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3.4. COPTQEPEBOM — YMNOPSIAAOUYEHUE C MOMOILLbIO
O (n log n) CPABHEHMM

Tak kaxk J060H COPTHPYIOLLHHA aJIFOPUTM, YIOPAAOYHMBAIOILKHEA C
NOMOIIBIO CpPaBHeHMH, 3aTpauyuBaeTr Mo Heob6xoauMmoctd n log n cpas-
HEHUH AJif yHOPSAJAOYEHHs! XOTA Obl OJHOH NOC/eAOBATENbHOCTH AJIHHBI
7, CTECTBEHHO CIIPOCHTb, CYILECTBYIOT JH COPTHPYIOLUIHE aJrOPHTMHI,
3aTpauuBawie He Gosee O (n log n) cpaBHeHMH A/ YHOPsIAOYEHUSN
JII000H NOCJae0BaTeibHOCTH JJIMHBL #. OAMH TakoOR aJrOpPUTM MHl yXKe
BH/IEJIH — 3TO COPTHPOBKA CAHsIHHEM U3 pasa. 2.7. [l pyroi aaroputm —
CopraeperoM. IloMHMO TOro, 4ro 3TO MOJIE3HBIH aAJrOPUTM YIOPAIO-
yeHHs, B HEM HCNOJIb3YETCSl HHTepPeCHas CTPYKTypa JaHHBIX, KOTOpas
HaXOAUT Y JApPYTHe MPHJIOKEHHS.

CopTaepeBoM Jiyylle BCEro INOHATh B TePMHHAaX JABOHYHOTO jJepeBa
BpojJle H300paxKeHHOro Ha puc. 3.5, y KOTOPOro KaxKIbl# JINCT HMeer
ray6uny d uau d—1. ¥Y3Jbl JepeBa NoMevyaroTcsl 3JeMeHTaMH I10C/IeL0Ba-
TEJILHOCTH, KOTOPYIO XOTAT ynopsnoudutb. 3ateM COpPTHEepEeBOM MEHSIeT
pasMellleHHe 3THX 3JIeMEHTOB Ha JiepeBe JI0 TeX NOp, [OKa 3JIEMEHT,
COOTBETCTBYIOUIHI NMPOU3BOJLHOMY Yy3J1y, CTAHET He MEHblle 3JIEMEHTOB,
COOTBETCTBYIOUIUX €r0 CHIHOBbAM. TaKoe NMOMeYeHHOe JepeBo Mbl GyaeM
HAa3BIBaTh COPMUPYIOUUM.

IMpumep 3.3. Ha puc. 3.5 usobpaxkeHo coprupyiomee aepeso. 3a-
METHM, YTO MOCJEeAOBATEJbHOCTb 3J/IEMEHTOB, JEMKALIHX Ha NyTH H3
J6oro Jucra B KOpeHb, JHHEHHO ylopsiioueHa H HaubOJbIIHH 3Je-
MEHT B IIOJlepeBe BCerja COOTBETCTBYeT ero KopHio. [

Ha caenyioueM miare aiaroput™a CopTepeBoM H3 COPTHPYIOILErO
fepeBa yjajsieTcsl HauGOJBIIHH 3JEMEHT — OH COOTBETCTBYET KOPHIO
fepeBa. MeTKa HEKOTOPOrO JINCTa MEPEHOCHTCS B KOPEHb, a CaM JIHCT yAa-
Jsiercsi. 3aTeM IOJYYEHHOE NEPEBO MepelenabiBaeTcsi B COPTHpYloilee,
¥ npouecc nopropsiercss. IToc/ieoBaTeIbHOCTL 9/IEMEHTOB, YJAaJeHHBIX
M3 COPTHPYIOILEro IepeBa, YNOPSJOYeHa NC HEBO3PAaCTAHHIO.

Yao6Holl CTPYKTYpPOH IaHHBIX IJIsl COPTHUDPYIOLIErO HepeBa CJIYyMKHUT
rakoit maccuB A, uto A[l] — snement B Kopue, a A[2i] u A[2i+1] —

Puc. 3.5. Coprupyouee pepeso.
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3.4. COPTAEPEBOM

5JIEMEHTBl B JIEBOM H IIPAaBOM CHIHOBbSIX (€CJIM OHM CYIIECTBYIOT) TOTO
yaja, B KoropoM xpanutca Alil.

Hanpumep, copTHpyoiee AepeBO Ha PHUC. 3.5 MOMKHO MPeACTABHTDH
MacCHBOM

Bl |10 ]|6[811]12]4

3aMeTHM, YTO Yy3Jbl HaWMEHbINEH TJAyOUHBI CTOAT B 3TOM MacCHBe
nepBLIMH, a y3Jlbl pPaBHOH IJIYOHHEI CTOAT B MOPAJKe c/JeBa Hallpaso.

He kaxpoe coprupyioliee JepeBO MOXHO IPeJCTaBHTb TaKHM CHO-
coboM. Ha sa3blke mnpejcTraBneHHs1 JepeBbeB MOXKHO CKasaTb, YTO MJIsSt
o6pa30oBaHUsl TAKOro MaccuBa Tpebyercsi, 4TOOBl JIMCThs CAMOTO HH3-
KOro ypOBHSI CTOSIJIM KaK MOXKHO JeBee (KakK, HaipHMep, Ha puc. 3.D).

