camebiif OricTprif nyTe ve-

L uenez nabouee MecTo 'n
QUVHRCT MOLAIU 3.9, MDi XALLIUUL D3y 144 A3, P

TIVT o FEN

ha? AN S 4 & ~MT,]r e
pe3 pabouee MecTo S1,j_1, b0 caMmblit OBLICTpPLIK MyTh yepe3 paboyee MecTo Soj_1.
Kax[plit ¥3 BapHaHTOB IPEACTAaBJIIET OAHY BCIIOMOTATENbHYIO 3afady, MIs KOTOpOii
HeoOXoAMMO HaiiTH oNTHMabHOe peuieHHe. [lepeMHOXeHHe BCIIOMOTraTeNbHOl Lienoy-

KH MaTpHui A,Aﬂ.l AJ — IpHUMEpP, B KOTOPOM BO3HHKAIOT ABE€ BCIIOMOraTeJIbHBbIC

3aja4M 4 j — ¢ BapuaHTOB Bhifopa. Ecniu 3amana Matpuia Ak, Y KOTOPO#H IPOHCXOAMT
pa3bueHKe NPOU3BENIEHHs, TO BO3HHKAIOT JIB€ BCIIOMOraTeNbHbIE 3a/1a4H — PACCTAHOB-

Ka ckoOOK B 1oanocnenoBaTenbHocTaX A;iAiyy ... Ax M Agy1Ak42 ... Aj, npudem s
KkaxcOou U3 HUX HeoOXOOMMO HalTH oNTHMaibHoe pelleHue. Kak Tonbko onTHMAlb-
HbIE pemeﬂm BCIIOMOTATeNbHBIX 3a/1a4 HaieHbl, BBIOUpaeTcs OOMH U3 j — ¢ BAPUAHTOB

rpaMMMpPOBAHMS 3aBHCHT OT NPOU3BEAEHHS IBYX MHOXHTENEH: 06mer0 KOJIMYeCTBa
BCIIOMOTaTENbHBIX 3a/1a4 ¥ KOJHMYECTBa BapUaHTOB BbIOOpa, BOSHUKAIOIMX B KaXIOK
BCcrioMoratenbHo# 3agaye. Ilpu cocraBneHun pacnucaHus paboTsl cOOPOYHOrO KOH-
Beifepa y Hac Bcero BOo3HHKano O (n) BCoMoraTeNnbHbIX 3aJay M JIMIIb JBa BapHaHTa

A ANLIS IWArTA BLIimo nmnonen R neavnrTaTe nmanviraaToa DNOAMT Na_
DDJUUlJa, I\UIUPDAU n]n\nu VDLV 1LIpPpUDY ylxxu L pPUIydabialv Uiy aaviva, q1C DpvLMa pa

6oTel anropurMa BezieT cebs kak © (n). [Ipy nepeMHOXXEHHH MaTPHLL BCEro BO3HUKAIIO
© (n?) BcnomoratenbHBIX 3a7a4, M B KaXao# M3 HUX — He Gosee n — 1 BapHaHTOB
BbI6Opa, M03TOMY Bpems paGoTsl anroputma BegeT cebs kak O (nd).

OnrtuManbsHas noncrpyxrypa ucnonb3yercx B JUHaAMHYECKOM nporpaMMHposaHnu

122 [ ¥4 Vel -l

IIOCTaBJICHHOH 3aJavH. HOPICK OIITUMAJIbHOI'O PEIICHHUA 3a1a4YH BJICYET 3a coboit HeOO-
XOOUMOCTB Bblﬁopa OIHOI M3 BCIIOMOTraTe/IbHbIX 3a71a4, KOTOpbIE 6}’11)"1‘ HCII0JIb30BaTHCA
B PECILICHHH rmoyiHo# 3agaud. CToMMoCThb pemenus 3aaadu 0OBIYHO OIpeneACTCA KakK
cyMMa CTOHMOCTE pCIIICHI/Iﬂ BCIIOMOTaT€JIbHBIX 3ada4 U CTOMMOCTH, KOTOpas 3arpa-

yyuBaeT Y Ha gnneneneHue nmuaspuiILuore nLYﬁr\ﬂa Hanmnuamen mnmi cocTanmeunu nac.
AADAUIVA G VLpPVUAVJIVIIIY LpPGDIIIbIIvVL vpa. Anullyn.xuvy, Lpri VUVIAD/IVIIXIL Pay

nucaHus paboTel cOOPOYHOro KOHBeEiepa cHayaja pemanuch BCIOMOraTeNnbHbIe 3a1a4u
IO oNpeJeNeHHIo caMoro GbICTporo nyTH yepe3s paboune Mecta Sy j—1 ¥ S2,j—1, a Mo-
TOM OfHA M3 HMX BIOMpanach B KayecTBe Mpeablaymiei mis paboyero mecra Sj ;.
CroumocTb Koropax OTHOCHTCS K camomy meopy, 3aBHCHT OT TOTO, NIPOHCXOIIHT JIH

P2
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ocymecmnﬂe'rcﬂ nepexoa OT OOHOIO K HBeuep K nperMy — OHa paBHa iy j_1 + a;j,
rne i # 4. B 3ana4e o NepeMHOXXEHHH LIENOYKH MaTpHL CHayasa ObLT onpe/IesieH ONTH-
ManbHBI cnoco6 paccTaHOBKM CKOGOK BO BCromorarenbHoi uenouke A;Ait; ... Aj,
a notoM ObLIA BbIOpaHa ManPl aa Ak, y KOTOPOPI BBIIIOJIHACTCA pa30PlCHPIC l'IpOPI3BCIlC-

aua ("I"f\'ll"ﬁl"‘l‘l’. OTONAT ANTUNCUATCO ¥ CAN I'\Kl‘l nL!ﬁr\nv DL"I’\ WALTCT UMALINAM 7.
HXiA. CAVUXIMUVADy) RULUPGA UiGNiVUVIAILIVA R VANMIUN y DDIVUVP Yy DOIPG/AGULVA 110U ‘/1_1‘.1,(:‘;]

B raBe 16 paccmaTpuBaroTCA JXaJXHbIE ITOPUTMBI, HMEIOIIHE MHOTO of11ero ¢ au-
HAMMYECKHM IIpOrpaMMHpOBaHMEM. B 4acTHOCTH, 3afay, K KOTOPBHIM IPUMEHHUMBI
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QOnHo U3 XanaKTenHEBIX
QOnHo 1 ED

~
ou
i 1S AQpanispn

KaZHbie anropUTMBI, 00NaNalOT ONTHUMANEHOM NOACTPYKTYPOI.
pa3nMYHi MEXAY XKagHBIMH ANTOPUTMaMH U JUHAMHYECKUM IPOTrpaMMHPOBaHUEM 3a-
KJIIOYAeTCsl B TOM, YTO B XKaJHBIX aJITOPUTMaX ONTHMajIbHAS IOACTPYKTYPa UCHONb3YeT-
cs B HUCXOAAILIEM HamnpaBlleHUH. BMecTo Toro yToOb1 HAXOMUTH ONITHMAJIbHBIE PELIEHH]

BCITOMOTaTe€JIbHBIX 3aaa4 € MOCIEAYIOLINUM BBI(_)OpOM OJHOro M3 BO3MOXHBIX BapHaH-
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tr
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av o~ rarma namna nriha LATANETISF DY IrT
maa vnatiaia ADJIQDL\,II DDIUUP, l\UlUPDln DDI11J1.

A
OTOM DEIAE€TCAd BO3HUKINAA B DPE3YIbTATE BCIIOMOraTelIbHas

IUT HAUIVYILIUM
Y1l nariji _y*u.unm

Ha TEeKYUIUHA MOMEHT, a I I
3aja4a.
He!compb!e TOHKOCTH

ONTHUMAJIbHOM MOACTPYKTYPHI, KOIZIa OHa OTCYTCTBYET B 3a1aye. PaccMoTpUM Takue 1Be
3ala4, B KOTOPBIX UMeeTCs opueHTUpoBaHHbli rpa¢ G = (V| E) u Bepuunsl u, veV.

3anaua o kparuaiimem HeB3BemeHHoM MyTH!. HyXHO HalfTH NMyTb OT BEpIIMHBI U
K BepLIMHE v, COCTOAMMI U3 MHHHMAJIbHOTO Kolu4ecTBa pebep. ITOT MyTh 00s-
3aH ObITh MPOCTHIM, MOCKOJIBKY B pe3y/bTaTe ynaleHUs U3 Hero HUKiIa Monyva-
€TCA IIyTh, COCTO)IH.IPIIZ HU3 MEHBILIEIro KOJIM4YeCTBA pCGCp.

3apaya o camMmoM AJIMHHOM HeB3BellleHHOM NyTH. OmnpenenuTe NpoCToi MyTh OT BEp-

TITUITIY 27 ¥ RANIITUIIA 21 OCASTASITIIN 1Ia MAATIAMA T ITATA IATTLIITasTn aha Tna.
mrrinbl w N DUlJLLll'lﬂ\/ U, VUV1IVUALLYIYL Y1D NMaAnyivMaJibpnvuiv l\UJlYl"lL{lea PUUUP ll.l\a'

60BaHHe MPOCTOTHI BEChbMa BaXKHO, MOCKONBKY B IPOTHBHOM CIIy4ae MOXHO Mpo-
XOIUTb 110 OHOMY M TOMY K€ L{HKJIy CKOJNBKO YTOQHO pa3, Mojy4as B pe3ynbrare
MyTh, COCTOSALUHI U3 IPOM3BONBLHOIO KOHYECTBA pebep.

B 3anaue o xparyaiinieM myTH BO3HHKaeT ONTHUMajbHas MOACTPYKTypa. ITO MOX-
HO MOKA3aTh C MOMOWIBIO TaKHX paccyxIeHHit. HpeﬂHOHO)KHM 4TO u # v M 3ajaya
ABJIsIETCA HETPUBHANBHOM. B 3TOM ciyyae nm000# MyTh p OT u K ¥ JOMXKEH ConepKaTh

IpOMEKYTOHHYKS BCpLiKHY, CKaXEM, W (3 THM, YTO BEpIIMHA W MOXET COBIaLaTb

C BEPUIMHOM u UIH J.) 1lo3TOMY NIYTH U '\E‘ U MOXHO DA3NIOXUTE HA BCIIOMOTIaTEIEHEIE
P1 p

nyTH u ~ w ~* . OueBHIHO, YTO KOJHYECTBO peﬁ BXOIALIUX B NYTh p, paBHO

cymMMe uKcna pebep B mMyTaX p; U po. VTBepxguaeTcx, YTO €CIH IMyTh P OT BeplllPleI
u K BEpUIMHE v ONTHMAaNbHbIHA (T.€. KpaT4yaiiuii), To p; AOMKEH ObITH KpaT4aliuM
IlyTeM OT BEepLUHHbI u K BepiinHe w. [ToyeMy? ApryMeHT Takoii: ecnu OblI cylecTBoBal

,L'I“fyi"‘i'i MyTh, COCAHHAOLLIHM BCPIiiWMHDI U M U H COCTOsAILIMH W3 MEHbILIETo KOJWYECTBa
pebep, ueM p;, ckaxeM, p, MoxHO 6bIno 6Bl BEIpE3aTh MYTh Py W BCTABUTh MVTh
r rs Ir i3 2 rl’ T 7 Ir 1 e

YHIICA
KonHuecTBa pebep, ueM MyTh p. A 3TO MPOTHBOPEYMUT MPENIONOKEHHIO 06 ONTHMAb-
HOCTH NMYTH p. AHANOTHYHO, po AODKEH OBITh KpaTyaIIMM MyTeM OT BEpIUHHBI W

HEBIRCHICHHLIH h3ve

KpaTyaiiwni nyTh Ha B3BEIICHHBIX peGpax, ¢ KOTOpOoii Mbl O3HAKOMHMMCA B raBax 24 u 25. Jina pelenus
321044 O HCB3BCLUCHIIOM MYTH MOXHO MCIIONB30BaTh METO/ NOKCKA B LUHPHHY, ONHUCaHHbIH B IaBe 26

ITCPML!!I HER3REHICHHbIIT’ MCI‘IOI’IL'{VETCH HTOﬁH OTNUYATH ')TV 'mnauv oT TOH nnu KOTODO}! HAXOJIUTCH
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Puc. 15.4. Tlpumep, IEMOHCTpHpYIOLIMI
OTCYTCTBHE ONTHUMANBLHONW MOACTPYKTYpbI
B 3a4a4€ O MOMCKE CaMOro AJIMHHOrO npo-
CTOrO NMYTH

K BepiuuHe v. Takum o6pa3oM, KpaTyaidllIMi MyTh OT BEPLUHHBI U K BEPIIMHE U MOXHO
HalTH, pacCMOTPEB BCE [IPOMEXYTOYHbIE BEPILMHBI W, OTHICKAB KpaT4ailiuii nyTh OT
BEpLIMHBI U K BEpPLIMHE W M KpaT4alIIMi MyTh OT BCplUPleI W K BEepLIMHE v, H Bbl-

OpaB MPOMEXYTOYHYIO BEPIUIHHY W, Yepe3 KOTOPYIO BECh ITyTh OKAXETCS KPaTYaHIlUM.

D pasiciic 25.2 oguH u3 BapHaHTOB 3TOHU GTThM"'iBHOff'i OOACTPYKTYpPbi HCIIOIb3YET-
Ccq ang TNOUCKA KDaTy aymero NyTH MeXNOy BCEMU MapaMH BEDUIMH BO B3BEINIEHHOM

OpPUEHTHPOBaHHOM rpade.
HanpamuBaeTcs npeanonoxeHue, YTo B 3a1aye NOUCKa CaMoro JNIMHHOIO [POCTOro
HEB3BELIEHHOTO IIYTH TOXe IIPOABISIETCS ONTHMalbHas OACTPYKTypa. B koHIIE KOHIIOB,
€CIIM pa3lIOKUTh CaMblil JUIMHHBIH NPOCTOH MyTh U 5 v Ha BCIOMOraTenbHble MyTH

P ) <
u~~w~v, 10 de € HC IOJLKCH 11Y1b 1 6bl'l'b CdMbIM /UIMHHDIM IIPOCIDBIM IIYICM U1
BREeNIMTUHEI 24 K REeNINTUHE 20, A NTVTE Do — CAMEIM NITUHHEIM l'lnﬂ(‘Tl’-JM nvTeM OT Reniiu I
BEPIIMHEI U K BEPINTHUHE W, & IIYTE Do CaMbIM JIMHHBIM 1IDOCIBIM I1 yieM OT BCDIIMALL

w K BepuHe v? Oxa3biBaercs, Het! [Ipumep Takoit cuTyaluu npuBeneH Ha puc. 15.4.
PaccMoTpuM nyTh ¢ — 7 — 1, KOTOpBIi SABNAETCS CaMbIM JIMHHBIM MPOCTLIM ITYTEM
OT BepIIMHBI ¢ K BepliMHe t. SIBngercss M MyTh ¢ — T CaMbIM JUIMHHBIM IIyTEM OT
BEpIIMHBI ¢ K BepiuuHe 7? HeTt, mockonbKy npocToit Myt ¢ — § — t — 7 JJIMHHEE.

~n £ o muUTa NT DONTITULILY » ¥ DAn
LAIVIDIIVL LIJIXIE1I1DIIVL 11y TEM OT DUpLUNODL 1 N DUpuu

SApnaerca nunyte v — ¢ wHHe 7 Cho
HET, TOCKOJBKY NPOCTO# MyTh 7 — g — § — t JUIMHHEE.

OTOT npuMep AEMOHCTPUPYET, YTO B 33/1a4€ O CaMbIX JUIMHHBIX IIPOCTHIX MYyTAX HE
TONBKO OTcy'I‘C'I‘Bye’I‘ ONTHUMAaJIbHasA MOACTPYKTYpa, HO M HE BCEIZa yNaeTcs COCTaBHTh

“3aKoHHOE” pemeﬂne 3aga4yu U3 pCU.ICHHH BCIIOMOTaTeNIbHBIX 3aja4. ECiIH CI0XHTH

0Ka3bIBaeTCH, YTO B 3a1a4e O MOUCKE CaMOro JUIMHHOTO HEB3BEILIEHHOTO MyTH HE BO3HU-
KaeT HHKaKHMX ONTHMANbHBIX NOACTPYKTYp. A 3TO# 3aga4yu IO CHX MOp HE HaWAEHO
HH OOHOrO 3¢ (PEeKTHBHOrO alaropuTMma, paboTaloLIero Mo MPUHLMIY JHHAMHYECKOro
NporpaMMHpOBaHUsA. DaKTHYECKH, 3TO NP-NonHas 3aga4a, 4To 03Ha4aeT — Kak Oyner

TN o')nur\ D T™Tane ‘14 — OTN DNAaIT T 28 MOUIIN NATITTUTL n 'I"PUP""P TIOMTUTNAMUANTL AT
uvRNaJanyv iJjapv JT 21U Dpag JiXi VU MUMUGU PUIUrKLID D 1V IVAAU LUNANUNAGIIDIY

BpEeMEHH.
YTo MOXHO CKa3aTh IO IIOBOAY CTPYKTyphl CaMOro IJIMHHOIO IMpPOCTOro MyTH,
TaK OTJIMYAIOLIEHCS OT CTPYKTYpHl camoro koporkoro mytu? Hecmorps Ha TO, 4TO
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0T AB€ BCIIOMOraTejbHbIC 3a1a4Yi, BCIIOMOraTe€JIbHBIC 3a4a4H IIPH ONIPEACTICHHH CaMOro
IUTMHHOI'O ITYTH HE ABJMIOTCA He3asucumovlmu, B TO BpEMs KakK B 3ama4ye o Kparqaﬁ-
II€M NYTH OHH HE3aBUCHUMBI. Yro noapasyMeBacTCs Ioa HE3aBUCHMOCTBIO BCIIOMOIa-
TeNBHBIX 3amau? llOﬂpa?.yMCBaCTCﬁ YTO PEIICHHE ONIHO¥ BCIIOMOTAaTeNbHOM 3aa4yH He

~ ~
TF NATTAIITY NANITIITAATATITATI T TALTT YA aa rrarra

a1 JlbﬂGl’l 30./.{“‘1!’1, buonrxinarvLivLyl b 1Vrxl /AV aaaaciv.