Ecau coptupymollee epeBO NPEACTaBJsSIeTCS OMHCAaHHBIM MacCCHBOM,
TO HEKOTOpbIe onepalud U3 ajaroputMma CopTiepeBOM JIETKO BLINOJIHHTD.
Hanpumep, coriacHoO ajdroput™my, HY»KHO YJAJHTb 3JIEMEHT H3 KOPHS,
rAe-TO 3allOMHHUTB €ro, nepejesaTh OCTaBlIeecsl IepPeBO B COPTHPYIOIee
U YAAJHTb HeNnoMeudeHHbIH JHCT. MOXHO YyAaJUTb HauOOJLHIUHA 3Je-
MEHT M3 COPTUPYIOLIErO JAepeBa U 3allOMHHUTL €ro, [OMEHSAB MeCTaMu
Aill n Alnl, u sareM He cuuTaTh GoJsiee siueliKy n Haulero MaccHuBa
YacTbIO COPTUpPYIOLLEro JAepeBa. fueliKa n paccMaTpPHBAaeTCs Kak JIHCT,
yJaJleHHbIH U3 3Toro fepesa. /s Toro utoOnl nepeaenartb AepeBo, Xpa-
Hslleecs B siuefikax 1,2, . . ., n—1, B copTHpylollee, HaJl0 B35Tb HOBBLIA
asiemeHT A[l] ®u upoBecTH ero BAOJL MOAXOASIIEr0 MYTH B JepeBe.
3ateM MOXKHO NOBTOPHTHL mnpouecc, Meusissi mecramu Alll u Aln—1] u
cuuTasi, YTO IepeBo 3aHuUMaeT sueiku 1, 2, . . ., n—2 u 1. 4.

INpumep 3.4. PaccmorpuM Ha npumepe COPTHPYIOILEro JepeBa
puc. 3.5, 4TO NPOHCXOAUT, KOrjJa MBI [IOMEHSEeM MeCTaMH MNEPBLIH H I10-
CJAeIHHH 3JeMEHTHI MacCHBa, NpeAcTaBasollero 310 Aepeso. Hobwil
MacCHB

4 1M ]9 ]10]5[6]|8|1]|2]16

COOTBETCTBYET NOMeuyeHHOMY JepeBy Ha puc. 3.6,a. DaeMeHT 16 wHc-
KJIo4yaeTcst M3 jajbHedillero paccMorpeHHsi. UToGel NpeBpaTUTH MOMY-
yeHHOEe JIepeBO B COPTUPYIOLlee, HAJN0O NOMEHSTH MECTaMH 3JieMeHT 4 ¢
60JLIIUM U3 €ro CLIHOBe#, T. €, ¢ sJeMeHToM 11.

B cBoeM HOBOM IOJIOXKEHHH 3JeMeHT 4 obJsajgaer ceHOBbAMH 10 u 5.
Tak kak onu Gournlle 4, To 4 nepecrapasiercs ¢ 10, GOJBIINM ChIHOM.
[Tocae 3TOro CHLIHOBBAMH 3JieMeHTa 4 B HOBOM MOJIOXKEHHH CTaHOBATCH
1 u 2. ITockonbKy 4 NpeBOCXOANT UX OOOHUX, AaJbHelllIUe NepecTaHOBKU
He HYXKHBbI.
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I'Ml. 3. COPTHPOBKA N TIOPSIJIKOBBIE CTATHCTHKH

Puc. 3.6. @ — pe3yJbTaT NepecTaHOBKH 9JeMeHTOB 4 W 16 B COpPTHpYIOLUEM JepeBe
pHuc. 3.5; 6 — pesyJsbTar NepecTPORKH COPTHPYIOILErO IepeBa U yAaJIeHHs 3/ieMeHTa | 6.

[lonyuenHoe B pe3yJbTaTe COPTHpYyIOUlee JAEpeBO IOKa3aHO Ha
puc. 3.6,6. 3aMeTHM, 4YTO XOTH 3/1eMeHT 16 Obla yJaJieH U3 COPTUPYIOLLE-
ro JepeBa, OH BCe ke NMPHCYTCTByeT B KOHIe MaccuBa A. O

Tenepr mnepedieM K ¢dopMasbHOMY onucaHulo aJjaroputma Copt-
JepeBOM.

[lycts ay, a,, ..., a,— NOCNENOBATENbHOCTb COPTHPYEMBLIX 3Jie-
MeHTOB. [lIpeamnosioxkuMm, 4YTO BHauyaJjJe OHH MOMeINalTcsa B Maccus A
HMMEHHO B 3TOM nopsijake, T. €. Alil=a;, 1< i<{n. TlepBuit lar cocTouT
B [IOCTPOEHHH COPTHPYIOLLEro AepeBa, T. €. 3JeMeHTHl B A mepepacpe-
AENSIOTCS TaK, YTOOLI YAOBJAETBODPSINOCH CEOUCMBO COpMuUpYouezo Oe-
pesa: Alil=Al2(] npu 1<i<<n/2 u Alil=Al2i+1] npu 1<Ti<<n/2.
210 AenaloT, CTPosi, HauHHas C JINCTbeB, Bce OoJbliie H GoJbllHe cop-
THpYyloLLLHe AepeBbsi. Besikoe nmopzepeso, cocrosilee H3 JIHCTa, yXKe siB-
Jsiercst copTHpyomuM. HUTobs cienats noanepeBo BHICOTH A COPTHPYIO-
MM, HAJO NEePEeCTaBHTH 3JE€MeHT B KOPHe C HauGOAbILIHM H3 3JIEMEHTOB,
COOTBETCTBYIOLIUX €r0o CLIHOBbSM, €CJ/H, KOHEYHO, OH MEHbIIe KAKOr'0-TU
H3 HHX. Takoe AeHCTBHE MOXET UCIIOPTHTb COPTHPYIOLEe AepPeBO BLICOThI
h—1, u TOrJa ero Hazo CHOBa MepecTpPouUThb B coptupylouee. [IpuBenem
TOYHOE OINHCAHHE 3TOr0 aJITOPHTMA.

Auaroputm 3.3. NocrpoeHue cCOpPpTHPYIOINErOo AepeBa

Bxod. Maccus saementoB Alil, 1<li<n.

Bbixod. DnemeHTH MaccHBa A, OpraHH30OBaHHBIE B BHJAE COPTHPYIO-
uero aepeBa, T. e. AlII<TAI| n/2 ] ana 1<<i<Cn.

Memo0d. B ocHOBe aJroputMa JIeXHT peKypCHBHaAsi MpoLeAypa
[TEPECBIITKA. Ee napaMerpsl { U j 3afaioT 06/1acTh siueek MaccuBa A,
0o6JaJaiollLyI0 CBOHCTBOM COPTHPYIOLLErO JAepeBa; KOPeHb CTPOSLIErocs
JepeBa IoOMellaeTcsl B i.



3.4. COPTAEPEBOM

procedure IIEPECDBIITKA (i, jf):
I. if i—He JHCT W KaKoON-TO ero ChlH COAEPKHT 3JIeMEHT, Mpe-

BOCXOAAIHHA 3JieMeHT B i then

begin
2. nycTb R—TOT ChIH y3J1a {, B KOTOPOM XPaHHUTCS
HaubOOJBbIIHH 3JIEMEHT;
3. nepecrasutbh A[i] u A[k];
4, ITIEPECBITTKA (&, )
end

IMapamerp j wucnosaw3dyercsi, 4ToGbl ONpENENHTb, SIBAsSETCS AU
JIACTOM H HMMeeT OH OJHOrO MJH ABYX ChiHOBed. Ecnu (>j/2, to { —
auct, u npoueaype [NEPECDIITKA (i, j) Huuero He Hy»KHO AefaTb,
nockonbKy Ali]l — yxe coprupylomee aepeso.

AnropuT™, npeppaliamlii BeCb MacCUB A B COpTHpYIOllee AepeBo,
BRITVISIAUT MPOCTO:

procedure ITOCTPCOPTIEPEBA:
for { «—nt) step —1 until 1 do [TEPECBIIIKA ({, n) [

[ToxaxeMm, uro anroput™ 3.3 npeobpasyer A B coprHupylollee fepe-
BO 3a JIMHEHHOe BpeMsl.

Jlemma 3.2. Ecau ysae i1, i+2, ..., n asaswomesa Kopuamu cop-
mupyrougux depesvesd, mo nocae sesosa npoyedype: IIEPECBIITKA (i, n)
ece yaaot i, i-+1, . . ., n 6yOym rxopramu copmupyowux Oepesses.

JlokasaTteJqabcTtBo. lokasare/lbCTBO MNPOBOAUTCS BO3BpaT-
HOH HHAYKIUeH Io &.

Basuc, T. e. cayuait {=n, TpUBHaJEH, TaK Kak y3eJ] n J0JxKeH OLITh
JIUCTOM H YCJIOBHe, NpoBepsieMoe B CcTpoke l, rapantupyer, uro IlE-
PECHIITKA (n, n) HuYero He Aesaer.

Jdna mara MHAYKUHH 3aMeTHM, 4TO €CJH [ — JIMCT HJIH Y Hero
HeT ChIHa ¢ 60JbIIHM 3JIEMEHTOM, TO JOKa3biBaTb Heyero (Kak u pH obo-
cHoBaHHH Gasuca). Ho ecsiu y y3na { ecTb OfiHH ChIH (T. €. ecyd 2{i=#)
u Alil<<A[2i]l, o crpoka 3 npouenypni ITEPECDBIIIKA nepecraBaser
Alil u Al2{]. B crpoke 4 susuBaerca [IEPECBIITKA (2i, n); noato-
My W3 TIPEANOJIOKeHHsS HWHAYKIHH BBITEKAeT, YTO JEePEeBO C KOpHeM 2i
O6vIeT nepefenaHo B coptHpympoinee. Urto Kacaerca ysnoB i+1, i+2, ...

., 2i—1, TO OHM U He NepecTaBaJii ObiTb KOPHAMH COPTHPYIOWLHX
nepeBbeB. Tak Kak Iocje 3TOH HOBOH NEepPecTaHOBKH B MaccHBe A Bbl-
nosusierca HepasenctBo Al{I>A[2{], To nepeBo c KopHeM i Takxke
OKAa3bIBA€TCSl COPTHPYIOIIUM.

Anxajoruuso, ec/y y3eda [ UMeeT ABYX CbIHOBeH (T. e. ecyH 2i--1<Cn)
M Haubosbiiuil u3 ajementoB B Al2{] u B A[2i4-1] Gonblue snemeHTa

1) Ha npaktuke Mol Obl Havaau ¢ [ n/2 |,
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rJ1. 3. COPTHUPOBKA H TIOPAOKOBBIE CTATHCTHKH

B Alil, To, paccyxnasi, Kak H BbIllle, MOXHO [I0Ka3aTb, YTO [OCJIE BbI30Ba
npoueaypsl [IEPECBIITKA(, n) Bce y3am i, i+1, ..., n 6yayr Kop-
HSIMH COPTHPYIOLIMX JePEBLEB. O

Teopema 3.5. Arcopumm 3.3 npeobpasyem A & copmupyrouiee Oepe-
60 3Q AUHELIHOe 8peMAl.