CaMoro JUIMHHOTO npocro ym Mexmy BepIHHHaMH qu t B Koropon BO3HHKAIOT
JIBe BCIIOMOTaTeIbHbIE 3a1auH: Olpeae/ieHHe CaMbIX ITHHHBIX MPOCTHIX MyTed Mexmy
BeleIHHaMH g U T U MeXZy BepIIMHaMH r U t. s nepBo U3 3TUX BCIIOMOTaTelNb-

Y ~ R e
BBIOMpPAETCA yTb ¢ — § — L — T

<

BEpILIKHBI, TOCKOJIBKY B IpoLecce KOMGMHupOBaHM pelleHHi 3THX OByX BCIOMOTra-
TeJIbHBIX 3a/1ay IIOJMy4YHJICS OBl MyTh, KOTOpBIH He ABNIgeTcs NpocThIM. Ecii Bo BTopoit
3ajlaye HeNb3s MCIOJb30BaTh BEPIIMHY t, TO ee BooOIle HEBO3MOXHO OymeT pemurs,
HOCKOJIBKY 3Ta BEpLIMHA JO/DKHA OBITh B HaiJEHHOM IIyTH, M 3TO HE Ta BEpILHHA,

aTANAN “casnumramnTea’ nemeUa ROMTOMATATENL LILTY 3anau (Arath BenImu 327037 ¢ qanBng-
B RULIUpUn vuvar iHAI0TCA priavarizi DLiiVMNMUL QLV/ADADIA G443 \J 1V DVPILUVIL AL

~

eTca 7'). Hcnons3oBaHue BEPDIIHH s U tB DEIIEHHH O,II_HOH BCIIOMOTI'aT€JIbHOH 3aaayu
MPUBOAUT K HEBO3MOXXHOCTH HX NPUMEHEHHS B PELIEHHH JpYroii BCIOMoraTenbHOMH
3aga4yH. O)IHaKO AJ1 €€ peLICHUA HCO6XOI[HMO MCITIONB30BaTh XOTH OBl OIHY U3 HHX, a B
OINITUMAJIbHOE PCIICHHE JaHHO# BCIIOMOraTebHOM 3aJa4yH BXO, obe 3TH BEPIUMHBL
1103TOMY 3TH BCIIOMOTaTE/ibHbIC 3d4a'i HE AB/IAIOTCA HE3aBHCHMbIMH. Ap’ /TUMHU CJIOBa-

UCTNONE30RAHUE PECYPCOR B DElIeHUU OTHOM RCIIOMOraTeNlkHOH 32 U (B KayecTne

.......................... ._,.‘- B X

~

r
PECYpCOB BBICTYNAIOT BEPLIMHbI) JENAIOT UX HEAOCTYNHBIMU B APYTOif BCIIOMOTaTeb-
HoOM 3ajayve.
[ToyeMy >xe BCIIOMOTraTeNnbHbIE 3aJa4d OCTAIOTCS HE3aBUCHMBIMHU IIPH IIOHCKE Ca-
Moro KopoTkoro mytu? OTBeT Takoif: 0 caMoii IPUPOAE IOCTaBJIEHHON 3aJauyd BO3-

HHKaoIIHe 8 AT DOTTAMATATANLIILIA 2aTTAUIN A8 HATTANLAVINT AU I T we necyncrLl,
OXINGIVLLIIV D VI DUVIIUMVUL GLW/IIDIDIV J0AA7°1X IV FAVIIUVIDI Yy IV L UMLK 11 1V NV PV pe.

VYT1BepxIaercs, 4To ec/y BepIIMHA W HaXOAMTCA Ha KpaTyaiilieM IIyTH P OT BEPIIHHEL
U K BepIIMHE v, TO MOXHO COeAWHHUTD 110001 KpaTYaRILUH IIyTh U 25 w ¢ mobbim Kpar-
YaiIluM [TyTeM w 230, MONYYMB B pe3y/bTaTe CaMblif KOPOTKHH IyTb OT BEPLIHHEI U
K BepIIMHEe v. MBI YBEpeHbI B TOM, YTO IIyTH p; U p2 HE COAEpXKaT HU OLHOM obuier
BepILHHBI, kKpome w. [ToyeMy? Hpennonoxmm, YTO MMEETCS elIe HEeKOTopas BepILH-

rem T
i1

a & 7 W, IpuH alias M pi ¥ p2, TaK 49TO IYTb pj MOXHO pasjioKHTb KaK
w25z~ w, 2anyTe po — KaK W ~ = 2 0. B cuny ONTUMATEHO#M OACTPYKTYPHI 3T0i
- 3 *J I & 7 (an) rJ J
3a[a44 KOJIMYECTBO pebep B MYTH p PaBHO CyMMe KOJMYECTB pebep B MyTAX p U D).

[IpeanonoxuM, 4YTo MyTh p coaepxuT e pedep. Tenepb NOCTpoUM H)’TB w5 2%y

OT BEpIUMHBI u K BeplIHHe v. B 3TOM myTH comepxutrcs He Oosee e — 2 BepUIMH, YTO
HPOTHBOPEYUT IPEATIONIOKEHHIO O TOM, YTO NMyTh p — KpaTyaHmui. TakuM obpasom,
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YaiIero MyTH, SBASIOTCA HE3aBUCHMBIMHU.
ITon3amaun, Bo3HMKAIOIIHE B 3a/la4yax, KOTOpble pacCMaTpUBalOTCA B pasgenax 15.1
u 15.2, aensiorcs He3aBUCHMBIMU. [IpHU NepeMHOXEHHM LEMOYKH MAaTpHUIl, BCIIOMO-
ratejbHble 3aJayd 3aKIIOYalnuch B IEPEMHOXXEHUHM mnoauenodyek A;A;4...Ax
H Ag41Aktz... Aj. 3To HemepeceKaromiMecs MNORUETIOUKH, KOTOPhIE HE MOTYT CO-
nepxath obImmx mMatpull. [Ipu cocTaBneHUH pacnucaHHs KOHBeiepa /s onpeneneHus
camoro ObICTporo ImyTH 4yepe3 pabouyee MecTo S; j OCYIIECTBIAICA NOHCK CaMOro ObICT-
poro myTH 4epe3 paboume Mecta Sy j_1 M Soj—1. IlockonbKy pemenue (T.e. camblif
6bICprIPI nyTh yepe3 pabouee MecTo S; ;) CONEPXMT TONBKO ONHO M3 PEUIEHHH ITHX
10[i3aaya aBTOMaTHYECKH HE3aBHCHMa OT BCEX APyTHX MOA3ahad,

3TO

IlepexpbITHE BCIOMOraTeIbHbIX 3aAa4

Bropas cocraBnsionias 4acTb, HalMyHe KOTOpoid HeoOXOmauMO 1 MpUMEHEHUS
IHHAMHUYECKOTO MPOrpaMMHPOBaHHs, 3aKJIIOYAETCA B TOM, YTO NPOCTPAHCTBO BCIIOMO-
rarejbHbIX 3aJa4 JOMXKHO OBITh “HE0ONBIINM’ B TOM CMBICIIE, YTO B PE3YIbTaTe BBIMOJI-
HEHHs PEKYpPCHBHOIO aJrOPMTMa OAHHU M Te€ XK€ BCIIOMOrarenbHbIEe 3aJayd pellaroTcs
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obpariaercs k OXHOM U ToH Xe 3aaye, FOBOPAT, YTO 3a1aya ONTHMHU3aLMH CONIEPXKHT ne-
PpeKpuleaiouuecsa écnomozamensusie 3adauu (overlapping subproblems)?. B otiuune

OT OINMCaHHOM BBIIIE CUTyallMH, B 3aja4iax, pe€lia€MbiX C IIOMOILUBK ajlroputrma pas-
OHeHUg. Ha K2XKIOM Iare neKvncuu OO0BIUHO BOHUKAIOT NMONHOCTEIQ HOBLIS 2ana
OHCHHL, Ha K2XIOM mare peKypcuH OOBIYHO BOZHHKAIOT INONHOCTEIY HOBEIC 321auyy

B anropurMax AHHaMHYECKOro MporpaMMHPOBaHUA OOBIYHO HCHONB3YETCS MPEUMyILe-
CTBO, 3aKJIIOYaloIleecs B HAJIMYMU NEPEKPHIBAIOIIMXCS BCIOMOTraTeNbHbIX 3aa4y. JTO
IOCTHTAeTCs MyTeM OQHOKPATHOIO pelIeHHs KaXAOo#H BCIIOMOTraTeNbHOH 3ajauH c Io-
CIIEYIOIIUM COXpaHEHHUEM pe3yNbTaToB B TabnHLe, Tie TpU HEOOXOXUMOCTH HX MOXKHO
Synet HailTH 32 $HKCHpPOBaHHOE BpeMA.

B pasgmene 15.1 6b110 noka3aHoO, YTO B PEKYPCHUBHOM DELIEHHH 3aa4H O COCTaB-
JIEHMH pacniMcaHus paboTsl KoHBejtepa ocymecTeasercs 2"~/ obpaleHuit K f; (7] mna
j=1,2,...,n. IIyreM ucnons30BaHUA TabGNHUIIbI, COAEpPIKAILEH pe3ynbTaThl peIeHHH
BCIIOMOT'aTENbHBIX 3a/1ay, 3KCHOHEHLMAIbHOE BpeMs paboThl aropMT™Ma yHaeTcs CBe-

CTH K JIHHCHUHOMY.

“MoXeT noKa3aTbCs CTpaHHBIM, YTO BCNOMOraTe/IbHbIE 3aJa4H, HCNOJb3YyHOLHECA B THHAMHUYCCKOM

NPOrpaMMUPOBAHUY, IBNGIOTCH U HE3ABUCUMLIMHU, U NEpEeKpLIBAIOMKUMUCY, Q'ru Tnpﬁnnauuu MOI'VT NoKa-
HpOIpaMMupOBany HRBJA5 CPLRps Iy T NoKa

3aThCsl MPOTHBOPEYALIMMH APYT APYTY, OAHAKO 3TO HE TaK, NOCKOJIbKY OHH OTHOCATCS K Pa3HbIM MOHSATHAM.
JlBe BcnoMorartenbHble 3a1a4i ORHOM M TOH e 3aZla4H HE3aBHUCHMBI, €CJIH B HUX HE HCTONbL3YIOTCSA obLIye

pPI‘)IpPLI "RP RCIMOMOIATENEHEIS '15\ nauu nPnFl{nunaann ecnu Ha CaMOM "PFIP I;'\PI.IL uner {\ﬁ nnunu u 'rnu

e BCTIOMOTaTeIbHOM 3axave, BO3HHKalOMIEH B Pa3HbIX 3ajavyax.
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-

UTtobrl nnonnoOHee nn DUD neKp
1TOOLBI NONPOOHEES NPOUNIIOCTPUD T HUCT 1IEpPEKPEIBAHUS BCIIOMOIaTeNl

HBIX 3aja4, ele pa3 6pamMcx K 3ajaye o NMEepeMHOXEHHH LENOYKH MaTpHLL. Boz-
Bpatumcs K puc. 15.3. Obparutre BHUMaHHe, 4yTo mpoueaypa MATRIX _CHAIN_ORDER
B npouecce peLIeHHs BCIIOMOTaTeNbHbIX 3aay B 6ojee BHICOKHX CTPOKax IMOCTOSHHO

HHU3KHX CTpPOKax. ri
AC M

UUdeudClL)l K pC LICHWIAM

mep, K anemeHty m [3,4] o 4 it 1pt T
[2, 4], m[1,4], m([3,5] u m[ ,6]. Ecnu 661 anemeHT m (3, 4] Kaxablii pa3 npuxony-
JIOCh KaXXIblil pa3 BHIYHCIIATD 3aHOBO, a HE POCTO HAXOAMTh B TabNIMIE, 3TO MPUBEIO

61 K 3Haqu'renbﬂomy yBequeHmo BpCMCHPl pa6orm ‘-Iro61>1 IIpOIleMOHCTpHpOBaTb

rriaTrm AT ATrer rrraren I. .......... AT, ATIT TT I YToa

mecTengeTcs 4 obpallleHus: MpyU BEIYUCIIEHUU dJIe

B KOTO [0)%9 Qﬂpe,_, NIAETCA BETUYHUHA ™. [ 5 JJ T.€. MUHUMAJIBHOE KOJIUYECTBO CKaJ]HDHbIX
YMHOXXEHHH, HEOOXOMUMBIX 11 BHIYHCIIEHHS NPOU3BEECHHUS LENOYKH MaTpull A; j =
= AjAit+1...A;. OTa npolenypa OCHOBaHA HEMOCPENCTBEHHO Ha PEKYPPEHTHOM CO-

oTHoweHuu (15.12):

RECURSIVE_MATRIX_CHAIN(p, ¢, j)

1 ifi=j

2 then return 0

3 mli,7] — o0

4 fork—itoj—1

5 do ¢ — RECURSIVE_MATRIX_CHAIN(p, %, k)
+ RECURSIVE_MATRIX_CHAIN(p, k + 1, 7)
+ Pi-1PkPj

6 if ¢ < mls, 7]

7 hen mli,j] — q

8 return mli, j]

Ha puc. 15.5 noka3aHo peKypcHBHOE JIepeBO, OIyYEHHOE B pe3y/bTaTe BbI30Ba Mpolle-
aypsl RECURSIVE_MATRIX_CHAIN(p, 1, 4). Kaxnplif ero y3en o603HayeH BETHYHHAMH
[apaMeTpoB ¢ U j. BeiuucneHus, koTopble NpOU3BOAATCS B YaCTH AEpEBa, Bbmeneﬂﬂoﬁ
CCpbiM \puHOl‘Vi, 3aMCHAIOTCA B MPOLCAYPC 1V{DIVIUIZDU MATRIX Cnr\h\'\y, J.,ﬁ:) Oupw
THTE BHMMaHHe, YTO HEKOTOphIE Maphl 3Ha4YeHU# BCTPEYaroTCs MHOTO pas.

MOJKHO 10Ka3aTh, YTO BpeMsl BLIYMCIIEHHA BENHYHHBI M [1, 1] B 3TOi peKypCHBHOI
npouenype, Kak MUHHMYM, 3KCIIOHEHUHanbHo mo n. O6o3Hauum vepes T (n) Bpems,
Kotopoe noTpebyercs npouenype RECURSIVE_MATRIX_CHAIN A5 BBIYHCIIEHHS ONTH-

ranLIrA AGRA anoTarranru crvnba rarrauy, ALTAaIITOT rarnurr Ronmo
lVlaJanUlU \lllU\'UUa Pa\i\llanunl\rl \JI\UUUI\ D l..l\-llU‘Al\U, VUVLUHIJ.\\« £y l’l-) l(/ l'l“ly.lu AoNJIInL

CUMTATh, YTO BHITONTHEHHE KaXkIo# U3 cTpok 1-2 u 6-7 TpebyeT Kak MUHUMYM €IHHUY-
HOTO MHTEpBajla BpeMEHH, TO MbI [TOIyYUM TaKoe PEKyppPEeHTHOE COOTHOILEHHE:

A\
fun—y

m(1)
4\

b}

T(n)>1+ -(T(k)-i-T(n k)+1) nmpun > 1.

e

k=1
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Puc. 15.5. PexypcuBHOe ACpCBO, COOTBETCTBYIOLIEE BbI3OBY Mpouenypbl RECUR-
SIVE_MATRIX_CHAIN(p, 1, 4)

Ecnu 3aMeTuts, q'ro nput=1,2,...,n— 1 Kaxpoe cnaraeMoe 1" (i) oxui pas noss-

iDOBaATh 71 1 amurrrrsrs & e

raam, waw T ATy nan v T (on _ OCYMMMU _
4 \7e m}, M IpOTyMM npo T 1 Cannny € 10u,

JIACTCA KaK 4 \n,} ¥ O4MH pas Kax
KOTOpasi CTOMT CJI€Ba OT CYMMBI, TO PEKYDDEHTHOE COOTHOILIECHHUE MOXHO MEPENnUcaTb

B BHIE
n—1

*ﬂ

(n
\re

'M

I
—

> 2 T(3) +n (15.13)
n Z 42+ n. \12.13)

>
1
JlokaxxeM c IMOMOLIBIO ME€TOa MOACTaHOBOK, 4To 1" (n) = 2 (2"). B uacTHOCTH,
MOKaXkeM, 4TO A Bcex n > 1 cnpaBeanuBo cootHoulenue T (n) > 2"=1 OuesuaHo,
yto 6a3MCHOE COOTHOUIEHHE WHAYKIHMH BBIMONHseTcs, nockonbky 7' (1) > 1 = 20,
Hanee, Mo MeToAy MaTeMaTHYeCcKOi MHAYKLUMH UL 1 > 2 UMEEM

Ha stom noxaza'renbcm 3aBepmieHo. TakUM 00pa3oM, MOJHOE KONHYECTBO BbIYHC-

CpaBHUM 3TOT HUCXONALIMH peKprPlBHbIH anropu'rM C BOCXOSILMM alrOpUTMOM,
MOCTPOEHHBIM MO MPUHLHKNY AMHAMHYeCKoro nporpaMmHupoBanus. [TocnenHuit pabora-
eT 3¢ deKkTHBHEE, NOCKOJIBKY B HEM MCIOb3YETCS CBOMCTBO IE€PEKPHIBAIOLIUXCS BCIIO-
MOrarejJbHbIX 3aaad4. Bcero Bo3HHMKaeT \f_.) (n2) Pa3jin4yHbIX BCIIOMOI'ATE/IbHBIX 3a/1a4, U B
aMMUPOBaHUg, Kaxjag

M3 HUX pellaeTcs POBHO [0 ORZHOMY pa3ly. B pexypcCHBHOM e anropurMe Kaxiayio
BCIIOMOTAaTeNIbHYIO 33J1a4y HEoOXOOMMO pellaTh BCAKHIA pa3, KOrja OHa BO3HHKAET B pe-
KypcuBHOM JepeBe. Kaxablit pa3, korja peKkypcHBHOE IepeBO 11 0ObIYHOTO PEKYpPCHB-

HOro p€II€HHus 3aaa4Yd HECKOJIBKO pa3 BKJIIOYAET B cebs OIHY H TY K€ BCIIOMOIraTCJ/IbHYIO
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22 71AUV. TTONTARHO INMNORANUTE HALTTLRG MU ROCITONTERRORATLCT MTUHAMUULCKUM IMTNOTMNMNAMMU.
3a/iauy, NONE3HO NPOBEPUTE, HENE3S /1Y BOCIHONL30BATECS UHAMMYECKUM NpOrpaMMy
pOBaHHEM.

ITocTpoeHHe ONTUMAJILHOTO pPeLIeHHUs!

Ha npakTuke 3a4acTyi0 Mbl COXpaHseM CBEIEHHS O TOM, Kakod BbIOOp jenaercd
B KaXIOH BCIIOMOTaTeJIbHOM MporpaMme, TaK YTo BOC/E/ICTBHH HaM He HaJIo J0Mol-

pacmicarns paGoToi cGOpOYHOTO KOHBElepa B 3/ieMeHTe ; [j] coxpaHsics Homep pabo-
yero Mecra, [l (1111 CTByIOmem DaﬁO'{CMy MeCTy 94,5 HaA caMOM 6BICTHOM ITVTH uene'x

aTo paboyee Mecto. J[pyras BO3MOXXHOCTb — 3aIOJIHUTH BCIO Tabnuuy f; {_7] B 31OM
clIy4ae MOXHO ObUIO OBI ONpenenuTh, Kakoe pabouee MeCTO MpeauecTByeT paboue-
My MecTy S) ; Ha caMoM ObICTPOM IIYTH, POXOAAIUEM Yepe3 pa6oqee mecrto S j, HO

P — S, - S N S r-
a 310 notpebosanock Obl Oonbiie ycumuit. Ecim f1{j] = fi1{j — 1] + a1, To Ha
camoM 6ricTpoM myTH uepes pabouee mecto Sj; eMy mpexmecTeyer pabouee mecTo

S1,j—1. B IPOTHBHOM cllyyae JOJDKHO BBIONHATBCS cooTHOmeHue fi [§] = f2 [§ — 1]+
+12,j—1+ay,j, 4 paboueMy mecty S ; mpenmecTByeT pabouee MecTo Sa j—1. B 3amaue
0 COCTaBJIEHHH pacluCcaHHusi paboThl C6OPOYHOrO KOHBEiiepa Ha BOCCTAHOBJICHHE HH-
(popMaumu o npe,umecTByromeM pabouem MecTe HEOOXOAUMO Bpews, pasHoe O (1) (ua

nAA
KaXXL4OC padoHce 1v1uu1u), JAaXE CCIIH OTCYTC

OIIHaKO B 3a1a4€ O [IEPEMHOXEHUH LENOYKH M D 031dHY
THMaJBHOTO pelieHus, 6naronaps tabnuue s [i,j] ynaeTcs 3HaYMTENbHO YMEHBILIMTH
obnem paborsl. IIpeanonoxuM, yto Tabnuua s[4, j] He moanepxuUBaeTcs, a 3aMoNHI-
eTcs ToNbKO Tabnuua m (i, j], B KOTOpO# comepxarcss oNTHMabHbIE CTOMMOCTH BCIIO-

<
M MaTpUl B nMpouecce BOCCO31aHHUA OIl-

MorartenbHbIX 3aa4. [Ipu BbiOOpe BCIIOMOIaTeNbHOM 3aaayH, UCIOJb3yIOLIENCs B OIl-
THMAlILHOM PElIeHMH 331aYM O PaccTaHOBKe ckobok B mpouspesienuu A;A; ;... Aj,

BCEro MMeeTcs j — ¢ BapHaHTOB BbIOOpAa, H 3TO KOJIMYECTBO HE SABIAETCA KOHCTaH-
To#. IIo3TOMy Ha BOCCTaHOBJIEHHE CBEINEHUH O TOM, KaKue BCIIOMOTraTejbHble 3aja-
4y BBIOMpAIOTCA B Ipoliecce pelleHHs NaHHOH 3amayd, MoTpebyeTcs BpeMs, paBHOE
O(j—1i) = w(l). Coxpawm B 3JIeMeHTe § (i, j] MHIeKc, Iae BHIMOJHAETC pa3due-

Hue npousBeneHus A;Aiy1 ... Aj, IaHHBIE O KOXAOM BbIGOpE MOXKHO BOCCTAHOBHTS 32
Bpems O (1)

OpnHa U3 Bapuauuii JUHAMHYECKOTO MPOrpaMMHPOBAHUA 4acTo obecrneyuBaeTr Ty
xe cTeneHb 3QPeKTHBHOCTH OOBIYHOTO IMOAX0Ha AUHAMHYECKOrO MPOrpaMMHpPOBaHHH,
HO npu cobnioneHHH Hucxonsileil cTpareruu. Mues 3axnioyaercs B TOM, 4YTOOHI 3a-

_____________ 2 T s

) 0ObI4HbIH HE3((PEKTHBHBIN PeKypCUBHbIH alropuT™. Kak U npu

)

aK

=]

°B JAaHHOM Cjly4ae€ 3TO HE OneyaTka, no- -aHIJIMACKH 3TOT TEPMHH NMHUUIETCSA HMEHHO TakK. OﬂCHﬂCT

B NPUMEYAHUY 2BTOP KHUTH, CMBICT HE NPOCTC B TOM, uyTQOL! 2aNOMHHUTL HH¢0FM&HHK} (m m ), aB

TOM, YTOGBI BCKOPE €10 BOCIONB30BaThCS KaK MaMATKOi (memo). — ITpum. peo.
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asi peleHUuss BCIIOMOTATeNbHBIX 3a1a4. Om{axo CTPYKTYpa,
HHEM TaOJHLIbI, OONbIlle HATIOMHUHAET PEKYPCUBHBIH aNTOPUTM.

B pekypcHBHOM anropuTMe ¢ 3allOMHHAHHEM IOANEpPXKUBAETCH JNEMEHT TabIHIbI
WIS pellieHHs KaXXI0# BCIIOMOraTebHOM 3a1auy. Ii3Ha4yanbHO B KQXXIOM TaKOM 3JIEMEH-

TIpaBJIAKOLIas 3aroJIHEe-

‘<
'U

NATUITITY cATTANIErTITAa ATTA rTIrAaa 2 arrua
lU laUJll’llJ,Dl DUAUPI!\YIIUII viivuryiaJipnuy onativiirxiv, JI\GQDIDGKULL\\J\J na 1v,

BCIIOMOTraTeNIbHas 3a/1a4ya BCTpeYaeTcs Bnepeme ee pemem«xe BBIYHCIIAETCS ¥ 3aHOCUTCS
B Tabnuuy. Kaxxnpiit pas, korna cHoBa 6yzner BCTPEYATbCA 3Ta BCNOMOTaTeNbHAs 32/1a4a,
B Tabnuue HAXOAUTCS M BO3BPAILLAETCH €€ pelleHHe".

Huxe npuseneHa Bepcus mnpolieAypbi RECURSI
M

do m[i, 5] « oo

1

2 )

3 doforj—iton
4

5 return LOOKUP_CHAIN(p, 1, n)

Lookup_CHAIN(p, ¢, j)
if m[i, j] < oo
then return m|z, j|

A N W N
-

do g — Lookupr_CHAIN(p, i, k)
+ LOOKUP_CHAIN(p, k + 1, j) + pi—1pxP;j

7 if ¢ < mjz, 7]
[ than o[22 p.
[+] il J Lll/,JJ - q
9 return mlz, 5
L 7vl
D rrsanrrarmirsan MEAAAT7EN M ATNRIV (ITATIN war 17 n mrsantramsrsans A AaTnIiv frirang NAnnen
D 1LIPULY, pC IVLDIVIUILDU_IVII'\I l'\lA_\/l'lI'\llV, nannbpb lpUuCAyPC 1IVIAIL nu\_\.,nﬂlm_ur\ucn,
nonmepxuBaercs tabnuua m[l.m;1..n], cocTosmas W3 BHIYUCIEHHBIX 3HAYEHUIT

m|i, j], KoTOpBle NpeACTaBNAOT CO6O MHHHMAJBLHOE KOJIHYECTBO CKAIAPHBIX YMHO-
KeHUH, HeOOXOMMMBIX JUIS BHIMUCIEHUS MATpULbl A;. ;. M3HauanbHO KaXIblit JNEMEHT
TaONUIBI conepxcm 3HaueHHe 0O, yKa3blBalolllee Ha TO, YTO NAaHHBIH 3NIEMEHT elle

. __ o~

HOIKeH ObITh 3amosHeH. Ecnu npu Bbi3oBe mpoueaypbl LOOKUP_CHAIN(p, ¢, j) BbI-

4B 3TOM IOAXOAC MPEANOIAracTcs, YTo H3BECTEH Ha6op napaMeTpoB BCEX BO3MOXXHBIX BCIIOMOrare.b-
HbIX 3a4a4 W YCTaHOBJICHO COOTBETCTBAC MCEKAY sAuciikamu Tabinibl ¥ BCTIOMOTaTeabHbIMH 3a/la4aMHi.
llpyroii noaxoa COCTOMT B TOM, 4TOOBI OpraHH30BaTh 3alIOMHHAHHE C NOMOLILIO XCLIKMPOBAHHUA, B KOTO-
POM B Ka4€CTBE KJIIo4ei BbICTYMNAKOT NMapaMeTpbl BCNIOMOraTeJIbHbIX 3a1a4.
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nonugercs ycnoeue m (i, j] < oo (cmo'(a 1)
paHee BBIYHCIIEHHYIO CTOMMOCTh m [i, 7] (cTpoka 2). B npoTuBHOM ciyd4ae 3Ta cTo-
MMOCTb BBIUHMCIIIETCA TaK e, Kak M B npoluenype RECURSIVE MATRIX_CHAIN, co-
XpaHseTcs B 3neMeHTe m (i, j], Mocie yero Bo3spamaercs. (YI06CTBO UCIIONb30BaHHs

3HaYE€HUS OO IS He3allOJIHEHHBIX 3JIEMEHTOB TaOIMIBI oG’mcmercx TEM, YTO 3TO XC

=

n3aun JJ1 I.VIGI'ILUD e ll/,JJ B MLPUI\U J lllJUl-{G y

JU
)3 RECURSIVE MATRIX CHAIN ) Takum obpa3om, npouenypa LOOKUP_CHAIN(p, i, j)
BCeraa Bo3BpalllaeT 3Ha4eHHe M [i, j|, HO OHO BBIYMCIIAETCS JIMILb B TOM CIIydae, ecl
3TO NEpBbIH BBI30B JaHHOH MpPOLEAYpPHI C IapaMeTpaMH ¢ H j.

Puc. 15.5 wmlocrpnpyer HAaCKOJIbKO 3q>¢)e1cmBHee npouenypa MEMOIZED_

OCYUIECTBIAETCSA UX MTOMCK B XpaHUIHILE.
Bpems pa60'r1>1 npoue,uypbl MEMOIZED_MATRIX_CHAIN, KaK 4 BpeMs BbINOJIHE-
DER, IOCTPOEHHOTO 110 NPUHIMITY AHHAMHYECKOI0

K
mmarnamMuunanauua nanua () (fn \ awwrnag aueiiva TalmUITLY IQ BCerg HUx ﬂ ('n2\\
LpUL ‘lul'll'llll.l\lu“llllll, pan LA\ )+ ANG/MAGA ARUARG 1aUiardinot 1Y v

OITHOKPAaTHO MHHMLMAIU3UPYETCS B CTPOKE 4 mpolenypsl MEMOIZED MATRIX CHAIN
Bce Bb130BBI IpoLieaypbl LOOKUP_CHAIN MOXHO pa3OUTh Ha ABa THIIA:

1. BBI30BBI, B KOTOPBIX CIPaBEIIMBO COOTHOLIEHHE M [, j] = 0O M BBINONHAIOTCA
cTpoku 3-9;

2. BBI30BBI, B KOTOPBIX BBINOJIHSETCS HEPABEHCTBO M [¢,j] < 0O M MPOCTO MpPOHC-
XOIHUT BO3BpAaT B CTPOKE 2.

Bcero BBI30BOB N€pBOro THIA HaCYUTHIBaeTCS O (n2) , 10 OZTHOMY Ha KaXIbIif 3JI€MEHT
Tabnuupl. Bce BBI30OBBI BTOPOro THIAa OCYLIECTBISIOTCA KakK peKypcUBHBIE obpaiie-
HHS M3 BBI30OBOB IIEPBOIO THIIA. BCAKUH pa3, KOrAa B HEKOTOPOM BbI30BE IIPOLIEAYPHI

Lookup r‘u’A IN BLIIONHIIOTCS NEKYNCUBHELIS nﬁnalnpuua nﬁrnpp UX KOJIUUYECTRO NaB-

MUN DOLAULNRAIVIVA PUNy PLADnoIT UV 1xiziy A Nvvifiave o

Ho O (n). ITosTomy B obuieM urore mpoussoaurcs O ( n3) BBI30BOB BTOPOrO THIIA,
npuyeM Ha Kaxublit U3 HUx pacxoxyercs Bpems O (1). Ha xaxaplit BbI3OB IEpBOI0
tuna tpebyercs Bpems O (n) mioc Bpems, 3aTpauyeHHOe Ha PEKYPCHBHEIE obpaiuenus
B JaHHOM BbI30B€ II€PBOIO THIIA. uoaromy obmee Bpemsi paBHo O (n ) TaxuMm 00-

e
aJrOPUTM CO BpeMeHeM paboThl
B urore nony‘{ae'rcsl 41O 3anady o6 OHTHMaJIBHOM cnocobe epeMHOXEHHUS LIenoy-

KH MaTpHIL[ MOXXHO PEIIXTh JIMOO C MOMOIIBIO aIrOpHTMa C 3alloMHHaHHeM, paboTato-
IIET0 B HUCXOMAILEM HallpaBleHUH, 1160 C MOMOILBI0 JMHAMUYECKOTO NporpaMMHpo-

BaHMA B BOCXOAALIEM HamlpaBieHUH. [Ipu 3ToM B 000X Cily4asx NmoTpedyeTcs BpeMs,
NARHOE f) ('ns\ nﬁﬂ MEeTOIA UCTIONEKVIQT TTNAUMVITIACTR RORHUKAWITILLS ﬁnm“nrmn
pasHoe O (n°). Oba meTona HCMONB3YIOT MPEUMYILECTBO, BO3HHMKatoOIee Onaronaps

NepeKpPBIBAHUIO BCIIOMOTaTeNbHBIX 3aKa4. Beero BosHukaeT Tonbko © (n?) pasmudnbix

BCIIOMOraT€abHbBIX 3aa4, U B KaXXAOM M3 OITMCAHHBIX BBIIIEC METOAOB PEIICHHE KaXxaoi
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pCLICHHBIE 33113‘-[14 l'IpI/IIICTCﬂ HCOJIHOKpaTHO peiaTrb 3aHOBO.
B obuem Clly4ya€, €CJIH BCE€ BCIIOMOI'aTCJIbHbIEC 3aJa4yH HeobxonuMo PELINTh XOTA
OBl 1O OHOMY pasy, BOCXOIS LU aJITOPHTM, HOCTpOCHHLIﬁ o NNpUHHUMITY NTHHaAMH4eE-

oYnATA ananaTua nQRrrona r\oﬁn'r ar RArre ee. YeM HHUCXOAgHIUuY aIrCDUTA
VAVI VU lll.lUl yulvuvu'll.luounrln, UuDbINnuvU pavviavi UDAULPu 9 qeM OACAUAZLLNYL QL UPrL]

C 3anoMHHaHHeM. [IpUYMHBI — OTCYTCTBHE HEMPOW3BOOHTENBHBIX 3aTPaT Ha PEKyp-
CHIO M MX COKpalleHHe MpH noajepxke Tabnuipl. bonee Toro, B HEKOTOpBIX 3amayax
nocse oNpeleseHHbIX HCCIIENOBaHHI yAaeTcs COKpaTUTh BpeMs NOCTyma K Tabnuue
UM 3aHUMaeMblit el obveM. Ecnu ke MoxHO 060#THCH 0Ge3 perieHus HCKOToprx

TOJIBKO 06X0}1HMB] € BCIIOMOrare/ibHbIC 3a1a4yH.

YapaxxHeHus

15.3-1. Kak a¢dexTHBHEE ONpEenENnUTs ONTHMANBHOE KONUYECTBO CKaNApHbIX YMHO-
XKeHMi B 3a1aue 0 NEPEMHOXXEHHH LIEMOYKH MaTPHILL: MEPEYHCIIUTH BCE CIIOCO-
ObI pacCTaHOBKM CKOOOK B MPOU3BEJCHHM MaTPHLl H BBIYHCIIHTH KOJIHYECTBO

AT TN ITT Y UAAII AT ATILIN T TeANTe TTARE TIn LITIY LT RaITUATLTY TTRATTe TV
viaJ) )ll.ln 1A yl ﬂUIl\Cnl’lYl D l\all\AUlVl Y10 IrxiA riJixyl sail ‘y\rll'lLD IIPULLCAyPy i n=
SIVE_MATRIX_CHAIN? O6ocHyi#iTe OTBeT.

15.3-2. HanucviiTe nexvncuBHOE Nenero IIs Nnouenv DEI MFRGE Q(')RT ONMUCAHHOU

15.5-2Z. Hapucyute peKypCUBHOE NEPERO 17 pouenyps! MERGE >ORT, OMUCAHHOU

pe
B pasnene 2.3.1, paboraromeit ¢ maccuBoM U3 16 3nementoB. OObsicHuTE,
HOYeMY JJIs MOBBILIEHHUS IPOU3BOAUTENBHOCTH PabOThl XOPOLIETo aNropuT™Ma
pa3bHeHus, Takoro kak MERGE_SORT, HCIIONIb30BaHHE 3aIOMUHAHUS He OyneT
3((HEeKTUBHBIM.

W

W
1

W)

. PaCCMOTpHM pa3HOBH}1HOCTB 3aJa4yy O NIEPEMHOXEHHH LEMOYKHA MaTpHL, UEIb
W MaTpHii, 410561

15.3-4. OHHIUHTC, KaKH€ NMEPEKPBIBAIOUINECA BCIIOMOraTeIbHbIC 3aJa4d BO3HHUKAIOT
IIpH COCTaBJICHUH pacCllMCaHHA pa6OTbI KOHBeﬁCpa.

15.3-5. CornacHo caenaHHOMY BbIllI€ YTBEPXKIEHHIO, B THHAMHUYECKOM [POrpaMMH-
pOBaHHM CHayasia pellaloTcs BCIOMoOraTelbHble 3aJayd, a NOTOM BhIOUpa-
IOTCS T€ U3 HHUX, KOTOpble OyayT HCNONB30BaHbI B ONTHMAJIBHOM peEILEHHH

3agayn. [Ipodeccop yTBepknaer, 4TO He Bcerna HeoOXOZHMO pellaTh BCE
BCIIOMOTaTeIbHbIE 3a/1aul, YTOOB! HAUTH ONTUMAJbHOE pemeﬂue OH BHIIBH-

raer mpearoloXeHHe, YTO ONTHMANIbHOE pelleHue 3aayi O MePEeMHOXEHHU
LEMOYKH MATPULl MOXKHO HaHTH, BCerna BHIOHMpas MaTpHily Ak, 1ocne Koto-
poit cnexyer pa3busath nmpousseneHue A;A; 1 ... Aj (uHaekc k BbiOupaeTcs
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yTOOK MUHHMM3UPOBATH BENHUYMHY P;_1PipP;) Neped pelieHueM BCIo-
MoratenbHbIX 3a1a4. [IpuBenute npuMep 3agadyu o NEPEeMHOXEHHUH LIETIOYKH
MaTpHll, B KOTOPOM TaKO# >KaJHbIH IIOAXOX MPUBOAHUT K PEIIEHHIO, OTIHYHOMY

OT OIITUMAJIBHOIO.

15.4 Camas navMHHas oonIas

Y Yy,

B Ononoruyeckux IIPHIIOXXEHHUAX YaCTO BO3HHKAET HCOGXO}lHMOCTb CpPaBHUTH /‘_1], K
JY ).