JokasaTeasbcTBo. [Ipumensasa JjemMmy 3.2, MOXHO ¢ IO-
MOIIIBI0O MPOCTOH BO3BpaTHOH HHAYKUHUH MO [ [OKasaTb, 47O y3ea |
CTAHOBUTCH KOPHEM KaKOTO-HUOYJb COPTUPVIOLIErO AepeBa AJsl BCEX i,
1<li<{n.

[yers T (h) — Bpemsi BeinoaneHuss npouenypsl [IEPECBIITKA na
yaJie BuicoThl 2. Torga T (h)<<T (h—1)-+c¢ 049 HeKOTOpPOH MOCTOSTHHOH C.
Orciona BoiTekaer, uto 7T (h) ectb O (h).

Anroput™m 3.3 BhseiBaer nponenypy ITEPECBIITKA, ecinu He cuH-
TaTh PEKYPCHBHBLIX BHI3OBOB, OfHMH pa3 AJdsl Kaxzaoro yaJga. ITostomy
Bpemsi, 3aTpaunBaemoe Ha [IOCTPCOPTIEPEBA, umeer tot ke nops-
JIOK, YTO U CyMMa BEICOT BCeX y3.J0B. Ho y3/10B BhicOoTHI { He 6oabile,

uem [ n/27+1 7], CnenoBaTesibHO, obllee BpeMsi, 3aTpadHBaeMoe Npoueny-
n

poit [IOCTPCOPTIEPEBA, umeer nopsiaoK 2} in/2¢, 1. e. O(n). |
i=

Tenepbr MOXHO 3aBepIHIHTBL JeTalibHOe onucaHue aJjaroputMa COPT-
JEPEBOM. Kosb ckopo anemeHTH MaccHBa A npeobpa3oBaHEL B COP-
THPYIOILEee NEPEBO, HEKOTOPhIE IJEMEHTH YAAIAIOTCA H3 KOPHSl IO Of-
HOMY 3a pas. Dr1o jJenaercs nepecranoBko# A[l} u Alal u mocnenyio-
muM npeo6GpasosanneM Alll, Al2]l, ..., Aln—I1] B coprupymouiee
aepeBo. 3ateMm nepecraBasiorea Alll u Aln—11, a Alll, A[2i’, ce

.., Aln—2] npeobpasyercs B copTupyiollee fepero. [Ipouecc mponos-
»KaeTca JO TeX MNOop, IIOKa B COPTUPYIOLIEM JAepeBe He OCTAHETCS OIHH
snement. Torpa All), Al2], ..., Aln]l— ynopsaouennas nocnenosa-
TEJIbHOCTb.

Anroput™ 3.4. CopraepeBom

Bxod. MaccuB anementoB Alil, 1<i<n.

Boixo0. DdnemenTthl MaccHBa A, pacroioxKeHHbIe B Nopsiike HeyObl-
BaHHSA.

Memod. Tlpumensiercs npoueaypa I[IOCTPCOPTIEPEBA, 1. e.
anroput™ 3.3. Hamw ajJroputm BBINVISIZUT Tak:

begin
TTOCTPCOPT/IEPEBA;
fori<«—n step —1 until2 do
begin
nepecrasutb A[l] u A[i];
ITEPECBITIKA(L, i—1)
end
end O



3.5. BbICTPCOPT

Teopema 3.6. Aacopumm 3.4 ynopsadouusaem nocredos8armesbHocms
u3 n aremermos 3a spema O (n log n).

HdorxaszaTteabcTBO. KoppekTHocTh anroputMa J0KasblBaeT-
ci MHAYKIHeH MO YHCJAY BbINOJTHEHHH OCHOBHOIO ILHKJa, KOTOpOe
0603HayuM yepes . IlpeanonokeHue HHAYKUHH COCTOUT B TOM, YTO I1O-
ciae m urepauuil cnucox Aln—m--1], ..., Alnl conepxur m nau-
GOJBLIHX 3JEMEHTOB, PACHOJIOXKEHHBIX B MOpPsijiKe HeyOLIBaHMsI, a CIIH-
cok Al[ll,. .., Aln—ml] o6pasyer coptupyioluee aepeso. Hertanu no-
Ka3aTeJIbCTBa OCTABJISIEM B KaueCTBe YIIpaXKHEHHS. Bpemsi BHINIOJTHEHHSE
npoueaypel IIEPECDBIITKA(]L, i) ects O (log {). CnenoBaTtesbHo, aJ-
roput™ 3.4 uMeer ciaoxuocts O(n logn). O

Cnencrue. Asrzopumm Copmlepesom umeem BPEMEHHYIO CAONCHOCTIL
Oc(n log n).