"P! ﬁnrn.tnpro VOH}{l{eﬁTnﬂ\ NA2MTUAUUILIY nr\rauﬂonlog r"l" unan'ruaa

u TT co-
Hu . LTaHzapTHag 40N ¢

Jiva'

~

Jx Vipaj padiarninpia Upian

TID‘

BYX
CTOHMT M3 MOCJIeOBATENbHOCTH MOJIEKYJI, KOTOpbIe Ha3bIBAIOTCA OcHoBaHuamu (bases).
K 3tum Monekynam otHocatcs: aneHuH (adenine), ryaHuH (guanine), LMTO3UH (Cyto-
sine) ¥ TUMHH (thymine). Eciu 0603Ha4UTh KaXI0€ M3 NEpeuyMCIeHHbIX OCHOBaHHi

€ro Ha4yaJabHOM OYKBOK JIATUHCKOIO anq)aBma TO CTaHOApTHYIO }_LHK MOXXHO NpeacTa-

BHTh B BHE CTPOKH, COCTOALICH K3 KoHeYHOIo MHOXeCTBa yiemeHToB 1A, C, G, T
(Omnpenenenue cTpoku cM. B npunoxenuu B.) Hanpumep, JTHK onmHoro opraHusma

MoXxeT uMeTh Bual S; = ACCGGTCGAGTGCGCGGAAGCCGGCCGAA, a JHK apyroro —
S2 = GTCGTTCGGAATGCCGTTGCTCTGTAAA. OnHa u3 ueneit cpaBHeHus nsyx JJHK
COCTOMT B TOM, YTOOBI BEIACHHTh CTENEHb MX CXOACTBA. DTO OMMH M3 MOKa3aTeneH To-
CBA3aHbl MEXOY coboit ABa OpraHu3mMa. Crenen OLIODPUI MOXXHO

§50e]) KaraTL “Tﬁ nmna
~ v;\uqu;u, DG

Koza I[HK nono6m,1 €CJIM OIIMH M3 HUX SBIAETCS MOACTPOKOH ApYroro. (AJTopHTMbI,
€ IOMOIIBI0 KOTOPBIX pelaeTcs 3Ta 3a7a4a, uccnenytores B mase 32.) B HameM mpume-
pe HU Sy, HU Sy He ABNIAETCA noacTpokoii Apyroit JJHK. B aToM ciyyae MOXHO cKa3ars,
YTO JIB€ LIETIOYKH MOJIEKYII TONOOHBI, €CITH IS npeobpasosaﬂm OIHOM U3 HUX B APYTYIO

b ObI TONbKO HeSO/MbIiike H3MCHCHH aKoit 1T AXO4 paCCMaTprBacICA
B 3a/1aue 15 3.) Emre oguH cnioco6 omnpeneneHus creneHy nogpobus nocnemoBaTeNnbHo-
creit S; u S 3aKnoyaeTcs B MOUCKE TPeTheH MocnenoBaTeNbHOCTH S3, OCHOBaHHA

KOTOpO# MMeErOTCS Kak B S, TaK H B So; MPH 3TOM OHH CJIEAYIOT B OOHOM M TOM Xe

Nops ke, HO 00s13aTeNLHO OJIHO 3a APYTUM. YeMm UTHHHEE MOCNIEA0BATENBHOCTD S3,
TeM 6oJiee CXOXKH MOCIEA0BATEIbHOCTH Sl u 02 B paccMaTpmMBacMOM IIPHUMEPE CaMasi
UHHAY NMOCIeNORATeIEHOCTE UMe in GTCGTCGGAAGCCGGCCGAA

INocnenHee U3 yNOMSHYTBHIX BbILIE nommm nonobus popmManusyercs B BUAE 3a-
Iay4 o camoil JUIMHHOM obuieil moxnocnenosarensHocTH. IloanocnenoBarenbHOCTh
JAaHHOH MMOCNIeOBATENIBHOCTH — 3TO MPOCTO JaHHAasg IOCIeNOBaTeIbHOCTh, M3 KOTO-
po#t ymanunu Honb MM Goinbiie 3neMeHTOB. DOpManIbHO MOCIENOBATENbHOCTD Z =
= (z1,29,...,2) ABIAE
YILIECTBYET CTPOro BO3pacTalollias 1nocijeno-
BaTeNIbHOCTD (zl, zz, cen zk) HHAeKcoB X, Takas 4To Jyig Bcex j = 1,2, ..., k BBINONHS-
eTcs CooTHoWIeHUe z;; = zj. Hanpumep, Z = (B, C, D, B) — NOANOC/EN0BATENLHOCTS
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X = (A B,C,B,D A B), npuuem B
\ b i B “~ )] VA i of
CIeZ0BaTeIbHOCTh HHAEKCOB MMeeT BUA (2,3, 5, 7).

TOBOPAT, YTO NMOCNIENOBATENBHOCTD Z ABIAETCSA 00U{eli noOnoCcne008amenbHOCHbI0
(common subsequence) nocnenosarensHocteit X U Y, ecnu Z gBnsercs NOANOCIENO-
BaTeNbHOCTBIO Kak X, Tak ¥ Y. Hanpumep, ecniu X = (A,B,C,B,D,A,B)uY =
— /R DO A B A\ manacnenararenruascts [RB ) A\ _ aBmaga acnananaTant.
- \U, U, \J, ﬂ, u’ ﬂ/’ 1V 1IVUVJIVAVUDALVIIDIIVVLID \J_l’ u, ﬂ/ UUIJ-\G’I llUAllU\t)l
Hocts X u Y. OnHako mocnenosarensHocts (B, C, A) — He camas Onunnas obuas
nozanocnaenoBareNbHOCT X U Y, NOCKONBKY €e JUIMHA paBHa 3, a UIMHA IOCJIeIoBa-
tenbHocTH (B, C, B, A), KoTopas ToXe SBISeTCs obLIeif MOANOoCIen0BaTeNnbHOCThI0 X
ny, paBHa 4. IlocnenoBaTenbHOCTD (B C,B A) — camas OnuHHAsA obwyas noonocie-

flasnnnad nmcmmcanman asslocncccnamn s TOAQ) e mma e 2o A M <= Y/
lls5bt colunolIl auuacqucuuc, L\/O) llUleCAUBdlCJlbﬂULLCK A nir,

TMMOCNIenOrRATeNEHOCTU
220LaACLAEasitieneilx

b (il
RATEIRHOCTh (R D, A, R\ MOCKONBKY HE cvillecTBvVeT obmeil nonmno-

____________ y He CYLIEeCTBY meii nonrn
ClIe0BaTENbHOCTH JJIMHOMN 5 3JIEMEHTOB WM Oonee.

B 3adaue o camoii onunnolt o6wieis noonocnedosamensHocmu NalOTCA BE II0-
cnenoBaTenbHOCTH X = (21,%2,...,Zm) HY = (Y1,¥Y2,...,Yn), 4 TpeOyeTcs HalTH
OOLIYIO IOANOC/IEN0BAaTENPHOCTE X U Y MaKCHMajbHOH UIMHBL B JaHHOM pa3nene

mNranaun mﬂ 'J'I"Q k¥ Quﬂ ':rhrl\nwunun NLIMTALTOad MAeTNANINM NMTUUAMUIUAaoTNTN QNA_
LVURQIGIIV, 21V 14 JapGia MADnVv puiaaviva Qivi LY

MHPOBaHHUSA.

Jran 1: XxapaKTepuCTHKAa CaMOH AJMHHOM 00LIei
NOANOC/Ie10BaTeIbHOCTH

PelieHue 3anauyn noucka caMoif JUIMHHOHK 0OLLei MOAnocaeaoBaTeILHOCTH “B 100”
3aKJII0YaeTcs B TOM, YTOObI MPOHYMEpOBaTh BCE MOANOCIENOBATENILHOCTH 10CTIEI0Ba-
TeNbHOCTH X M NPOBEPHUTD, ABJAIOTCA 1M OHH TAKOKE IOANMOCIEAOBATENbHOCTAMHU Y,
OBITasACh OTBHICKATh IIPH 3TOM CaMylo JIMHHYIO M3 HHX. Kaxmas nozmocnenosaTenb-

AcmamanaTanrraary Y oo TIAFITAMIIA ATV TITT TATIO A 9 pon|
D 11uvJivauDalvJil Dl.'lU\vl.l’l P2 UUUIDDIULD]\«I llUAlVlﬂUll\Dthy YlnAUl\\rUD IL, ‘4’ L) l’b!

nocnenoBarensHocTH X. Bcero uMeercs 2™ monnocnenoBaTenbHOCTEN MOCIEIORa-
TeNbHOCTH X, MO3TOMY BpeMs paboThl alrOpUTMa, OCHOBAaHHOTO Ha 3TOM IOAXOZE,
Oynmer 3KCIOHEHIMaNbHO 3aBUCETh OT pa3Mepa 3aJayH, W IS JUIMHHBIX IIOCJIeAOBa-
TENbHOCTEH OH CTAHOBHTCS HENPHUIOOHBIM.

AR TTATIAA DA TIATTA FTAIINIAA NAOAREMATE THIZTITrITMIEr AAYTITATE TTATITTAMNTIOTEIAT A TATIT TP ATES T T80 O
UOHAaKo 3aaaya rnoMckKa caMoOy QJIMHHOM OOILEM MOAIOCIIEA0BATENIBHOCTH 0V1IaAacT
ONTUMANTLHOUI NMOJACTDVKTVNOIL A1oT hakT nokazriraeTcd B chOnDMVIUNDORANHON HIDKE
UMAaNBHOU MOACTPYKTYPOU. ITOT (PAKT NOKA3IBIBACTCH B COOPMYIUPOBAHHOU HMIXE

TeopeMe. Kak Mbl yBUJIUM, ECTECTBEHHO BO3HHUKAIOILIME KJIACChl BCIOMOTaTeNbHBIX 3a-
a4 COOTBETCTBYIOT IapaM “mpedUkcoB” ABYyX BXOIHBIX NOCNeqoBaTenbHOCTe. JJaaum
TOYHOE OIpEJENIEHHE 3TOro IOHATHUA: i-M Hpegpukcom TMOCIENOBAaTENbHOCTH X

= (Z1,Z2,...,Zm) W1 ¢ = 1,2,...,m sABISETCS MNOANOCIENOBATENBHOCT X; =
— /f"_ e~ Ls o3 -\ u""“"ll'ﬂﬂ VYol 8714 - / A D r‘ D n A D\ —n V e / A D ﬂ D\
— \c‘/ "‘./z,- .. ’J./'l/- ll“llyl’ll‘l\i}l’ N JIXL L) \J‘,‘J,V,U’U, J],U/, iv /K \n,u,u,ul

a Xv — IIyCTas IocjI€noBaTCJIbHOCTb.
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J
tensHoctH X = (11, Z9,. .. xm) u Y = (v1,¥2,---,Un), a Z = (z1,29,...,2k) — UX
caMasi JUIMHHasi 061ast MOANOCIeOBaTeNbHOCTb.

1. Ecnm a2y, = yn, TO 2, = Ty = yn U Zi—1 — LCS nocnenosarensHocTel X1
U Yn—l-

2. Ecnu z,y, # Y, TO U3 2 # I, ClENyeT, YTO Z — camas IJIMHHasA oOLyas
IOAMOC/IEN0BATENLHOCTD MOCaenoBaTeabHOCTE X1 U Y.

3. Ecnu z; # yn, TO U3 zr # Yy, ClENyeT, YTo Z — caMasd JJIMHHasg oOias
MOAMOCIIEN0BATENILHOCTD MOC/IENOBaTENbHOCTER X H Yy _1.

[oxazamenscmeo. (1) Ecnu OBl BHIMOJIHAIOCE COOTHOLIEHHE 2; F I, TO K MOCIE-
JIOBaTeNbHOCTU Z MOXHO ObLIO Obl TOOABHUTH 3NEMEHT Iy = Yn, B PE3yIbTaTe Yero
noNnyyuiacek 6b1 001as OANOCIeN0BaTeIbHOCTD ocenoBaTenbHocTet X 1 Y miuHoi

k + 1, a 3TO NPOTHBOPEYHUT NPEAIONOKEHHUIO O TOM, YTO Z — camds OAUHHAA OOLIas

Tenbuen’rnﬂ Y uV Tavwuwnm ofnasanm manmsyun nrLi-

MONITACTISNTNARATSNTLUNCTL ITACTIS
ViIVA A3 f1 4 . AGRANM VUPGoUI, AU/LI/AGU DOt

NOANOC/IeI0BaTENBHOCTE OCHEA0BAT
MONHATLCS COOTHOLIEHHE 2, = Ty, = Yn. 1aKUM oOpa3zoM, mpeduxc Zj_; — obmas
IIOAIOCe10BaTebHOCTh MoCen0oBaTeNbHOCTER X 1 U Yy, —1 AnuHOK k — 1. HyxHo
[I0Ka3aTh, YTO 3TO caMas JUIMHHas oOlas MoamnocienoBarelbHOCTh. [IpoBeneM Noka-
3aTeNbCTBO METOIOM OT HPOTHBHOTO. Hpennonome, YTO UMeeTCa oOLuas MmoAarnoce-

~s e - x7 -
OBaTeNnbHOCTh W mocieqoBaTenbHOCTEN Xop—1 H
Nlo6aBuB k W aneMeHT x,, = ¥, NOIYYU)

1
— 1. Jlo k W anemenr x;, s, TION v
nocnenosa'renbuocreﬁ X u'Y, nnuHa KOTOpOii MpeBbIlIaeT k, YTO NPUBOAUT K MPOTH-
BOPEUYHIO.
(2) Ecnu zj, # 2z, TO Z — 00L1as MOANOCIEN0BATENBHOCTD MOCIIE0BATENBHOCTEH
m—1 M Y. Ecnu Ol cylecTBoBana oduas noanocieoBaTenbHOCTs W mocienosa-

"ranunt"rAﬁ « u V nnua vn’rnr\nu ﬁﬂPDL'lIIQPT l" 'I"f\ nua ﬁLY"Q ﬁLI TAKWEe f\ﬁ""’"
CUIDHUVIVA AAm—] i 4, AVIANG RULIVPUR 1PV 1G UDLa&G UD: 1Giunv

MOATOCIE0BaTEILHOCTBIO [IOCNIEN0BATENbHOCTEH Xm =X u Y, 4TO NPOTHBOPEYUT
MPEAIIOIOKEHUIO O TOM, YTO Z — camas JJIMHHas ofmmas moAnocie 0BaTenbHOCTh 110-
cnepoBarenbHocTeit X u Y.

(3) HoxazarenbCTBO 3TOrO ClIyyas aHaJOTHYHO JOKa3aTeNlbCTBY ciiyyas (2) ¢ TOYHO-

mrrranmrr ¥
in

U Teopems! 15.1 BUAHO, 4TO camas JuIMHHas 001as MOANOCIEA0BAaTENbHOCTD ABYX
MOCJIEIOBATEILHOCTEHN COOEPXHT B cebe CaMYKO JUIMHHYIO 06[[1le IOAIIOCIIEA0BATEIb-

HOCTL UX nnprhuu-nnn Takum 00pazoM, 3a1auya O caMoli NIUHHOHM ofuiel rnoanocneno-
OCThb HX NpCPUKCOB. 1aKHM 00pa3lM, 3azada ¢ CaMCHU LNTHHHOHU ODILUCH IIOATIOCTC

BATENbHOCTH 06nanaeT ONTHMAJIBHOW MOACTPYKTYpO#. B pexypcHMBHOM peILIEHHH 3TOH
3a[ja4 TaKXKe BO3HMKAIOT MepeKpbIBalOLIMECS BCIIOMOTaTeNnbHbIE 3aJa4H, HO 06 3ToM
peyb MOHET B CeayIOlieM pa3Jiene.
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Sl S Rt IR Bad 112 7l
BO3HHUKAET OJHA WJIH JABE BCIIOMOraTeibHble 3aqaud. Ecnu ., = vy, Heoﬁxommo Haﬁ-
TH CaMyl0 JJIMHHYIO OOIIYyIO MOAMOCIIENOBATENbHOCTh IOCNENOBAaTENbHOCTER X1
u Yy, —1. lo6aBUB K Hell 3NE€MEHT Z,, = Yn, Nonyuum LCS nocnenoBarensHocTel X

x

uY. Ecnu z,, # yn, HEOOXOOMMO PELIMTh JBE BCIIOMOIaTeNbHBIX 3aJayd: HaUTH ca-

mveie I QC nocnenopatenctuncreir X, s u V a TaKwe nocnenoparencuocteir X u
1€ LOCU IIoC BHOCTCH Ampp—1 H Y, a2 TAKOKC NIOCICACBATCIILHOCTCH X U Y, 3.

Kakas u3 3THX IBYX MOIANOCHENOBATENbHOCTEH OKaXKeTcs MIMHHee, Ta U Oyaer camoii
JUIMHHOM oOLIeil moAmociIea0BaTeabHOCThIO NocenosaTebHocTeit X u'Y.

B 3ajmaue noucka caMoit INIMHHOMK 00lLeif MOANOCIen0BaTeIbHOCTH JIETKO YBUIETh
TpOsIBJIEHHE CBOMCTBA IIePEKPHIBAIOILIUXCA BCIIOMOraTeNnbHbIX 3a1a4. YToOb! HaiiTu LCS

noc e AmAaTYY Tr atr VYV V'  arosrrar 1T

osateipHocTedl X u Y, MOXeT noHagoOHThCA Hait
C takxe LCS X u Y,,_1. OnHako B KaXI0if U3 3TUX 3a[1a4 BOIHUKAET
3ajaya o IMOHCKe LCS nocnenosarenbHocTel Xym—1 M Yy —1. OOlllag BcrioMoraresbHas
3a1a4a BO3HHKAET ¥ BO MHOTHX JPYTUX Ioja3ajgayax.

Kak u B 3azla'-1 0 nepeMHoxceHMM LEMOYKH Marpuu, B pexypanHo eILIeHUH 3a/a-

<)
['D

S
>
.

~
=
n:

CKYPPEHTHOC

3YIOMIUX ONTUMANLHOE pelleHue Q603H3aUUM

AN Vil vMa/ iRt © peillant, VVVIRaRNM

yepes C[ ] JJIUHY caMoit JUIMHHO# o6111e#t nmoanocieaoBaTeNnbHOCTH MOCIEN0BaTENb-
HocTel X H Y Ecnu 7 = 0 unu ] = 0 JJIMHA OHOHM M3 3THX IOCJIEeN0BaTeNbHOCTEMH
paBHa HYIIIO, IO3TOMY CaMas JJIHHHas UX o0111as MoAnoCieI0BaTENbHOCTh UMEET Hyne-
BYIO JlJ'lPIHy OnrtumanbHas BCIIOMOrarelbHas noncrpyx’rypa 3aJla4Yd O CaMOil JUIMHHOK

)
¢ ;5
D

rO npu i = 0w j =0,
CIi,j]=$ cli—1,j—-1]+1 npu 4,5 > 0 U z; = yj, (15.14)
(max(cli,j—1],cli—1,7]) npui,j>O0uz;#y;.

OO6parute BHMMaHHe, YTO B 3TOH PEKypCHBHOH (OpMYTHPOBKE YCIIOBUA 3ajayH
OrpaHHYMBAIOT KPYT pacCMaTPHBAEMbIX BCIIOMOraTeNbHbIX 3a1au. Ecnu z; = y;, Mox-
HO U HY)KHO pacCMaTpHBaTh BCIIOMOTraTeNbHYIO 3aiayy MOKCKa CaMoii JUIHHHOH oOei
MOAMOCIICAOBATEILHOCTH nocnenosarenbHocTedl X;_1 u Y;_;. B nportusnom
paccMaTpHBaIOTCS IBE BCIOMorarenbHble 3agayd 1o nmoucky LCS mocnenosarensHo-
creit X; u Y;_1, a Taoke nocnenoparensHocTeit X;_1 U Y;. B paccMoTpeHHbIX paHee
aJITOPUTMaX, OCHOBaHHBIX Ha MPHHIIMIIAX JHHAMHUYECKOTO [IPOrpaMMHUpPOBaHHUA (A4 3a-

Aa4 O COCTABJICHUH paCIIHCAHHUA pa60r1>1 CGOpO‘lHOFO KOHBeHepa H O MEPEMHOXECHHUH

K
[¢)
=
%
W
o
[}

LENOYKH MaTpHIl), BHIOOp BCIOMOTAaTeNbHBIX 3a4ad HE 3aBHCEN OT YCJIOBHH 3afaqH.
3anaua o nmoucke LCS He eqMHCTBEHHAs, B KOTOPOH BUJT BOIHUKAIOIIUX BCIIOMOraTellh-

HBIX 33724 ONpeaeseTcs YCIOBUAMH 3aaun. B kauecTBe qpyroro nogobHoro npumepa
MOXXHO MIPUBECTH 3aJayy O pacCTOSHHH peNaKTHpoBaHHs (CM. 3amauy 15-3).
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(15.14) nerxo HamucaTh peKypCHBHBI QITOPUTM C S3KCIIOHEH-
N7 mma

ITUATTLULTAM DNSMOALION naf
allb. A

nnma priuucnauua nouoer 1 OQ npuy
LLID1 LY. H\unvu\un pav Tb ADY A

HHBIN U1 BBIMHMCIEHHS AauHBl LCS
nocnenoarenbHocTeif. OnHako Gnaroxaps HanIMYHMIO Bcero b © (mn) pa3nudHbIX
BCIIOMOTaTeJIbHBIX 3a71a4 MOXHO BOCITOJIb30BaThCA JHHAMHYECKHM IIPOrpaMMHPOBaHH-
eM 215 BBIMMCIICHHA PEIIEHHs B BOCXOAILIEM HalPaBIeHHH.

B npouenype LCS_LENGTH B ponu BXOAHBIX JaHHBIX BbICTyHaIOT nBe nocne,uona-

\ ve V' — /o ol ”
HI = \Y,,¥y2y---yYn/-
15030

ClieBa HalpaBo 3allONHAETCS MepBas CTPOKa, 3aTeM — BTopas M T.I.). B mpouenype Tak-
Xe MojuiepxuBaercs Tabnuua b [1..m, 1..n], 6naronaps KoTopo# ynpouiaercs npouecc
nocrpoemm OINTHMAaNBHOTO pemeﬂm Hamxm{bm CMBICJI 3JIEMEHTOB [ j] COCTOHMT

MeHTa c (¢, j]. [Ipouenypa Bo3Bpaiaer 6nuub b u c; B aneMeHTe ¢ [m,n] xpaHuTes
anmuHa LCS nocnenosarensHocTeit X u Y.

LCS_LENGTH(X,Y)

1 m « length[X]
2 n« length[Y]
3 fori—1tom
4 jo c[i,0] — 0
5 forj—0ton
6 do c[0,j] — 0
7 fori—1tom
8 doforj— 1lton
9 do if xl = yJ
i0 then cfi,j] —cli— 1,7 —1]+1
11 bfe, 7] — N\
12 else if c[t — 1,7] > cli, 5 — 1]
13 then cli, j] — c[i — 1, j]
14 b[t,]] — “1
15 eise c{i,j] — cfi,7 — 1]
16 bli, j] — “«7
17 returncub
Ha puc. 15.6 noxasaxsi Tabuiibl, IONyYeHHbIC B PE3Y/IbTATE BbIIICAHEHHA IPOLEAYDH
LCS_LENGTH ¢ BxoaHsiMu nociesoBarensHoctsiMu X = (A, B,C,B,D,A,B)uY =

= (B,D,C, A, B, A). BpeM1 BbINOJHEHHUs poLieayphl paBHO O (mn) MIOCKOJIbKY Ha
BBIYHCIIEHHE KaXI0To 3eMeHTa Tabnuupl Tpebyercs Bpems, pasHoe O (1). Ksampar,
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Puc. 15.6. Tabnuupl ¢ u b, Koroprie

Bo3Bparatotcs npouenypoit LCS_LENGTH
IS BXORHBIX mocnenoBarentHoctedt X =

KOTOpBIif HAXOAUTCS Ha NepecevyeHHH CTPOKH ¢ U CToNOLa j, CONEePXKUT 3HaYEHHe ¢ i, j|
M COOTBETCTBYIOILYIO CTPEJKY, BBICTYNAIOIYIO B POIM 3Ha4eHHs b [i, j]. DneMeHT 4,

IiF ADITASTOd AIIALTOITTION Tanwrarrrarans IILITONS
l\UlUtlDll’l ADJiAviNAa Jﬂﬂ"l\tﬂ'l\tlvl MUAU!JIX\“I-L\UI U\dll D uyanuxﬂ nl’lll\ﬂ\-lvl ]I.Jl] JJl\-lVlUnla

c[7,6], — nnuHa camoii NIMHHOW OOLIEH MOANOCIENOBATENLHOCTH [10CTEN0BATENb-
Hocteit X u Y (B maHHoM cnyyae 3to (B, C, B, A)). Ilpu 4,5 > 0 aneMmeHT ¢, j]
3aBHCHT TONBKO OT TOTO, BBIIONHAETCA JH COOTHOUIEHHE Tj = Yj, M OT 3HAYCHWH
anemeHToB c [t — 1,7), c[i,j — 1) mucli —1,j

A ~

[ TV e = o AT AT LAY, AT ARABIITILT T5% TrmrminT T M T R OAFAG TTTTIALITIA G
YCHHEM blb, JJ T110Ubl BOLL1aNUBNIb JJICMCHI1DbI, 13 KU1OUPDbIA COU1 UT CaMai AjiIMHHaxA
nﬁm:m TONTOCNEenORATEIIEHOCTE, IMTNocnenveM rio (‘IT\PHOUKQM h ['I ’” RENnVIITUM UR ITNA-
ovHIasa HoANOCACAORATC/IEHOCTE, HIDOCTICAYC 10 CTPCIIOYKAM 011, 71, BEAYILUM K23 ITDa

9NeMEHT “'\” Ha 3TOM ny'm COOTBETCTBYET (BbIAEIEHHOMY uBeTOM) 3nemeHTy, U1 KO-
TOpOTO T; = Y; ABIAETCS JIEMEHTOM CaMOi INIMHHOK 061wel MOANOCeI0BaTENBHOCTH.

C momoupto TabnuLe! b, koTopas Bo3Bpaiuaercs npouenypoit LCS_LENGTH, Mox-
HO OBICTPO CKOHCTPYMpOBATh CaMylO UIMHHYIO OOIIyIO MOAIOCIENOBATEIbHOCTD II0-

crienoRaTenLHoCTeH Y — [y s r» \'uV — /nn 21 2\ My NOCTO Ha-
CACBATCNEHOCTEH \Z1,Z2,...,Zm) U ¥ y Y2y .-y Yn). MBI IPOCTO Ha

yiHaeM C 3neMeHTa b[m,n] u npoxoauM Tabnuuy mo crpenkaMm. Ecnu 3HaueHuem
aneMeHTa b [¢, j] ABIAeTcs “\”, TO JNEMEHT Z; = y; NPHUHAIIEXKUT CaMoil JUTHHHOK
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CIeyloT B OOpaTHOM IOpSIKE. l'IpHBe,ueHHax HH)K€ pEeKypCHBHas Mpoueaypa BbIBO-
JIHUT 3NMEMEHTHl caMoil AJMMHHOI o6Lelt moamocnenoBaTeNnbHOCTH MOCHEN0BATENbHO-
creit X u Y B npamom nopsaake. HayanpHbli BEI30OB 3TO# NMpoOLEAYpPH! BBINIAOUT Kak
PRINT_LCS(b, X, length [X], length [Y]):

PRINT_LCS(b, X, 1, 7)

ifi=0umwmj=0

—

2 then return

2 7 N PR R N

J a1 U[l/,JJ _ \

4 then PRINT LCS(b, X,i— 1,7 — 1)

5 print x;

6 elseif bfi, j] = “1”

7 then PRINT_LCS(b, X,7 — 1, j)

8 else PRINT_LCS(}, X,i,5 — 1)

Jns tabnuus! b, n300paxkeHHOI Ha puc. 15.6, 3Ta mpouenypa BBIBOOMT I1OCIIEN0BATENb-
...... WY A T o o oo o O = o oo Y 0\ . . [T
HOCIb DUDA Dpt:M)l deU]. 1 1IpOUCAYypPbl pABHO U (11t 1+ Tt ), 110OC UJley O1x Obl
OIMH U2 MHOEKCOR I UNM j YMEHEIIAeTCd HA KaXJOH CTaluy PEeKYDPCUH.

Yay4dienue xoaa

ITocne pa3paboTky anropurMa 4acTO OKa3bIBA€TCS, YTO MOXKHO YIYYIIMTh BpEMH
ero pabors! uau o6veM Tpebyemoii UM mamaTtH. OCoOeHHO 3TO CNpaBeIMBO B OT-
HOILICHHH HE3aMbICJIOBAThIX aJlTOPHTMOB, OCHOBAaHHBIX Ha MPUHIMIIAX AHHAMHYECKOI0
nporpaMMHpOBaHux Hexo*ropme H3MEHEHHs Moryr ynpocrmb KOA ¥ YMEHBILUTH I10-

9KOHOMHMIO BpEMEHH U MPOCTPAHCTBA.

Hanpumep, MOxHO oGoiiTich 6e3 Tabnuupt b. Kaxasiii sneMeHT c [z, j] 3aBucHT
TONbKO OT TpeX APYrMX 31eMEHTOB 3Tod ke Tabmuupl: ci— 1,5 — 1], c[i — 1,]
H c[i,j — 1]. Jina naHHOTO 3M1€MeHTa c [i, j| B TeueHue BpeMeHu O (1) MoxHO onpene-
TUTb, KaKOE M3 3THX TPeX 3HauyeHuil ObUIO MCIONb30BAHO AN BHIYHCIEHMS ¢ (i, 7], He
npuberas k Tabnuue b. TakuM 06pa3zoM, camylo ANHHHYIO OOLLYIO OAMOCIEN0BATENb-
HOCTb MOXHO BOCCTAHOBHTH B TeueHHe BpeMeHu O (m + n). [l 3Toro noHamxo6urcs
npouenypa, noxobHas npouenype PRINT_LCS (takyio mpouenypy npensnaraercs co-
CTaBUTh B ympaxkHeHUH 15.4-2). HecMOTps Ha TO, YTO B 3TOM MeETOIE 3KOHOMHTCH

obbeM NaMsATH, paBHbiit © (mn), aCUMITOTHYECKH KOIMYECTBO MaMATH, HeobXxoaumoi
IS BRIYMCIIEHUS CaMoM JNWHHOI 00mieit moamocnenoBaTeNbHOCTH, HE W3MEHSEeTCs

210 06BsACHAETCA TEM, YTO TabnuL@ ¢ Bce paBHO TpebyeT © (mn) mamaTy.
OnHako MOXHO yMEHBIINTh 00BbEM MaMATH, HEOOXOAMMO¥ Ui paboTs! Npoueny-
pbl PRINT_LCS, nockonbKky OJHOBpEMEHHO HYXKHBI JHUILIbL JBE CTPOKH 3TOi TabIHIEL
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BBIYMCAEMad U Op .
obLieif moanocnenoBaTeNbHOCTH MOXXHO oﬁoumcs HpOCTpaHCTBOM, NHIUB HEMHOTO
MPEeBBILIAIOIUM 00beM, HEOOXOOMMBIH 11 OOHOM CTPOKH MAaTpHUIbl ¢ — CM. YIpax-
HeHue 15.4-4.) D10 ycoBeplLIeHCTBOBaHHE paboTaeT NHIIb B TOM Clly4ae, Koraa Hy>KHO
3HATh TU:bKO JUIMHY CaMOH JIMHHOM oO1ueit moanocnenoBarenbHOCTH. Eciau xke HeoO-

n TOM nonn n » raf
WAATITIA £ NITOMLDITTLEY NTNT I MNATTITAATIATTADATATL ITANATII TAaArvraa LIMONNLIITYIN Ta =
AVLAYIMV DUDUUJA“LD JJIVIVIVIILDI J1VrN 1IVALIVVIIVAVUDALV/IDIIVVLXI, 1anan ]Puaannun i1avuT

LA COOAEDPXKHUT HENOCTATOYHO PIHd)ODMaI.IPIH IJ1A TOTO, YTOOBI NpOCJIEAUTDH obparHbie

Iy

wary B TeyeHue Bpemenu O (m + n).

]

YnpaxxHeHus

15.4-1. Ompenennte caMylo IIHHHYIO OOLLYIO MOAMOCIENOBATENBHOCTD I10CIEN0Ba-
tenbHocreit (1,0,0,1,0,1,0,1) 1 (0,1,0,1,1,0,1,1,0).

15.4-2. I'onaxmre KaK B TEYEHHE BpeMeHl{ 0 (m + n) BOCCO3/1aTh caMyro nnpmnyro

Q
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AMivviva iavadinaa o ~ ~ AU, {92~ ~. Uvi

5 \
2y---9yZm)

uY = (y1,v2,...,Yn)-

15.4-3. Tlpusenute Bepcuio npouenypsl LCS_LENGTH ¢ 3amoMuHaHHEM, BpeMs pa-
6oTh! KoTOpO# paBHo O (Mmn).

15.4-4. Tlokaxure, KaK BBIYMCIHTb IUIMHY CaMoOif JUIMHHOH o6Iell moamocnenosa-
TENbHOCTH, MCIIONB3Ys [PH 3TOM Bcero 2 - min (m, n) 3neMeHToB Tabauus! ¢
nmoc O (1) IOMONHUTENBHOM MaMATH. 3aTeM MOKaXHTE, KaK 3TO XK€ MOXHO

PR g ) A A caTI AT o /- S Y A L TP
IMOMOILIbIO 11 17 Tt) JJICMCHIUB 14dV) Wbl H U (1) AOLIVJIHANICIIb=

caciatp C 1,
HOI maMaTu
15.4-5. Tlpuenute anropuT™, NpeAHa3HAYEHHBIM A7 BBIYMCICHUS CaMOU AJIMHHOH

MOHOTOHHO HeyObIBaroLlell MOAOCeN0BaTENbHOCTH JaHHO NOCne10BaTe N b-
HOCTH, cocTtoswed U3 n uucen. Bpems paboTbl anroputMa HODKHO ObITH
paBHo O (n).

x 15.4-6. IlpuBeauTe anropurtM, npeiHa3HayeHHbIA IS BBIYUCIEHHS CaMOW JUTMHHOM
MOHOTOHHO HeyOBIBaIOLLEl TOAMOCIeI0BaTEILHOCTH JaHHOI Moce0BaTeb-

AaITTAalr I3 M uucon Rnoara nAATIYT anrAnuTAN Ararr
vaaln rxo i¢ 1xnvlii. ppvma yauulnj ajuvpriiva Avull\nu UDIL1D

H co
paBHo O (nlgn). (Vkazanue: obpaTuTe BHUMaHHe, YTO MOCNIEIHHN 3EMEHT
KaHAMJaTa B HCKOMYIO IOAMOCNENOBaTeIbHOCTh I10 BEJIMYHMHE HE MEHbILE
MOCNIEHETO 3IeMeHTa KaHAuaTa JUIHHOM ¢ — 1.)