3.5. 6LICTPCOPT — YNOPSIJOYEHME 3A CPEJAHEE
BPEMSA O (n2log n)

Ilo cux nop MBI paccMaTpHBaJH MOBeJeHHe COPTHPVYIOIUX aJTrOpHT-
MOB TOJBLKO B XyHImeM cJjydae. J{a1s MHOTUX Mpu/oXkeHU# 6oJjiee pea-
JIUCTHYHOH MepOoH BpeMeHHOH CJIOKHOCTH SIBJISIETCS YCpeIHEHHOe Bpe-
Ms paboTbl. B cayuae COPTHPOBKH C IOMOLILIO JlepPeBbEB pelleHUH Ml
BHJAHUM, YTO HUKAKOH COPTHPYIOIUHA aJIOPHTM HE MOXKET HUMeThb CPei-
HIOI0 BPEMEHHYIO CJIOXKHOCTb, CYIIECTBEHHO MeHbluyio n log n. Opnako
H3BECTHbI aJrOPUTMBI COPTHPOBKH, KOTOpble paboTaloT B XyJILIEM CJAY-
yae cn® BpeMeHH, TAe ¢ — HEKOTOopasi MOCTOsIHHasl, HO CpelHee BpeMsi
paboTbl KOTOPBIX OTHOCHT UX K JIYYUIHM aJITOPUTMaM COPTHPOBKH. [Ipu-
MepoM TaKOr'o aJiITOPHUTMAa CJAYXKHUT ajJroput™ bricTpcopT, paccMmaTpuBae-
MbIH B 3TOM pasze’ie.

UTto6el MOMXKHO OBLIO pacCcyXjaTh O cpegHeM BpeMeHH paboThbi
aJrOpUTMa, Mbl JOJ/DKHBI JOTOBOPHTBLCH O BEPOSTHOCTHOM pacnpejese-
HUH BXOA0B. Il/iT COPTHPOBKH eCTEeCTBEHHO AONYCTHTb, YTO MBI H Cle-
JiaeM, UTO JioOasi nepecTaHOBKa yIOPSAOYHBAEMOH I10C/eJ0BaTE/IbHOCTH
pPaBHOBepOsiTHA B KauecTBe BXoja. IIpH TakoM JonyIleHHH yKe MOXHO
OLEHHTbL CHH3Y CpejHee YHCJO CpaBHEHHH, HeOOXOAUMEIX AJS YIOpsijo-
YeHHs I10CJIeIOBATE/NbHOCTH U3 7 3JIEMEHTOB.

O6 il MeTo], COCTOUT B TOM, YTOOBI NOCTABHTH B COOTBETCTBHE KaXK-
JOMYy JIUCTY U JepeBa peUlleHHH BEPOATHOCTb ObITh JAOCTHTHYTBIM [pH
JJAHHOM BXoOJle. 3Hasi pacrpejiesiecHHe BepOATHOCTeH Ha BXOJaX, MOXKHO
HalTH BEPOSITHOCTH, IIOCTaBJEHHbIE B COOTBETCTBHE JIUCThSIM. TaKuMm
06pa3oM, MOXKHO OINpeleJIUThb CpellHee YHCJIO CPaBHEHHH, IPOH3BOAH-
MbIX JAaHHBIM aJTOPHTMOM COPTHDOBKH, €CJIH BBIYHCIHTD CYMMy X p:id,,

3

B3SITYIO MO BCEM JIMCTbSIM JepeBa pellieHUH JaHHOTO aJirOpUTMa, B KO-
TOPOH p;— BEpPOSITHOCTbL NOCTHXKEHHSA i-TO JINCTa, a d;— eroraybuHa.
DTO YHCJIO HasbLiBaeTcst cpedretl eaybunod nepeba peunlenuit. Vrak, Mol
OPHILVIA K CJeayloieMy o606LIeHHI0 TeopeMbl 3.4.
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rJ, 3. COPTHPOBKA MU INOPHIOKOBBIE CTATHCTHKH

Teopema 3.7. B npednoroswcenuu, umo ece nepecmarosKku n-isne-
MEHMHOL NocAed08amMeAbHOCU NOABASIIOMCA HA 6X00e C PABHbIMIL 8EPOAM-
Hocmamu, aw0boe Oepeso pewenud, ynopadouusarouiee NOCAE008QMENL-
HOCMb U3 NI 9AEMEHIMO8, umeem CPeorion 2aybuny He mernee log nl.

JJokxasartedascTsBo. Obo3sHauum ueped D (T) cymmy riyOuH
JIUCTHEB ABOUUHOTrO JepeBa T. Ilycts D (T') — ee HauMenkblliee 3HaYEHHE,
B3ATOE O BCEM JBOHYHEIM JepeBbaAM T ¢ m aHucTbaMH. [TokaxkeM HHAY K-
nueii mo m, uro D (m)=m log m.

Baswuc, T. e. cnyuad m=1, TpHBHaJeH. JlonycTHM, 4TO npennosoxe-
HHe WHAYKLUHH BEepHO AJIst BCEX 3HA4YeHUH m, MeHbLIHX k. PaccMorpum
AepeBo pelueHHH T ¢ & sucTbsiMu, OHO COCTOUT H3 KOPHS C JIEBBIM MOJze-
peBoM T'; C { NTHCTBSIMH H MpPAaBbLIM NOAAEPEBOM Tx-; C R—I JIMCTBSIMH IIPH
HekotopoMm {, 1<Ci<<k. $lcHo, uTO

D(T)=i+D (T)-+ (k—i)+D (Ty,).
ITosToMy HaumeHbluee 3HaueHue D (T') maetrcsi paBeHCTBOM
D(k)=lMINk[k+D(i)—|—D(k—i)]. (3.1)
<i<

y‘lHTbIBaH HpEIlHOJIO}KEHHe HHAYKIHH, IIoAy4YaeM OTCoaa
D (k)= k+ MIN [ilogi+ (k- ) log (k—i)]. (3.2)
1gig<k '

Jlerko nokasaTh, UTO 3TOT MHHHMYM JOcTHTraercsa npu i=k/2. Cne-
JIOBaTeNbLHO,

D (k)= k+klog 5=k log k.

Takum ob6pasoMm, D (m)=m log m nna Bcex m=1.

Teneps MBI yTBepaKAaeM, 4TO AepeBo pelleHHH T, ynopsaouHBalolee
n cayyadHbIX 9J€eMEeHTOB, UMeeT He MeHblue n! JucTeeB. Dosee Toro, B
TOYHOCTH n! JIHCTBEB MOABJSAIOTCS C BePOSITHOCTBIO 1/n! Kaxawifi, a
ocTaJibHble — ¢ BeposiTHOcThIO 0. He u3amensist cpenneil riyGHHBI Jepesa
T MOXHO YyZaJMTb H3 HEro BCe y3Jbl, KOTOpPble SIBJSIIOTCS NpeaKaMu
TOJbKO JUCTheB BepoaTHOCTH (. Torpa ocranercs nepeBo T ¢ n! aucThb-
SIMH, KaxJbIH H3 KOTOpHIX AocTHraercs c¢ BepositTHOocThiO 1/nl. Tak kak
D (T")=n! log nl, 10 cpenusis rny6una nepeBa 7T’ (a 3Hauut, u T)
He Mennle (1/n!) n! log nl=log n!. O

Cnencrsue. Jlrobasa copmuposka ¢ noOmMowpto CpasHeHUtl 6biNOAHSem
8 cpedrem He meHee cnlogn cpasHeHUli OAR HEKOMOPOL NOCMOAHHOL

c=>0.

3acayXuBaeT yNnoMuHaHHS 3(¢QEKTUBHEIA alrOpPUTM, HasblBaeMHIH
BricTpcopT, MOCKOJABKY CpeAHee BpeMsi ero paboThl, XOTsI B OrPaHHYEHO
CHH3Y QYyHKUHEH cnlogn nns HeKOTOpOH MOCTOSIHHOH ¢ (KakK H y Bed-
KOH COPTHPOBKH C MNOMOILbIO CPaBHEHHH), HO COCTaBJSIET JIMIIL YacTb
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3.5. BBICTPCOPT

procedure BbICTPCOPT(S):
1. if S conepxkuT He OGoJblue ofHOro sjemeHra then return S
else

begin
2. BBIGpAaTh NMPOH3BOJbHBIN 3JieMeHT a U3 S;
3. nycte S,;, S, u S;—noc/jes0BaTeJbHOCTH 3JEMEHTOB H3 S,
COOTBETCTBEHHO MEHBIUMX, PAaBHBIX H COJBIIUX Q]
4, return (BbICTPCOPT(S,), 3atem S,, 3ateM BBICTPCOPT (S;))
end

Puc. 3.7. IlIporpamma DBricTpcopr.

BpeMeHH paGoThl APYTUX H3BECTHBIX aJTOPHTMOB NPH HX peajiu3auuu
Ha OOJBUIMHCTBE CYIIECTBYIOLIHX MalluH. B Xyxilem caydae BeicTpcoprt
UMeeT KBaJpaTHUYHOe BpeMsi paboThl, HO [JIi MHOTHX IPHJIOXKEHHH 3TO
He CYINEeCTBEHHO.

Aaroputm 3.5. BeicTpcopTt

Bxod. TlocnepoBatenbHOCTE S H3 1 3JIeMEHTOB Qy, dg, . . . , dp.
Bbixod. DneMmeHTbl NOCAEAOBATENBHOCTH S, pacnoJioKeHHble 110
MOPSAKY.

Memoo. Pexypcusnas npouenypa BbBICTPCOPT onpegensiercss Ha
puc. 3.7. AuaroputMm cocrout B BhizoBe BbBICTPCOPT(S). O

Teopema 3.8. Ascopumm 3.5. ynopadouueaem nocae0o8amesbHOCHb
u3 n aremermos 3a cpedree spems O (n log n).

IJJokaszaTtedabcTBo. KoppekTHOCTb aaropurma 3.5 NoKa3bl-
BaeTcs MNpPsMOM HHAYKLHEH MO AJHHE NOCAef0BaTeJbHOCTH S. UTo6h
npoiie GbII0 aHAJIU3HPOBaTh BpeMs pabOoThl, JONYCTHM, YTO BCE 3JIeMeHThI
B S pas/iiyHbl. DTO JOlNYyLIEHHE MaKCHMU3UPYeT pa3Mepbl NOC/eNOoBa-
TeqbHOCTEHR S; U S3, KOTOpEIE CTPOSATCSA B CTPOKe 3, H TeM CaMbiM Max-
CHMHU3UPYET CpefHee BpeMs, 3aTpaulBaeMoOe B pPeKYPCHBHBLIX BhI30BaX
B cTpoke 4. Ilycre T (n) — cpellHee BpeMsi, 3aTpauHBaeMoe aJTrOpPHTMOM
BBICTPCOPT Ha ynopsinoueHHe NOCJeA0BaTeJbHOCTH H3 A 3JE€MEHTOB.
Slcno, uto T (0)=T (1)==b Ans HEeKOTOPOH NOCTOAHHOH b.