15.5 OnrTumajabHble OMHAPHBIE JepeBbi MOUCKA

[Ipeanonoxum, 4To pa3pabarsiBaeTcs NporpaMma, IpeHa3HayeHHas s epeBona

TEKCTOB C PYCCKOro 3bIKa Ha YKPaWHCKHH. [IJ1s1 KaXKI0ro pyccKoro cjoBa Heo6XOmHM
HaWTH YKpaHMHCKHif SkBHBaNeHT. ONUH U3 BO3MOXHBIX ITyTeH MOMCKa — MOCTPOEHHE
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OunapHoro ne
yei, ¥ yKpaHHCKMMHU SKBUBAJIEHTAMM, UTPAIOLIMMU POJIb COMYTCTBYIOLIMX JaHHBIX.
[Tockonbky MOMCK C MOMOLIBIO 3TOTO AepeBa OyneT MPOM3BOAMTHCS IUIS KaXXIOro OT-
JENBHOTO CJIOBAa M3 TEKCTa, NOJIHOE 3aTpayeHHOE Ha HEero BpeMs HOO/DKHO OBITh Kak
MOXXHO MeHbIIe. C NoMOLIbIO KPaCHO-4YEpHOTo AepeBa Wi Jitoboro apyroro cHana-
TOT0, 4YTO BpeMs KaXXIOro
otzesnsHoro moucka 6yner paBHbiM O (Ign). OnHako cnoBa BCTpeyaroTcs ¢ pa3HOM
4aCTOTOH, ¥ MOXET MOJIyYUThCS TaK, YTO Kakoe-HHOYyab yacTo yrnoTpebiseMoe CJIOBO
(Hanpumep, npe,unor WJIH COIO3) HAaXOAMTCS NaJIeKO OT KOpPHSA, a TaKOe PeaKoe CJOBO,
— BO3JIE Kopuz Taxoit ciocob opraﬂmaunn mpuBen Obl kK 3aMen-

ILEro naHHmﬁ xmou. HyxHo cnena'r TaK, '-{T06BI cnosa, KOTOpre BCTpEYaloTCs B TEKCTE
yacTo, ObIIM pa3MeleHsl Nobmuxe k kKopHI. Kpome Toro, B HCXODHOM TEKCTE MOTYT
BCTPEYATHCS CIIOBA, JUIA KOTOPBIX ITEPEBOJ OTCYTCTBYET. TakuXx cioB BooOlile He JOMK-
Ho ObITh B OMHApHOM JepeBe NMOMCKAa. Kak opraHu3oBaTh OMHapHOE AEPEBO IIOMCKa,

UTOBLY CREOCTH ¥ MUNUMUMU KNATTHUAOCTRO MOACAIISUIILTY B ITNAITACCS ITALUCKA VATTAR 8oy
VOUVLIX N VIOENLY VY RUJIFITIVVI DU LIUVVLLUINDIA D UPULLVLLU LIUKIVRG y 3J1UD, vuin

H3BECTHO, C KaKO# YacTOTO# BCTpevaroTcs ciioBa?
Heobxonumass HaM KOHCTPYKLHMS HU3BECTHAa KaK onmumanbHoe Gunaproe Oepe6o
noucka (optimal binary search tree). Hpmae,ueM ¢dopManbHOe onucaHue 3afayu. FiMeer-

Csl 3aJaHHas MoCJeNoBaTeNbHOCTh K = kn), cocTosmas U3 n pa3THYHBIX
ot k1 < ko <

KaXI0ro Kiro4ya k 3aJjaHa BEPOATHOCTh p; MMOMCKA 3TOro KIIIOYa. Kpome TOro, MOXeET
BBINOJIHATHCA NMOMCK 3HAYEHHUH, OTCYTCTBYIOLIMX B MOCenoBaTeNbHOCTH K, mo3toMy

CleflyeT NpeaycMOTpeTh 1+ 1 GUKTHBHBIX Kitoueit (do, d1, . . . , dp), IPEACTABISIOLIMX
3TH 3HaYeHHus. B 4acTHoCTH, dy NpeacTaBnseT Bce 3Haqeﬂm, MeHbIKe k1, a d,, — Bce
2UATALIUIG TTNADLITITAINITIIIS L‘ muwunur_vu L ’S18701% I'l (’l -_— ‘) n — 1 \ mnmancTaninasT
3HaYeHus, Npesblatomue ky,. OuxrusHeiif wnou d; (¢ = 1,2,...,n— 1) npeacrapnser

BCe 3HaYEHMs1, KOTOpble HaXomaTcs Mexay k; ¥ k;y1. JIng kaxaoro GUKTHBHOIO KITIOYa
d; 3a1aHa COOTBETCTBYIOLIas eif BepoATHOCTb ¢;. Ha puc. 15.7 nmoka3aHsl aBa GHHap-
HBIX JlepeBa MOMCKa JUIT MHOXECTBa, COCTOALIErO U3 . = 5 kimoueit. Kaxpiit kiroy k;
npe):xcranneﬂ BHyTpeHHPlM Y3JIOM, @ KaXXAbli (QUKTHBHBIA K04 d; SABIAETCS JTMCTOM.
CIICIIHbBIM (' 'Zi6h 1

)| J

it P2 Bt

Z +Zq,. =1 (15.15)

1=0
POATHOCTH, COOTBETCTBYIOLLIMEC BHYTPEHHUM Yy3JIaM D; M JIUCTbSAM @;, [IDUBEIIECHBI
15.1

. cde

n
D

= @
o)
X

B Ta0,
BT

avs

It

HOCKOHLKy BEPOATHOCTH IIOMCKA KaXKIOOro OOBIYHOTO U CDI/IKTHBHOFO KJIro4Ya CYHTa-
€TCA H3BCCTHOI7I, MOXXHO OIIPEACIIUTP MAaTEMATHYECKOE OXHIAHHUE CTOMMOCTH ITOHCKa
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Puc. 15.7. [Isa 6uHapHBIX AepeBa MOMCKA JUI MHOXECTBA U3 5 JIEMEHTOB

Ta6uuua 15.1. BeposaTHOCTH MoMcKa KIII0Y€iH B y3/ax OMHapHOTo Aepesa

i| o0 1 2 3 4 5
pi | 0,15 0,10 0,05 0,10 0,20
g ! 0,05 0,10 0,05 0,05 0,05 0,10
10 3aiaHHOMy OUHapHOMy JepeBy moucka 1. IIpeArnonoXkuM, YTo (paKTHYeCKast CTOU-
MOCTD [1OKCKa OMpEAENifeTCA KOMHYECTBOM POBEPEHHbIX Y3/I0B, T.6. yBE/IHYEHHON Ha
enUHUILY L_yﬁuuoﬁ y3na Ha nepese T, B KOTODOM HAaXOIHMTCs MCKOMBIH Kimiou. Torma
MareMaTHYecKoe OXXMAaHHe CTOMMOCTH NOKCKa B aepeBe T’ paBHO
n
E [Croumocts noucka 8 T] = Y  (depthy (ki) + 1) - pit
i=1
+ ; (depthy (di) +1) - g =
= (15.16)
n 2228y
=1_|_( l"o/nf’._'( N .me
T : WCpuiv \ivg) © i1
i=1

........................ 1€ 18\ D e 1&°9 v e msror Ay asamAan e erra Ao~ avsvevemvEreen
LJlCJ.lyCl ns3 ypduﬂc i \IJ.IJ}. D 14VJ) 1.4 JUUCIIACTCA MAaTCMaTHHCCKOC )l\l’lAdHl’lC
CTOMMOCTH MoucKa g GHHAapHOro Jepera, u3obpaxeHHoro Ha puc. 15.7a.

Hama uens — noctpouth Uig JaHHoro Habopa BeposTHocTe#d 6GMHapHOE AepeBo
IOMCKa, MaTeMaTHYeCKoe OXHUIAaHHE CTOMMOCTH IIOMCKa Juii KOoToporo Oyner
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Tabnuua 15.2. BeluncneHue MaTeMaTUUYECKOTO OXKHIAHUSI CTOMMOCTH MOMCKA

Vaen Iny6una BeposTHOCTB Bknag
k; 1 0,15 0,30
ko 0 0,10 0,10
k3 2 0,05 0,15
k4 1 0,10 0,20
ks 2 0,20 0,60
do 2 0,05 0,15
dy 2 0,10 0,30
da 3 0,05 0,20
d3 3 0,05 0,20
dy 3 0,05 0,20
ds 3 0,10 0,40

Bcero 2,80

LT Tarne nmoanonn rasarina ~a n Lrsn
FIVIQJIDIODINVI. LARUY AVPUDU [AJDIDAVIVA UIIlW/fiis i Uit o

ucka. Ha puc. 15.76 nokasaHo ontHManbHoe OHHapHOE NEepeBO MOMCKA IUIA BEPOST-
HOCTel, 3agaHHbIX B Tabn. 15.1. Maremaruyeckoe OXHAaHHE IOUCKAa B 3TOM JepeBe
paBHO 2.75. DTOT MpUMep NEMOHCTPHPYET, YTO ONTHMaNbHOE GHHApHOE JepeBO MOoHC-
Ka — 3T0 He 00s3aTenbHO JepeBO MHHUMAaNbHOM BhICOTHI. Kpome oro, B ONTHMAaJIbHOM
K/II04, KOTOPOMY COOTBEICTBYET MaKCHMalik

K . B manHoM cnyuae STH eeT ¢
IUlg KJlroua k5, XOTS B KOPHE ONTHMAaJIBHOIO 6PlHapHOFO JlepeBa pacroioXeH Koy ka.
(MuHuManbHas BeIHYMHA MaTEMaTHYECKOTO OXHIAHUSA /IS BCEBO3MOXHBIX OMHApHBIX
JlepeBbEB MOKCKA, B KOPHE KOTOPBIX HAXOAUTCH KoY ks, paBHa 2.85.)

Kak u B 3amaue o INIEPEMHOXEHHHU LEINOYKH MaTpHL, IOCJIE€OBATEILHBIN nepe-

ﬁnr\ NCAY DNOAMMNWWULIY T'P"\PDLDD D MAULINNM CcTTUuage Nva2LinasTCea UP’)A'\{*\PWYIDHLIKI
UVUP DVVA DUSMUMIGDIA VYO LUD pates v ~. AV UNGAIDIDAVIVA OVIW\WVNLFADII5LN.

Y1066l CKOHCTPYHpOBaTh OHHapHOE NEPEBO MOMCKA, MOXXHO OOO3HAYHMTh KIHOYaMH
ki,ka,...,kn y31bl OMHapHOTO nepeBa C n y3namH, a 3areM A00aBUTH JHCTBA 1S
GHUKTUBHBIX Kitoyel. B 3a11aqe 12 4 6bmo [I0Ka3aHo, YTO KOJIH4YECTBO OMHApHBIX Jie-
PEBbEB C N y3naMp1 paBHO / *’/‘) TaK 4YTO KOJIHYECTBO bHHaprIX JIEpEBBEB,

)
: /‘\

rpaMMHpPOBaHHA.
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6uHapHoro nepeaa MIOMCKa. OHO JOJDKHO COAEpXaTh KIIOYH, KOTOpbIE COCTaBISIOT
HENpepbIBHBII HHTEpBaN ki, ..., k; Angd HekoTopeix 1 < ¢ < j < n. Kpome Toro,
TaKoe MOJIEPEBO JOJDKHO TaKXKe COAEPXKaTh B KAYECTBE JIUCTHEB (HUKTHBHbIE KIIHOYH
di—1,---
THMaNbHOIO GUHApPHOTO Nepesa noucka T' BXoauT mnoanepeBo 17, comepikalliee KIKOYH
ki, ..., k;, TO 3TO NOANEPEBO TOXKE JOMKHO OBITH ONMTUMANIBHBIM AT BCIOMOTraTeNbHOIA
NoA3aJauM C KiIo4aMu ki, . .., k; 1 QUKTHBHBIMM KmouaMu d;_1, .. ., d;. Jlng nokasa-
TENLCTBA 3TOTO YTBEPXKACHHUS PUMEHSETCS OObIYHBINH MeTOx, “Bblpezaﬂua Y BCTaBKH.

Eciu § ey manann T/ siomr

bl CyIIECTBOBANO NOALACPCBO L, MaTeMa € OXuUuAaHHWC 1T Ka B KOT

HYECKOE OXXuJaHHE [OHCKa B KOTO-
DPOM HHUXE, YEM MATEMATHYECKOE OXHIAHUE IMOHCKa B MOJOEPEBE T’, TO U3 NEDERA T
MOXHO 6b110 6b1 BbIpe3aTh nomuepeBo 7 W MOACTaBHTb BMeCTO Hero moxazepeso 1.
B pesynsrare monyuunocs Obl epeBO, MaTeEMaTHYECKOE OXHAAHHE BPEMEHH MOMCKa
B KOTOPOM 0Ka3anoch ObI MEHbILIE, YTO NPOTHBOPEYHUT ONTHMAILHOCTH JepeBa 1.

[TokaxkeM ¢ IOMOLIBIO OMHCAHHOW BBIlIE€ ONTHMAIBHON MOACTPYKTYpHI, YTO OII-
TUMaNBHOE pellleHue 2aJauydl MOXKHO BOCCO3JATE U3 ONTUMANEBHEIX DeIeHuH BCro-
MoraTenbHbIX 3ajay. Ecnu uMeercs momaepeBo, conepixailee K4 K, ..., Kk;, To

OIMH M3 3THX KioueH, ckaxeM, k, (i < r < j) OyAeT KOpHEM 3TOrO0 ONTHMalbHO-
ro noanepesa. IlonnepeBo, KoTopoe HaxoouTCs CneBa OT KOpHA k., Oyner comepxarb
KIIOYH Ki, ..., kp— 1 (u ¢dukTHBHBIE KMIOYH d;_1,...dr_1), a IpaBoe IOANEPEBO —

nminun A AN Yaw o Run\rr mnAana.

mar b v durrunuria v s .
NJIIVUTYL Wry - - o s lll] ) l\al\ LUJIDI\U U]AJ llyUD\i-

KJIEOYH Rp4iy-- -y m] \n {PHUKTHBHDIC

peHbl Bce Kitoud k, (roe ¢ < r < J), KOTopble ABNAIOTCS KaHAMIATaMH Ha polb
KOpHS, U HaiileM onTHUMainbHble OMHAapHbIE NEPEBbS MOMCKA, CONEpPIKALIHE DIEMEHTHI
ki,...,kr—1 ¥ kr41,...,kj, Mbl TADAaHTUPOBAHHO NOCTPOUM ONTHManbHOEe GHHapHOe
JIEpEBO MOMCKa.

ﬁ—-- T
TOHUT

ae??
1A HOAUCPTBDUB. l 1pCALIVIIV=

(

Th
ecTBe KOpHs BbIOpaH Kimwo4 k;.

....... ) 10 S BbhiLpdan RA2OA

Comacno NPHBEIECHHBIM BbILIE PACCY>KIEHHAM, IMOJIEPEBO, KOTOPOE HAXOAUTCA CIeBa
OT KOpHA ki, CONEPXHUT KIOYHU K, ..., k;—1. ECTECTBEHHO MHTEpNPETHPOBATh 3Ty IO-
CIIeI0BaTeNbHOCTh KaK TaKyl0, B KOTOPOH He CONEepXXHTCA HU ofxHoro kmoda. OnHako
cleayeT HMeTb B BHIY, YTO NOJUIEPEBbS CONEPHKAT MOMHUMO pealbHbIX H (PUKTHBHBIE

rmnun TTnuwesr carmanmeanrue ~cArmacun YNnTANNAMY ITANTTeaNnann CoCcTogqIee U3 ©nusir
NIV, LAPFNMUNM VULIQLUUIIIV, VULIGUINU RULUPUN y LIVAAVP VDU, VWLVIVALLVLY AiJ Rirvavna

ki,...,ki—1, He conepXHUT OOBIYHBIX KIIOYeH, HO CONEPKUT OOUH (DUKTHBHBIN KIIOY
d;i—1. AHaJIOTHYHO, €CJIH B KaYeCTBE KOpHs BbIOpaH KoY kj, TO MpaBoOeE MOJIEPEBO HE
COEPXKHUT OOBIYHBIX KIIIOYeH, HO CONEPXKHT OAHH (PHKTHBHBIN K04 d;.
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Tenepb Bce roTOBO U1 PEKYPCHBHOTO OIpeeieH s ONTHMabHOTO pelieHus. B ka-
4yecTRe BCIIOMOraTenkbHol 3anayy BeIOepem 3anayy NOMCKA ONTUMANBHOIO OHUHAPHOro
nepesa IOUCKa, ConepiKallero Kmoud ki, ..., kj,tnes > 1, j <nuj > i—1 (ec

MM j =1 — 1, To GaKTHYECKUX KIIoYel He CYLIeCTBYET, MUMEeTCS TONbKO (PUKTHBHBIH
Koy di—1). Onpenenum BeIHYHHY e [¢, j] KaK MaTeMaTHYECKOe OXXHIAHHE CTOMMOCTH
TIOKCKa B ONITUMAIbHOM GMHApHOM JepeBe NMOMCKa C KIHYaMH K, . . . , kj. B KOHEYHOM

v o [1 IYI.'
HTOre HYXXHC BLIMHMCIMTS BEIHYMHY € (i, ).

Ecmu 7 = 7 — 1, To Bce npocto. B 3TOM cnyyae uMeeTcs Bcero oauH (hHMKTHBHBIH
KIIOY d;_1, ¥ MATEMATHYECKOE OXXKMAAHHE CTOMMOCTH MOMCKa PaBHoO e [i,7 — 1] = ¢;—;

Ecnu j > 4, To cpenu Kmoueit Kk;, ..., k; HyXHO BbIOpaTh KOpeHb k;, a IIOTOM H3
Kmoyent ki, ...,kr—1 COCTaBHTb JIeBOe ONTHMaJbHOe OHHapHOE JepeBO IOMCKa, a U3
Kioyeit kr+1, , kj — nipaBoe onTHMabHOE GHHapHOE AepeBo MokcKa. YTo nponcxo-
JIUT C MaTeMaTUYEeCKUM OXHUIaHUEM CTOUMOCTH MOUCKA B MOZZIepeRe, KOTAa OHO CTaHO-

BHUTCS OANEPEBOM Kakoro-To y3na? IybuHa kaxaoro y3na B mojiepeBe Bo3pacTaeT Ha
eaunuuy. CornacHo ypaBHeHu!o (15.16), MaTeMaTHueckoe OXXHUAaHHE CTOUMOCTH IIOMC-
Ka B 3TOM MOALEpeBe BO3pacTaeT Ha BETHYUHY CYMMBI [0 BCEM BEPOSTHOCTAM IOAfe-
peBa. O003HaunM 3Ty CyMMY BCpOXTHOCTCPI BBIYHMCJICHHYIO JJIA [IoAJE€peBa C KIIK0YaMHU
L L. T

(3,5) = sz+ Z a. (15.17)
l=i—1

TakuMm obpasoM, eci k, — KOpEeHb ONTHMAJIBHOTO MOAJEpeBa, COAEPHKALIEro KIHOYH

1. 1. i T TR mmmm e oo
Kiyeooy Kij, TO BbINIOJIHACTCA COOTHOILICHHUE

ele,jl=pr+(elt,r =1 +w(@,r—=1))+(e[r+1,7] +w(r+1,5)).

PexypcusHoe cooTHomen e (1

NHOY, KOTODBIA IpHU-
Bozun K Mnunmanwomy 3Ha4YEHHIO Maremamqecxoro OXXHMIAHUSA CTOMMOCTH ITOHCKa.
C yyeTom 3Toro nonay4yaeM OKOHYATENbHYIO PEKYPCHBHYIO QOpMYITy:
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eTUYMHE] MaTeMaTHYeCKOoe OXUJIaHUe CTOUMOCTEH IOMCKa B ONTH-
MaJbHbIX 6HHaDHbIX IepeBbsax noucka. Uro6sl ObUIO nerye cnenuth 3a CTPYKTYpoif
ONTUMAaNBHOrO GHHApHOrO JepeBa Moucka, 0603HayuM yepe3 root [i, 7] (rae 1 < 7 <

< j < n) uHzgekc r y3na k,, KOTOpBI SBISETCA KOPHEM ONTHMAaJbHOTO GHMHApHOro

JepeBa MOMCKaA, COIEPIKALIETO KIFOUH k;, . . . , kj. CKOpO MBI y3HaeM, KaK BbIYUCIISAIOTCA
BeAuuMHbl 700t (1, j], a cnoco6 BOCCTaHOBACHMA M3 STHX BEIMYHH ONTHMAIBHOTC Gu-

ynpaxseHnue 15.5-1.

JTan 3: BbIYHUC/IeHHE MATEeMAaTHYECKOr0 0KHIaHUA
CTOMMOCTH MMOHUCKA B OIITHMAJIbHOM GHHapHOM A€peEBeE MOUCKA

Ha panHOM 3Tame HEKOTOpPbI€ YHTATEIIH, BO3SMOXXHO, 3aMETHJIM HEKOTOPOE€ CXOO-
CTBO MEXOY XapaKTCpPHUCTHKaMHU 3ada4 00 onTHMaIbHBIX 6HHapHBIX ACPEBBAX ITOHUCKaA
epeMHoxceHuu LICITOYKH MaTpHIl. Bo BcrioMorareisHbIX 3ajlayax obenx 3a1ay uH-

-3 RinBnuni, L3

L , ) 1ps
CHBHAs peajii3allis aJfOpUTMa B 3aJaye O MEepEeMHOXXEHHH LIEMOYKH MaTpull. Bmecrto
aToro GyHeM COXpaHATb 3HayeHus e [i, j] B Tabmuue e(l..n + 1,0..n). MepBslii uH-
JIeKC JoJDKeH npoberats He m, a n + 1 3HaueHuit. JTO OOBACHAETCS TEM, YTO s
MOJTy4YeHUs IOAZEPEBA, B KOTOPBIA BXOAUT TOJBKO (PMKTUBHBIN KIIOY dp,, IOHAJOOUTCS

DL‘UI){‘""’I"L m r‘nvnquu"rt_ 2AUAuUSeIUS o f'fl -L1 'I‘l] R'rnr\nu I nmAeYe nMONMrAd JaAauuaaTrLo g
AXIVIIKALD X VWApPGIirii STQUUNnAav C e T 4y 0v). Vv FAKLAAVING  [AUJIZINCLL 1TAG AXLEL DV

C HyJI1, OCKOJNBbKY [UIA MONYyYEHHUS NOANEPEBa, COAEPKAILETO THIb (GUKTUBHBIN KIIOY
do, HYXHO BBIYHCIIMTb U COXpaHHTh 3HayeHHe e [1,0]. Mbl 6ynem Kcnonbp308aTh TOMb-
KO Te 31eMEeHTHI e [i, j], Ansa Kotopeix j > ¢ — 1. KpoMe Toro, Oymer ncmonb3oBana
Tabnmuua root [z j], B KOTOpYIO OyAYT 3aHOCHTBCA KOPHH TOJNEPEBHEB, conepxcamux

,rre Ty oy

THOY U r’\,l, ,NJ B sroit TaOJHLC 3aCHMCTBOBAHbI TOJIBKO TC 3aliyCH, AJiA KOTOPBIX
117K

Jns noselmenus 3¢ ¢dexTUBHOCTY MOHanoburcs eme ogHa tabnuua. BMecro Toro
yTOGBI KaXKIblii pa3 NMpPH BBHIYUCIEHHH e (i, j] BBIYMCIATh 3Ha4eHus w (i,7) “c Hys”,

s yero norpebyercs © (j — i) oneparuit cloxeHus, 6yneM COXpaHATh 3TH 3HAYEHUA

"‘E

B Tabnuue w [1..n + 1,0..n]. B 6a30BoM cily4ae BBIYHCIAIOTCS BENMYUHBI w (3,1 — 1] =
=g 191 <1< n+1. IIng 7 > 7 BEIUUCISIOTCS BEJIUUUHE,
gi-1 a1 < i< n+t 1 ng 7 > ¢ BEIYUCIIIOTCS BETHYMHEL
wli,j] = wli,j— 1] + p; + g;. (15.20)

] MOQXHOQ REIUUCIIUTE 24

.
o

Huxe npuBeieH ICEBOOKOM, KOTOPbI MPUHUMAET B KayeCTBE BXOAHBIX JaHHBIX
BEPOSITHOCTH D1, . . . ,Pn 4 0, - - - , §n ¥ Pa3MEP N U BO3BpALIAET TabIHUIIBI € U T00t.
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fori—1ton+1

1

2 do ei,i — 1] — gi_1

3 'lU[i,i - 1] “— gi-1

4 foril—1ton

S dofori—1lton—10+1

6 doj—i+l-1

7 eli,j] — oo

8 wli, j] — wli,j — 1]+ p; + g
9 for r — i to j

10 dot —eli,r — 1] +efr+1,7] + wli, j]
11 if t < elt, 7]

12 then e[i, j] — t

13 root[i,j| — r
14 return e u root

Bbrnarogaps npuBeNE€HHOMY BblIIE ONMCAHMIO U AHAJOTMU C Mpouexypoil MATRIX_
CHAIN_ORDER, onucaHHO# B pasnene 15.2, pabora npeacTaBI€HHOH BbILIE MpOILIE-

TTuwr far n ornoay 12 vrrrormroa o

MTUNIT At A TIITAT n
V. 1nVUri. 1LArxinJi lUl D ULPUI\GA 17 nnonuriairioripywvil odnajavinrnn

Lypbl ZOKHA
eli,i — 1] uwi,7 — 1]. 3arem B uuksie for B cTpokax 4—13 ¢ MOMOLLBIO PEKYPPEHTHBIX
cootHoweHuii (15.19) 1 (15.20) BBIYHCIAIOTCS NEMEHTHI MaTpHL e (2, j] U w [, j] Ang
Bcex uHAekcoB 1 < 7 < j < n. B nepBoit urepauuy, korga | = 1, B 3TOM LUKIIE BBI-
YHCIIAFOTCS AMEMEHTHI € [1,%] U w [z z] 11}1;[ 1= 1,2,...,n. Bo Bropoi uTepauuy, Koria
1oTCs aneMeHTH e [, + 1 uw(i, i+ 1) qa¢=1,2,...,n — luTn
Bo BHyTpenHem nukie for (ctpoku 9-13) Kaxnplii MHIEKC r anpoOUpyeTcs Ha poib
MHZeKca KOPHEBOTO JNIEMEHTa k, ONTHManbHOro 6MHApHOTIO AepeBa MOKMCKa ¢ KIIYaMH
ki,...,k;j. B aToM muKiIe aneMeHTy root (i, j] MpUCBaUBaeTCA TO 3HAYEHHE MHIEKCA T,
KOTOpPOE TOIXOIUT JyYIlie BCETO.

Ha puc. 15.8 nokasansi Tabnuiist e [2, §), w {7, 5] u roo

Morusio npouenypsi OPTIMAL_BST mns pacnpenenexus kiroyeit u3 tabn. 15.1. Kak
U B NIpUMepe C NMEPEMHOXEHHEM LIEMOYKH MATpull, TabIHLbI MOBEPHYThI TaK, YTOObI
JMaroHany pacrojiarajuch ropu3oHTanbHo. B npouenype OPTIMAL_BST cTpoku BbI-
YHCIIAFOTCA CHU3Y BBEPX, a B KaXXAOH CTPOKE 3alONHEHHE 3JIEMEHTOB IPOU3BOTUTCH

creBa Hanpaso.

Bpems BuinonHenus mpouenypbl OPTIMAL_BST, kak ¥ BpeMsi BbIMOJHEHHS NPO-
uenypbl MATRIX_CHAIN_ORDER, pasto © (n3). Jlerko yBuaeTb, 4To BpeMs paGoThI
cocrasnsier O (n®), mockonbky Kbl for 3Toi MpoLEaYpbl TPHXKIbI BIOKEHBI APYT
B JIpyTa, ¥ MHIEKC KaX/O0To [MKIa PUHUMAET He Gonee n 3HaueHHil. [{anee, MHAEKCHI

1227878 TATran ﬂn-r MAT RQOT unwrarrarnTra 1ta n TAY \ra ITNanarn A U IITAYOLY
LHKJIOB B [IPOLUCAYPS LUPT M AL_ 551 H3MCHAROTCA HE B TCX XKE uyv;.\\.auax, YTO X HHOCKCHI

uMKIoB B npouenype MATRIX_CHAIN_ORDER, HO BO BCEX HaNpaBJICHUSIX OHH IPUHH-
MaroT Mo KpaitHell Mepe onHO 3HaueHue. TakuM obpasom, npouenypa OPTIMAL_BST,
KaK 1 npouexypa MATRIX_CHAIN_ORDER, BbInonHsieTcsi B Tedenue Bpemenn 2 (n?).
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i/
r)4a u 25

P \i

7s\ff: S\/( 200 <\,.
NG ANTANTAN

0 5005 ¢0.05 >0.05 X 010>

)/ \,\v / ‘\.‘// NG S \.//

WHOH
FANAR W AR KRR
,,,,,,,,,,, TN T ANTAANA T e memmrra sy v TVANIeAm T Tt £ ) eriza 2 2w nom/s 2\
HAallMMTC IICCBAOKOA A NPpOLCAypbl LONSIRUCI_UPIIMAL_DBOS1(7007),
KOTONAYg 1o 2anauuon Taﬁnunp root REIIAET CTHVKTVOV ONITUMANTLEHOTD ﬁuuan_
RULVPEA LU Seaannint 1QVANLE 7U0UL Soiaatl VipyRijpy LiliAaMaasnUIL vanayp

HOTo AepeBa noucka. Jlns npumMepa, NpuBeIEHHOro Ha puc. 15.8, mpouenypa
JOJKHA BBIBOAMTBH CTPYKTYPY, COOTBETCTBYIOLIYIO ONTUMAaNbHOMY OHHapHO-
My JepeBy MOMUCKa, I0Ka3aHHOMY Ha puc. 15.76:

ko — xopeHb

ki — neBblif OYEPHUIL FIEMEHT k2
do — JieBbIf AOYCPHUI 37ICMEHT K
dy — npaBblif T0YEpHUIl JneMeHT k;
ks — npaBblit JOUYEpHHIt 7IEMEHT ko

&

4 — JIEBBIH JOYEPHHUI dNEMEHT ks
k3 — neBblit JOUEPHUIL 3NEeMEHT ky
da — NeBblii JOYEpPHHIT NIEMEHT k3

a — TINADBLIN nmouenuuis anemeuT ko
3 IpaBsId ACUCPHUH 2JIEMEHT X3
4

— TIpaBblif TOYEPHHIL 31eMeHT kg
ds — NpaBblif JOYEPHHIi JNIEMEHT k5

I



434

Yactb IV. YcosepweHcTBoBaHHble MeToabl pa3paboTku U aHanu3sa

._.
N

A
)

15.5-3.

*

—
(0
W
IS

CHEAYIOLHE BEPOATHOCTH:
ilo 1 2 3 4 5 6 7
pi | 0,04 0,06 008 002 0,10 0,12 0,14
i ' 0,06 0,06 0,06 0,06 0,05 0,05 0,05 0,05
[Ipeanonoxum, 4To BMECTO TOro, 4TO6bI MOANEP)KUBATH TAONUILY w (2, j], 3Ha-

yeHHe w (i, j) BEIYMCIsETCS B cTpoke 8 npoueaypsi OPTIMAL_BST Henocpen-
CTBEHHO U3 ypaBHeHHﬂ (15 17)u ucnonbsyercx B crpoxe 10. Kak 310 H3MEHe-

é

JepeBbeB, TAKUE YTO root [6,j — 1] < root[i,j] < root[i+ 1,5 BCex
1<i<j<n I/Icnonwyure 3T0T (aKT It MOAM(HMKALMK POy phI

OPTIMAL_BST, npu KOTOpOii BpeMsl €€ BBIIONHEHHs CTAaHeT paBHbIM © (n )

3

3agauun

Eeknuoosa 3adaua o xommueoaxcepe (euclidean travelling-salesman prob-
lem) — 370 3aga4a, B KOTOPO# onpenenseTcs KpaT4yallluii 3aMKHYThIH MyTb,
COEUHAIOLMH 3aJaHHOE MHOXXECTBO, KOTOPOE COCTOMT U3 72 TOHEK Ha IIOCKO-
CTH. Ha puc. 5.9a pmaeneHo peme}me 3aiayu, B KOTOpOPI UMeeTcs CeMb TO-

bentmun (J.L. Bentley) npenmonoxui, 4To 3ajgaya ympoiaercs Onaromaps
OrpaHMYEHHUIO HUHTEPECYIOIMX Hac MaplpyToB Oumonuueckumu (bitonic
tour), T.e. TAKUMH, KOTOpble HAYMHAIOTCA B KpaifHeil JeBOH TOUYKe, IPOXOAAT

cli€éBa HalpaBo, a 3aT€M — CIIpaBa HajleBO, BO3BpPAIL@ACh NMPAMO K WCXOIHOM
Touke. Ha puc. 15.96 nokazan xparyaiimuii OUTOHUYECKU! MapmpyT, Mpo-

XOAAIIMI Yepe3 Te e ceMb To4YeK. B 3TOM ciyyae BO3MOXKHa pa3paboTka
aNropuTMa, BpeMs paboThl KOTOPOTO SABJIAETCS MOJMHOMHATIBHBIM.

Hanumute anroput™m, npeaHasHaue€HHBIH U1 ONpENENCHUS ONTHMAlbHOIO
6uUTOHHYECKOrO MapiipyTa, BpeMs paboTbl kotoporo 6ynet paBHbM O (n‘)

IIpennonaraercs, 4To He cymecrsyer JBYX TOYEK, KOODAUHATbl T KOTOPBIX
CORTIAITALIOT. ( vA20u110 ﬁr\n RANUAHTOR CcITenveT ONradu20RAaATE CITeRA HA.
coBnazaroT. (Ykazanue: nepebOp BapHaHTOB CIIENYET OpPraHN30BaTh CI€Ba Ha

[paBo, NMOANEP>KHBas ONTUMANIbHbIE BOZMOXHOCTH IS ABYX YacTei, U3 KOTO-
PBIX COCTOUT MAapIIpYT.)
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Puc. 15.9. a) xparyaiimuii (He GUTOHUYECKHIi) 3aMKHYTBI# apmp

T oasanTIrnoeT UTUHO
i Maplupyl ganal

!::

I-JJ

Brizox ua meyarts ¢ gopMarupoBanueM

PaccmotpuMm 3anauy o dopmarupoBaHuu naparpada Tekcra, NpeHazHayeH-
HOFO JUIf BHIBOJA Ha Meuarb. BXomHOH TeKCT mpeacraBiseT coboit mocneno-
BaTEeNbHOCTh, COCTOSILYIO M3 7 CJIOB, AJIUHBI KOTOPBIX PaBHBI li,lo,...,[lp

(mnuHa cioB usMepsiercs B cMMBoNax). Ilpu BeIBome Ha neyats naparpad
IomxeH OBITh aKKypaTHO OT()OPMaTHpPOBaH M paamemeﬂ B HECKOJIBKO CTPOK,

n rawnnatr un raTonrIy nmosvanmmarea rra A cuainna NALUTTIIMUAOMS PATITA
D NGA/NAVIL XiJ NUL VPDAA LIVIMVILAV LI VA 11V UVl VXLVl BOJIOB. \/\*IU}IAVIJJIIAPJ VMl [APriiv

puit “akKypaTtHoro” dopmarupoBanus. Eciu naHHas CTpoKa COIEPXHUT CloBa
OT -r0 110 j-IO ¥ Mbl OCTaBJIsIEM MEXIY CJIOBAMH POBHO 10 OQHOMY Npobey,
KOJIMYECTBO OCTaBIUMXCS npobenos, paBHoe M — j + ¢ — Efc_i l, BOMDKHO
OBITH eorpnuarenbno 4yTOOBI BCE CI0Ba IOMECTUIIUCH B crpoxe. M&1 X0THM

JUHAMHYECKOro NpOrpaMMHUPOBAHHUA, KOTOPBIN aKKypaTHO BBIBOAMT Ha IpPUH-
Tep maparpad, cocTosuuit u3 n cnoB. [IpoaHanusupyiite Bpems paboThl 3TOro
anroputMa 1 TpebyeMoe A ero paboThl KOJHYECTBO MAMSATH.

Paccrosinue PE€AAaKTHPOBAHHUSA

Jns Toro uTobs! mpeobpa3oBaTh HCXONHYIO CTPOKY TekcTa z [l..m] B ko-
HEYHYIO CTPOKY ¥ [1..1n], MOXXHO BOCIIONIB30BaThCs Pa3IMYHBIMH ONEPALIUAMU

nr\nnﬁnaonnauuc ” 11 1ITenL 2avnuraeTca n 'T‘f\\l UT{'\F\' mna ITAUULIv omnny
LpYUVUp VOGIiMin. 111G 1vian SG. Qaviva O iViy YTCOLI AAJIZA JAGIAIADIA ViIPUN

Z M Y ONpENEHTh MOCIEN0BaTENbHOCTh NPeobpa3oBaHuil, NpeBpaIlaroLInX
z B y. JInsg XpaHEeHHS NPOMEXXYTOUHBIX PE3y/bTaTOB UCIHOJB3YETCH MACCHB
z (mpeamonaraercs, YTo OH JOCTATOYHO BENMK JUIS XpaHEHHs HEOOXOLUMBIX
IIPOMEXYTOYHBIX pe3yNnbTaroB). Mi3Ha4yaqbHO MacCHB z MYCT, a B KOHLE pabo-

Thi z [j] = y [j] A Beex j = 1,2,. .., n. Hoanepxusaercs TeKyLiini HHAEKC i
MACCHBA I M MHIIEKC j MACCUBA 2, U B XOJI€ BBITIOJIHEHUS Oneparuii npeobpa3o-

BaHUA pa3pelIeHO U3MEHATh EMEHThl MACCHBAa z M 3TH HMHAEKCHL. B Hayane
pabotsl anroput™ma ¢ = j = 1. B npouecce npeobpa3oBaHus HEOOXOIUMO
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Maccuea e
HH [I0CJIE0BATEIBHOCTH ONEpalUil 3HaYEHHUE ¢ JODKHO ObITh paBHO m + 1.
Bcero umeercs wecTh nepedyUCcIeHHBIX HIKe onepauuii npeobpa3oBaHus.

Konuporanue cuMBONAa U3 MACCUBa T B MACCUB 2 nyTeM o

z[j] < z[i] ¢ nocnexyromuM yBenuyeHHMEM MHIEKCOB i U j. B aroil
OMepalyH MpOBepAETCs EMEHT Z [].

3amMeHa cHMBOJIa M3 MacCHBa Z' APYTMM CHMBOJIOM C IyTE€M IPUCBOEHHSA
z [j] < ¢ c nocnenyomum yBeauYeHHEM UHOEKCOB i ¥ j. B 3T0# ome-
paLyK IPOBEPSAETCA EMEHT I [1).

YanajleHne cCMMBOJIa U3 MACCHUBA T I'lyTC yBCJ’IH'—ICHHﬂ Ha e;(mmuy HHIEKCa
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TuonNnauua » [4] +— ¢ ¥ vyBen
vovlnna <y °© 1 yov

Ha €AMHHUIy MHAEKCa j MpPU COXPAHEHUH UHMAEKCa i MpEexXHUM. B aToif
ofepalyuy He NMPOBEPAETCS HU OAUH IEMEHT MaccuBa 2.

IlepecTaHOBKa [BYX CIAEAYIOLINX CHMBOJIOB ITyTEM KOMMPOBAaHMSA UX U3 Mac-
CHBa T B MacCHB z B 06paTHOM mopsjke. OTO AenaeTcs MyTeM NpHCBa-
uBaHui z [j] — z[i + ] Hz [J + 1] — =z [z] c nocnenyroumm U3MeHe-

palMH POBEPSIOTCS BCE 3EMEHTH MacCHBa I, KOTOphIE He ObLIH Mpo-
BEpEHBI 10 cux nop. Eciau 3Ta onepauus BHINOIHAETCS, TO OHA JOJDKHA
OBITb NMOCJEAHEH.