JlonycTtuM, 4TO 3JIeMEeHT @, BhiOHpaeMblH B CTPOKe 2, sABJSETCS [-M
HAaHMEHbIIIHM 3JeMEHTOM Cpeld H1 3JeMEHTOB I[O0CJeJ0BaTe/lbHOCTH S.
Torna Ha aBa pekypcuBHbiX Bbi3oBa DBICTPCOPT B cTpoke 4 TpaTtuTcs
cpenree BpeMs T (i—1) u T (n—i) cootBercTBerHo. Tak Kak { paBHO-
BEPOSITHO MPHHHMAET /moboe 3HaueHHe MeXAy | W n, a UTOroBoe Mo-
crpoenne nocnaenoBatesbHOCTH BDBICTPCOPT(S) ouyeBHAHO 3aHUMaeT
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rJ. 3. COPTHUPOBKA H NOPAJKOBBIE CTATHUCTHKH

BpeMsi ¢n JiJIs1 HEKOTOPOH IIOCTOSIHHOH G, TO
Ty <cn+— I [T(i—1)+T (n—i)] ais n=>2.  (3.3)
i=1

AnreGpandeckue npeoGpa3oBaHus B (3.3) NPUBOLAT K HEePaBEHCTBY
n—1
2 .
T(n)ysccen —l——n—iéol’l‘(t). (3.4)

[ToxkaxeM, 4TO NpH n=2 crnpaBeAJUBO HepaBeHCTBO 7 (n)<<kn In n,
rae k=2c+2b u b=T (0)=T (1). Hnas 6asuca (n=2) HepaBeHCTBO
T (2)<{2c¢+2b uenocpeacTBeHHO BhITeKaeT W3 (3.4). Iaa nposeleHus
fllara HHAYKUHH 3anuumem (3.4) B BUAE

n-1
T <cn+24+23 kilni. (3.5)
i=2
Tak kak ¢yHKnHs i In { BOrHyrta, Jerko nokasatb, YTO
n—1 n _
Zimiggxlnxdxgw—f;. (3.6)
i=2 2
IMoacrasass (3.6) B (3.5), nmosyuaem
T <cn+2 tkninn—2, (3.7)

IMockonbky n=2 u k=2c-+2b, 1o cn+4 b/n<kn/2. Takum o6pa3om,
HepaBeHctBo T (n)<Ckn In n caenyer u3 (3.7). O

PaccMoTpuM JBe JeTasid, BaykKHble JJIS TIPaKTHYECKOH peasH3alluH
anroput™ma. [lepBasi — cnmoco6 “npousBoJibHOro” BoiGopa 3JeMeHTa a
B cTpoke 2 npouenypst BbBICTPCOPT. Ilpu peanusanuu storo omnepa-
TOpa MOXKeT BOSHHKHYTh HCKYIIEHHEe BCTaTb Ha MPOCTOH NyTb, a HMEHHO
Bcerja BHIOHpaTh, CKakeM, NEPBbIN 3JIEMEHT MOCJAeAOBaTE/bHOCTH S.
[Togo6uEI#1 BEIOOP MOr Gbl OKa3aTbCsl MPHYHUHOH 3HAUHUTENBHO XYIUIEH
paborul anroputma BBICTPCOPT, uem 3to BhITekaeT u3 (3.3). ITocne-
JOBaTe/IbHOCTb, K KOTOPOH NpuMeHsieTcsi NOANpPOrpaMMa COPTHPOBKH,
yacTo ObiBaeT yxkKe “Kak-TO” pacCOpTHPOBaHa, TaK UTO NEPBHIH 3JIeMEHT
MaJl ¢ BePOATHOCTBIO Bhillle cpejHeli. UuTaTesab MOXKET NPOBEPUTH, YTO B
KpaHHeM ciayuae, Korja BbICTPCOPT naunHaer paboTy Ha yxKe yno-
pSIOUEHHOH IOC/el0BaTe/NbHOCTH 6e3 MOBTOpPeHHH, a B KauecTBe 3Jie-
MEHTa a BCerjla BhIOHpaeTcss mepBHIA 3JeMeHT U3 S, B MOcjedoBaTellb-
HOCTH S Bcerjia OyJieT Ha ONMH 3JIeMEHT MeHbllle, YeM B TOH, H3 KOTOpO#
oHa crtpoutrcsi. B stoMm cayuyae BbICTPCOPT Ttpebyer KBaapaTH4HOro
yycJsa [1aros,
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3.5. BBICTPCOPT

Jlyume#dl TeXHHMKOH AJsi BbIOOpa pa30OuUBAIOLIErO 3JIEMEHTa B CTPOKE
2 6bly10 661 HCNOJB30BaHHE TeHepaTopa CAy4alHbIX YHCeJl /sl NopoXKie-
HUA uesoro ukena i, 1s{i<C|S| '), u Boibopa 3aTeM [-ro 3JeMeHTa u3 S
B KadecTBe a. DoJiee npocTofl moaxoj — NPOHU3BECTH BLIOOPKY 3Ji€eMeH-
TOB U3 S, a 3aTeM B3ATb €€ MeJHaHy B KaueCTBe pa3OuBalOUIEro 3//€eMeH-
Ta. Hanpumep, B KauecTBe pasOuBalOlUlero 3JeMeHTa MOXHO Obl10o Obi
B3STb MeJHaHy BBIGOPKH, COCTOsIIleR U3 [ePBOro, CpeAHero U Iocej-
Hero sJeMeHTOB IOCJIeAOBaTE/IbHOCTH S.