B kauecTBe npuMepa NMpUBEIEM OAMH U3 crioco60B npeobpa3oBaHus UCXOA-
HOH CTpOkH algorithm B KOHEYHYIO CTpOKy altruistic. B xome aro-
ro npeobpa3oBaHMs BBIMONHAETCS NEPEUUCIEHHAsA HUXKE [TOCIIEI0BaTENbHOCTD

ofepaniii, B KOTOPbIX CHMBOJIbI I0JYEPKa — ITO JEMEHTHI Z [i] U z [j] nocne
BLIMTOJTHEHUS QuUePeNHOol onepanuy:

Onepanuus T z

Hcxoonvie cmpoku algorithm _

KomnupoaHue algorithm a_

Konuposatnue algorithm al_

3aMeHa CUMBONOM t algorithm alt_

VYnanenue algorithm alt

Komuposanue algorithm altr_

BcraBka cuMBONa u algorithm altru_
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Bcrarka cuMBOna i algorithm altrui_
BcTaBka cuMBOJa s algorithm altruis_
[TepecranoBka algorithm altruisti_
BcraBka cuMBona c algorithm altruistic_
Ynanenue ocrarka algorithm_ altruistic_

3aMeTuM, YTO CYLIECTBYET HECKONBKO APYTHMX IOCIEA0BaTEILHOCTEN onepa-
LM, no3aonmoumx npeobpa3oBaTb CTPOKY algorithm B CTpoky

a

' vasennli anenarnuaii mmanfnalnnarua Ananaa onna OCTOAUMACSTL  KEOATANAT
' RA/MAVIT VLCPAUrvr UMpLUUPAJUDArLfin LDAJGna LouUsa LViUrMUvib, nwivpaa
3aBHCHT OT KOHKPETHOI'O IIPHJIOXKEHHS. OnHaKO MBI PEAINoJIOXHUM, YTO CTO-

HMOCTb KaxIoHn Oornepalnuyd — M3BECTHAsA KOHCTaAHTa. KpOMe TOro, npearoiaa-
raeTtcsa, 4YTo0 CTOMMOCTH OTHAECJIBHO B3ATHIX onepaunﬁ KOITUPOBAaHHUA U 3aMe-
Hbl MEHbIIE cymmapﬂou CTOMMOCTHU OIl€palMH yOaJ€HUS U BCTaBKH, HHA4YE

TIPHMEHATh 3TH onepauuu 6b110 661 HepauHoHanbHO. CTOMMOCTb JaHHOM M0~
CNIeIOBAaTENHLHOCTH ONepanui npeobpa3oBaHus NpeacTaBiseT coboi cymmy

CTOMMOCTEM OTAENbHBIX ONepanuii nociaenoBaTensHOCTH. CTOMMOCTB IpHBe-
JIEHHOM BBILIE IOCIELOBATENbHOCTH NMpeobpa3oBaHUi CTpPOKH algorithm
B CTPOKY altruistic paBHa CyMMe TpeX CTOMMOCTEl KOMPOBaHHs, CTOH-
MOCTH 3aM€HbI, CTOMMOCTH YAaJ€HHs, YETBIPEM CTOMMOCTSM BCTABKH, CTOM-

K& MHOXKCEC
npeobpaszoBanus. Paccmosnuem pedakmuposanus (edit distance) ot x
IO Y Ha3pIBa€TC MUHHMMAaJbHas CTOMMOCTB IMOCJIENOBAaTEIbHOCTH Olle-

pauuii npeobpazoBanus z B y. ONMUIIMTE OCHOBAaHHBIM Ha MpPUHLMIIAX

3amaya 0 pacCTOSHUMU PEeNaKTUPOBaHUS — 3TO 0b6oObIIeHHe 3aKa4u 06 aHamu3e
neyx JTHK (cM., HanpuMep, kaury Cery6ana (Setubal) u Meiinanuca (Meida-
ms) [272, pa3,uen 3. 2]) HwmeeTcs aBa MeToZa, noaaonmomux OLICHUTh NOJ0-
b Hpoberbi
] UX 1B VX rnocneno aTeJIbHOCTel (BKJ]}O'-laﬂ ITO3U-
LIUH, pacnonoxceHHme B KOHI.Ie onHoit u3 Hux). [TonyyuBmuecs B pe3ynbrare
NOCJIEI0BATENLHOCTH ' ¥ ' JOKHBI UMETh OAMHAKOBYIO JUTMHY, OOHAKO OHU
HE MOT'YT COIepkaTh NpoOenbl B OAMHAKOBBIX MO3ULMAX (T.€. HE CYLIECTBYET
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15-4.

TIO3ULIMM NIPUCBAUBAETCS ONPENEIEHHOE KOJMUYECTBO 6alIoB B COOTBETCTBHH
€0 c(hopMyIHPOBaHHBIMH HUXE NPaBUIAMHU:

e +1, ecmit 2’ [j] = ¥'[j] ¥ HU omMH M3 ITUX 3NEMEHTOB He sBIAETCS
npobenom;

e —1, ecmu 2’ [j] # y'[j] ¥ HM OOMH U3 ITHX JNIEMEHTOB He SBIAETCH
npobenom;
e —2, ecnu aneMeHT ' [j] unu anement y' (4] saBasercs npobenom.
CroMMOCTb BBIDAaBHUBAHHS ONpENENSETCA Kak CymMma 6aluioB, MONYYEHHbIX
TIpH CpaBHEHMH OTAENbHBIX Mmosuuuit. Hampumep, ecnu 3amaHsl mocnenosa-

TeNbHOCTH T = GATCGGCAT u y = CAATGTGAATC, TO OAHO U3 BO3MOXHEIX
BBIpDaBHUBaHUN MMEET BUL:

G ATCG GCAT
CAAT GTGAATC
—K Rk po K

>

CTBa Onepauuu npeo6pa3osaﬂm, COCTOALLIECrO U3 KOMMUPOBaHUA, 3aMEHBEI,
YAall€HUA 3JIEMEHTA, BCTaBKH, NNE€PECTAHOBKH U YOAJICHHUA OCTaTKa.

Beuepnnka B pupme
ITpodpeccop Tamana sBIAETCA KOHCYABTAHTOM IpE3UEHTa KOPNOpALUH IO
BOIIPOCaM IIPOBEIEHHS BEYEPUHOK KOMIIAaHHU. B3auMOOTHOIIEHUS MEXIY CO-

ILEMY MTPUCBOWIH PEHTUHT IpYXeNoOus, MpeacTaBIeHHbIH JeHCTBUTENbHBIM
yucnoM. Utobbl Ha BeuepUHKe BCe YyBCTBOBAIU cebs packOBaHHO, IPE3UIACHT
BBIABHHYN TpeOOBaHHUE, COINIACHO KOTOPOMY €€ He JOJDKHBI OJHOBPEMEHHO
TnoceliaTh COTPYJHUK U €ro HeMoCPeACTBEHHbIH HayaJlbHUK.

Tipodeccopy Tamazme npenocTaBUIN JepEBO, OMKMCHIBAIOLIEE CTPYKTYpY KOp-

TTONAIIUY D TTNANTCTARTAUUN ~ TTADLIM TAUSNUILIAM I TTNAan
HUUPQLIiN D UPUAVIGD/IVIIIL VU JIVDDIVE AUAVPOIU i Upas

naMu, onucadHoMm B pasnene 10.4. Kaxnplit y3en nepesa, kpoMe ykasarene,
COIEPKUT UMS COTPYIHHUKA M €ro PeHTUHT ApYxXenoous. ONHUIIUTE aITOPUTM,

LIM CACTNULICK LI U2,
DLVI LUV LpPAnURIU 5O
v
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15-5.

npenHa3HaYeHHEBIH NS COCTABJICHHUS CIIMCKA FOCTeH, KOTOpEIH Obl JaBan Mak-
CHUMaJIbHOE 3HaYe€HHE CYMMBbI PEHTHUHIOB JIpyxenrobus rocreit. [Ipoananusu-

pyiiTe BpeMs paboThbl 3TOTO aaropuT™Ma.

Anroputm Butep6n
IMonxon ﬂnHaMqucxoro nporpaMMuposaHm MOXHO HCIIOJIb30BaTb B OpH-

<

HYIO MOZIENIb peyH 4YeJoBeKa, KOTOPBIi pa3roBapuUBaeT Ha A3bIKE, COCTOSILEM
U3 OrpaHUYEHHOTO MHOXECTBa 3BYKOB. Bce myTu B rpade, KoTopble HauMHa-
IOTCA B BBIJEJICHHOH BepIIMHE vg € V, COOTBETCTBYIOT BO3MOXXHOI Moceno-
BaTeJbHOCTH 3BYKOB, JOIIYCTUMBIX B AaHHOM Mozend. MeTka HanpaBjaeHHOTO

NVTyY N0 CnneneleyUIs 9nyg9eTcq nﬁmnnuunuunll MaTOAY CONTRATCTRUINITTUY
L1y irl 1V VNLPUACUIVINIU ADAVIVA UVDvArv ViVi MIVIUR, LUVLIDVIV1IDyIUVLLIA

o .
aboTatite adhdbexTUBHEIN anron
2DOTaNUTe 2PQPEKTUBHEIN ANIMOPUTM, K

G ¢ moMeyeHHbIMH pebpamMHu U BbIIEIEHHO BEPLIMHOH vp, U ITOC/IEI0Ba-
TENBHOCTH § = (01,079, .. .,0k) CUMBOJIOB U3 MHOXECTBAa Y. BO3BpalLaJl
651 Ty Th B rpade GG, KOTOpBIi HAYHHAETCA B BEpPIINHE Uy U HIMEET METKY

s (ecnu TaKoBO#i CcylIecTByeT). B NpOTHBHOM Ciyyae alrOpUTM JOJKEH

BO3BDAILATE CTDOKY NO-S! DATLY frvam marrara rrures) TMTaasrsra meravem s
DUJDPGLI.(G.LD vl ] IVU'OUbﬂ'r[‘\lﬂ \[ivi 1anviv lilyin). 1ipvanajinonpyn=
Te BpeMs paboTkl anroput™a. (Vkazanue: MOTYT OKa3aThcs MOJIE3HBIMU

KOHIIENIIMH, U3JI0KEHHEIE B I1aBe 22.)

Tenepb NpeAnoaoxuM, YTo KaxxaoMy pebpy (u,v) € E Takxke CONOCTaBIs-
€TCs HeOTpHULaTeNbHas BeposTHOCTh p (u,v) mepexona Mo 3ToMy pedpy u3
BeplIMHB! u. IIpu 3TOM M3maeTcs cOOTBETCTBYOMIHUI 3ByK. CyMMa BEpOSTHO-
CTei no BceM pe6paM HCXOIALIMM K3 npomsonbnou Bepmmm paBHa 1. Tlo

V0, MOXHO paccCMaTpUBaTh Kak eposm{ocrb cnyqaymou NPOTyNKH”, KOTOpas
HayMHAETCs B 3TOH BEpIIMHE U MPOJODKAETCS MO ciydaitHoMy myTu. Beibop
Kax(uoro pe6pa Ha 3TOM nym B Bepmm{e u npomno;mrcx B COOTBETCTBUHU

6) O600muTe chopMyaHpOBaHHBIH B YaCTH @) OTBET Tak, YTOOb! BO3Bpa-
LIaeMblii IyThb (€CIIH OH CYILIECTBYET) ObLI1 HauboNee 6epOANIHLIM U3 BCEX
nyTell, HAUMHAIOMIMXCS B BEPIIMHE Yo U UMeEomuX MeTKy s. ITpoananu-

IIpennonoxuM, UMeeTCs MaxMaTHasA AOCKa pa3MEPOM 1 X 1 KJIETOK U ILIAIIKa.
Heo6xonuMo npoBecTH IIANIKy OT HIDKHEro Kpas JOCKH K BepXHEMY. XOnbl
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BBEDX U BJIEBO (€CJIM ILAIIKA HE HAXOOUTCA B KpaiHEM JIEBOM CTOJOLE);

B) Ha Onuxaiflllyl0 KJIETKY, PaclOJOXEHHYIO [0 AWAaroHadd B Halpaslle-
HMM BBEpPX M BMNpaBO (€ciM ILIalIKa HE HaXOAUTCA B KpailHEM NpaBoM
crojbue).

Kaxxziplit X0 M3 KJIETKH T B KIETKY Y HMeeT CTOMMOCTh P (Z, y), KOTopas 3a-
naertcs JUIs Beex nap (z, y), Jomyckarouux xox. [Ipu atoM Benudunsl p (z,y)
He 0053aTeNbHO MOJIOKUTENbHBL.

Ciopmynupyiite alTOPHTM, OTIPEAEIAIOIIKHA MTOCAEA0BATENBHOCTD XOA0B, A
KOTOPOH CTOMMOCTE ITOJTHOTO NMYTU OT HUXHEro Kpas JOCKH K BCpXHeM_\,’ Kpan
OyneTr MakcuManbHO#. B kayecTBe HayanbHON MOXeET ObITh BbIOpaHa jrobas

KJIETKa B HYXXHEM Psly. AHAJIOTMYHO, MapLIPYT MOXET 3aKaHYUBaThCA B JIIO-
6oit K1eTke BepxHero psajga. YeMy paBHO BpeMs pabGoThI 3TOro anropurma?

15-7. PacnucaHue I MOJIyYeHHsI MAKCHMAJbHOTO A0X0Aa
Hpennonoxch YTO UMEETCS OOHH KOMIIBIOTEDP U MHOXECTBO, COCTOSILEE U3

3ajiaHuuy ap, ag, ..., an, KOTOPHIC
aXJ0My 3aJJaHUIO @; COOTB .
HEYHbIi cpox BBINOJIHEHUA d;. KoMIbroTep HE COCO6OEH BBIMOTHATE HECKOb-
KO 3a7laHMif OHOBPEMEHHO. Kpome TOTO, €CJIM 3allyLIEHO 3a/laHHe a;, TO OHO
JOJDKHO BBINOJIHATECS 6€3 npephbiBaHuil B TedeHUe BpeMenH ;. Eciu 3ananue

aj 3aB€pHIA€TCA OO0 TOro, KaKk HCTEUYET KOHEYHBIH CPOK €ro BBIIIOJIHECHHA dj,

!N *l

BLT MMONTVUHASTS ITOYOT N Fornmu swe aTo MnouaaiinaT rmacrs MOAMOALITA DNAMAUT
DD1 1iUJ1y 1GU LIV AVAUL I.IJ LI /M J1V UMPUAOUNAVL LIVWIV MuMvniia uy\nuvnn

~

d;, To momy4eHHbI n0xon paBeH Hymio. ChopMmynupyiTe aaropurm, KoTo-
pblit OBl BblIaBaJl pacNUCaHUe I NONY4YeHHs MakCUMalbHOM npuObuy. [Ipu
3TOM MPEANosaraeTcs, 4To J06oe BpeMst BBIMOJHEHUS 3alaHUA BBIPAXKaeTCs
LETBIM YHCIOM B HHTepBase oT 1 10 n. YeMy paBHO BpeMs paboThl 3TOro

l'[pOI‘paMMPIPOBaHMﬂ B 1955 rogy. Kak B Ha3BaHHM “‘THHaMHYECKOE MPOrpaMMHpOBa-
HHME”, TaK ¥ B TEPMHHE “JIMHEHHOE MPOrpaMMHUpPOBaHUE” CJIOBO “pOrpaMMHpOBaHHe”
OTHOCMTCS K METOAY TabIUYHOro peuieHus. MeTons! ONTUMH3aLUH, BKIIFOYAIOHIHUE B Ce-

0s1 aneMeHThl AMHAMUYECKOTO POrpaMMHUPOBaHHUs, OBUTH M3BECTHBI U paHbLIE, OXHAKO
uMmeHHo bennMan man ctporoe Matemaruueckoe o60cHOBaHMe 3TOi 06nactu [34)].
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Xy (Hu) u IHlyuur (Qh;no\ [159,160] cchopmynupoBany anropuT™, MOIBONSIOLIMIA
AY 34 oV CQOpMYJINpOBAIN OPHTM, HO3BONAIOIINH
PELIMTH 33/1a4y O MEPEMHOXEHHH MATpPHIL B TEYEHHE BPEMEHU O (nlgn).

[To-BHOMMOMY, aITOPUTM pELIEHHUS 3a4a4M O CaMoi JUIMHHOMH obmeit nozmocneno-
BaTeJbHOCTH, BpeMs pabotbl koToporo pasHo O (mn), — MIOA “HapOAHOro” TBOpYe-
crBa. Kuyt (Knuth) {63] nocTaBui BOmpoc o ToM, CYIIECTBYET JIM aJTOPUTM pPELIEHHUS

o marra NnaANTLY rATANATA BO3DAacTalIo Ar -
31\.’!’1 .)a./.;a‘xn, DPULVIII PGUULDA }\ULU}IUIU DUJ}I 1QJiVv UDI LVI\/I:'lJr}eHHee’ "Iel‘v{ KDCIApal }Jasl‘v‘le_

pa. Macex (Masek) u ITatepcon (Paterson) oTBeTHNIM Ha 3TOT BOIPOC YTBEPAMTEIBHO,
paspaboTaB anropurt™, BpeMs pabotsl kotoporo pasuo O (mn/lgn), roe n < m, a no-
CJIEIOBaTEIbHOCTH COCTABJIEHBI M3 3IEMEHTOB MHOXXECTBA OTPAaHHYEHHOIO pa3mepa.
[IuMancku (Szimanski) [288] mokasan, 4To B 0coOOM ciy4dae, KOraa HH OOMH 3Je-

P S G . L R T T T Laman acceacn canms o~ P —
MCHI1 HC LHUABJACLIULA BU BALUAHULUN HHLUUIICAUBA1CTlbRLULIY LLJICC VARVIV pasa, J 3ajnaiy
orue UX pe-

r

TY
<

MOXHO DEIIUTh B TeYEHUE BPEMEHU 0 (('n + m\ Ig ('n + m“ Muo
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(3amaya 15-3).

Pannss pabora 'wisbepra (Gilbert) 1 Mypa (Moore) [114], nocsmeHHas OuHap-
HOMY KOOUMPOBAHUIO HCpCMCHHOﬁ JJIMHBI, HallJIa MPUMEHEHUE NPU KOHCTPYUPOBAaHHH
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Hbl 0. B 970i1 paboTe npuBeeH aIropuT™, BpeMs paGoTsl KoToporo pasHo O (n?). Axo
(Aho), Xonkpodt (Hopcroft) u Yneman (Ullman) [5] npencraBunu anropurt, Onu-
caHHBIH B pazzgene 15.5. YnpaxHeHue 15.5-4 npennoxeHo KHyTOM [184]. Xy u Taxep

(lucker) [lblj pa3pabora1m aJII‘OpHTM U1 ciyyasi, Koraa B eposm{ocm p, paB-
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