Bropas geranb — Kak apdekTUBHO pas3buTe 8 Ha TpU mnocsenoBa-
TeNbHOCTH S;, S; U S3? MoXHO (M XeJjaTeJbHO) HMeTb B MaccuBe A
BCe 7 MCXOJHBIX 3jeMeHTOB. Tak Kak npoitieaypa BBICTPCOPT BhI3EI-
BaeT cebsi peKYypCHBHO, ee aprymeHT S Bcerza OyAeT HaXOAHUTLCHA B IO-
CJIeIOBaTeJbHBIX KOMIIOHEHTaxX MaccuBa, cKaxem Alf], A[f-+1], . ..
..., AUl pnsa Hekoropwx f u !, 1=sf<l/<<n. Buib6paB “npou3BoJbHbIH"
5J1IEMEHT @, MOXXHO YCTPOUTH pa3breHUe NOCJeJOBAaTENBLHOCTH S Ha 3TOM
Ke Mecte, MHBIMH CNOBaMH, MOXKHO PacCHOJIOKHTBL S; B KOMIIOHEHTax
Alfl, Alf+1], ..., AlR]l, a S,US:— B Alk+1], Alk+2], ..., Alil
nNpH HeKoTopoM kR, f<lh<(l. 3aTteM MOXKHO, €CJAH HYXKHO, PacCUIEeNHUTb
S:US;, HO 00b1uHO 3(PpeKTHBHEE NPOCTO peKypcuBHO Bh3BaTh BBICTP-
COPT Ha S, u S; U S;, ecan o6a 3THX MHOXKeCTBa He MYyCTHI.

Ilo-BuauMoMy, caMbifl JieTKHH cnioco0 pa3buTb S Ha TOM Ke MecTe —
3TO HCIIOJB30BATH ABa YKasaTessi HAa MaCCUB, Ha3oBeM HUX [ U j., BHauase

begin
i—f;
. j—1
while i <{j do
begin
4, while A[j]>=a u j=f do j«—j—1;
5. while Aljl<an i<l do i—i+41;
6. if { << j then
begin
7. nepecraButh A[i] u A[j];
8. [<—i-+1;
9. je—j—1
end
end
end

[
[

W N

Puc. 3.8. Pasbuense S Ha S; u Sy|JSg Ha MecTe HX pacnoyoOXKeRHdA.

1} Uepes |S| obosnHaueHa JJAHHA NOCJAEeROBaTeJLHOCTH S.
P
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TJ. 3. COPTUPOBKA H NMOPAAKOBBIE CTATHCTHKH

i=f, u Bce Bpems B Alf), . .., Ali—1] 6yayr HaXOAMTbCH 3JEMEHTHI
u3 S,. AunanoruyHo BHauane j=/[, a B Alj+1], ..., Alll Bce Bpewmst
O6yAyT HAaXOAUTbCA 3JeMeHThl U3 S, U S3. 310 pasbueHHe OPOH3BOIMUT
nojpnporpamMma Ha pHc. 3.8.

3arem moxHO Bh3Batb DBbBICTPCOPT pas maccuBa Alfl, . ..
..., Ali—11, 1. e. Sy, u ansa maccusa A[j+11, ..., AlU], T.e. S,USs.
Ho ecau i=f (u Torga S;=¢F), TO Hajo cHayana yaajautbh u3 S,US,
xotd 6bl OfHH 3J€MeHT, paBHLIH a. YJA00HO yJa/JifiTb TOT 3JIEMEHT, MO
KOTOPOMY NPOHU3BOJUJIOCH pa3buenue. Creayer TaKKe 3aMeTHTb, YTO
€CJH 3TO NPEACTABJEHHE B BHJAE MacCCHBa NMpHUMeEHsleTesl AJs MOC/eA0Ba-
TeJIbHOCTEH, TO MOXHO Tiofate apryMeHTH Ajasi BBICTPCOPT, mpocto
MOCTaBUB yKa3aTeJd Ha NEepPBYI0O W MOCJAEAHIO sueHKYy HCIOJb3yeMOro
KyCKa MacCHuBa.

INpumep 3.5. PazobeeM maccus A

1T 2 3 4 5 67 89

619 (31127183

no sneMmenty a=3. while-onepartop (ctpoka 4) ymenburaer j ¢ 9 xo 7,
nockoabky uuciaa A[9]1=3 u A[8]=8 o6a He mensine a, no Al7]=1<a.
CTpoka 5 He yBeJHYUBaeT [ C ero HaYaJbHOro 3HaueHud l, MOCKOAbKY
Alll1=6==a. Tlostomy Mm nepecraBisiem A[l]l u A[7], nonaraem
i=2, j=6 ¥ nosyyaeM MaccuB Ha pHuc. 3.9, a. Peayabratsl, nojyuaemble
nocJje CJAeAYIOIHMX XBYX cpabaThiBaHMH INHUKJa B CTpoKax 3—9, noxa-
3aHbl Ha puc. 3.9, 6 u 8. B 3TOT MOMeHT {>>j, u BelnosiHeHHe wWhile-one-

paTopa, CTOsLIero B CTPOKe 3, 3akaHuHBaercs. [
a 119)3(1]217|6]8]3
t )
z J
6 |1[2[3]1]|9|/7!6|8]3
A
iJ
6 |1|2|1|3|9|7|6[8]3
Pt
J 7

Puc. 3.9. PasfuenHe maccuba.
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